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Classical sampling theorem < identifiability
of operators with distributional support of
1%

o (0= Kohn—Nirenberg symbol) lying on v
axis.
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Classical sampling theorem < identifiability
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o (o= Kohn—Nirenberg symbol) lying on v
v axis.

Time—invariant operators can be identified
from their action on the § < identifiability
of operators with distributional support of o
on t axis.
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Classical sampling theorem < identifiability

of operators with distributional support of

o (0= Kohn—Nirenberg symbol) lying on v
v axis.

Time—invariant operators can be identified
from their action on the § < identifiability
of operators with distributional support of o
on t axis.

Our operator sampling theorem extends
these results to operators with distributional
: } t support of & contained in sets of area less
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Classical sampling theorem < identifiability

of operators with distributional support of

o (0= Kohn—Nirenberg symbol) lying on v
v axis.

Time—invariant operators can be identified
from their action on the § < identifiability
of operators with distributional support of o
on t axis.

Our operator sampling theorem extends
these results to operators with distributional
: } t support of & contained in sets of area less

1 than one.

Results cover e linear differential operators
with bandlimited coefficients e any pseudo-
differential operators of arbitrary order and
bandlimited Kohn—Nirenberg symbol e finite
delay convolution operators, e multiplication
operators with bandlimited symbols.
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Classical sampling theorem < identifiability
of operators with distributional support of o
on v axis.

Time—invariant operators can be identified
from their action on the § < identifiability
of operators with distributional support of o
on t axis.

Our operator sampling theorem extends

these results to operators with distributional
i t support of o contained in sets of area less
than one.

N _
RN

Results cover e linear differential operators
with bandlimited coefficients e any pseudo-
differential operators of arbitrary order and
bandlimited Kohn—Nirenberg symbol e finite
delay convolution operators, e multiplication
operators with bandlimited symbols.
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Theory I. The operator identification problem

Exists g € X, with ||Z||z < ||Zg||y for all Z€ Z C £(X,Y) 7
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Theory I. The operator identification problem

Exists g € X, with ||Z||z < ||Zg||y for all Z€ Z C £(X,Y) 7

If g = chésj then identification is referred to as operator sampling.
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Examples

C3
313 TSI T
CP22 ,/:/-:f-:A'lfféOf:ijf:Aj?Q:i/
i?
C3

(Illlz arbitrary vector-space norm)
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Examples

3
C i) Z = 03x31
Z not identifiablel
(dmZ =9 >3 =dimC3)
3x3 R T
22 ,/:/-:f-:A'lff:Of:ijf:‘ﬁ4:?2:i/

(Illlz arbitrary vector-space norm)
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e —_— — — —_— — —_— —_ — —

(Illlz arbitrary vector-space norm)

Examples

i) Z = 03x31
Z not identifiablel
(dmZ =9 > 3:dimC3)

a b c¢
i) Z2= O 0 0], a,b,ceC
O 0 O
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Examples

i) Z = 03x31
Z not identifiablel
(dmZ =9 > 3:dimC3)

C3x3D z L e Ay s i) Z= , a,b,ce C 3,

O O ¢
oNeoNey
oNoNe

e —_— — — —_— — —_— —_ — —

5 Z not identifiable!
i' (dmZ=3>1>dimZg VgeC3)

(Illlz arbitrary vector-space norm)
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(Illlz arbitrary vector-space norm)

Examples

i) Z = C3X3,
Z not identifiablel
(dmZ =9 > 3:dimC3)

i) Z2= , a,b,ce C },

O O ¢
oNeoNey
oNoNe

Z not identifiable!
(dmZ=3>1>dimZg VgeC3)

i) Z2= , a,b,ce C 3,

o o R
o oo
o oo
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e —_— — — —_— — —_— —_ — —

(Illlz arbitrary vector-space norm)

Examples

i) Z = C3X3,
Z not identifiablel
(dmZ =9 > 3:dimC3)

i) Z2= , a,b,ce C },

O O ¢
oNeoNey
oNoNe

Z not identifiable!
(dmZ=3>1>dimZg VgeC3

a O O
i) Z2= b 0 O, a,b,ce C 3,
c 0 O
a 0 O 1 a
Z identifiable since | b 0 O Ol =12b
c 0 O 0 c
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Theory II. Useful operator representations
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Theory II. Useful operator representations

operator H Hf(x)
kernel kg [ ku(z,s)f(s)ds
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Theory II. Useful operator representations

operator H Hf(x)
1 —
kernel kg [ ku(z,s)f(s)ds
1 =
Kohn—Nirenberg symbol oy [on(z,w)f(w)e?™ dw
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Theory II. Useful operator representations

operator H

!

kernel kg

!

Kohn—Nirenberg symbol oy

!

time—varying impulse response hg

| ffH(fB,i)f(S) ds
fJH(:I;,w)]/”\iw)e%m'w dw

[ hu(t, ac)_f(a: —t)dt
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Theory II. Useful operator representations

operator H Hf(x)
kern£I KH | H;H(a:,j)f(s) ds
Kohn—Nirenbirg symbol oy foH(:z;,w)f?w)eQ”f"'w dw
time—varying imgulse response hy th(t,x):f(x —t)dt
spreading gunction Ny [ [ nu(t, V)f(a;:— t)e?™ =V dt dy
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Theory II. Useful operator representations

operator H Hf(x)
kern£I KH | H;H(a:,j)f(s) ds
Kohn—Nirenbgrg symbol oy faH(x,w)f?w)e?”f"'w dw
time—varying imgulse response hy th(t,ac):f(x —t)dt
spreading gunction Ny [ [ nu(t, u)f(x:— t)e?™ =V dt dy

J [ nu(e, V)Mjth(zU),dt dv,
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Theory II. Useful operator representations

operator H Hf(x)
kern£I KH | H;H(a:,j)f(s) ds
Kohn—Nirenbgrg symbol oy faH(x,w)f?w)e?”f"'w dw
time—varying imgulse response hy th(t,ac):f(x —t)dt
spreading gunction Ny [ [ nu(t, u)f(x:— t)e?™ =V dt dy

J [ nu(e, V)Mjth(zU),dt dv,
Note //O_H(:C7 5)6—271'7@776277%5 — nH(t, I/)
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Theory II. Useful operator representations

operator H Hf(x)
kern£I KH | H;H(a:,j)f(s) ds
Kohn—Nirenbgrg symbol oy faH(x,w)f?w)e?”f"'w dw
time—varying imgulse response hy th(t,ac):f(x —t)dt
spreading gunction Ny [ [ nu(t, u)f(x:— t)e?™ =V dt dy

J [ nu(e, V)Mjth(zU),dt dv,
Note //O_H(:C7 5)6—271'7@776277%5 — nH(t, I/)

Definition. For 1 <p,gq<oo and s € R set (with corresponding norm)
OPW{'(S) = {H : suppay C S and Vpepon (@, & v, 1)(1 4 €2)7 € LP1)
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Theory II. Useful operator representations

operator H H f(x)
kern£I KH | H;H(x,j)f(s) ds
Kohn—Nirenbgrg symbol oy fJH(x,w)ﬁw)e%m'w dw
time—varying imgulse response hy th(t,x):f(a: —t)dt
spreading gunction Ny [ [ nu(t, u)f(x:— t)e?™ =V dt dy

J [ nu(e, V)Mjth(:c),dt dv,
Note //O_H(:C7 g)e—QﬁimneQTritg — nH(t, I/)

Definition. For 1 <p,q <oo and s € R set (with corresponding norm)

OPWL(S) = {H : suppan C S and Viggp,on(z, & v, t)(1 +£2)> € LM,

Note. If s < —n, n € N, then OPW>(S) include e linear differential operators
ZZ:Oak(x)aa—; with bounded a; and {0} x [J,suppa, C S, e any pseudodifferential
operators K of order n for which oy satisfies suppog C S, e finite delay convolution
operators, e multiplication operators with bandlimited symbols.
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Main Result I.

Classical Sampling Theorem. Given a function m € PW?2(Q2) and T with TQ < 1.

Choose s € PW?(2 — Q) with =1 on [-%,%].

Then {m(nT)} fully characterizes m, || {m(kT)} ||z < ||m||z- and

sin27Q(x — kT)

m(e) =T m(kT) s(e = KT) = T3 m(kT) === -0

keZ keZ
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Main Result I.

Classical Sampling Theorem. Given a function m € PW?2(Q2) and T with TQ < 1.

Choose s € PW?(2 — Q) with =1 on [-%,%].

Then {m(nT)} fully characterizes m, || {m(kT)} ||z < ||m||z- and

sin27Q(x — kT)

m(e) =T m(kT) s(e = KT) = T3 m(kT) === -0

keZ keZ

Theorem (GP, D. Walnut) For H € OPWP([-2, 2]x[-L,L]) and QT < QT < 1,

202 3073
choose s € PW?(2 - Q) with s=1 on [-%,%] and r € S with suppr C [-T+ L, 7-L
and r=1on [-4, 5]

Then Hllyr = H ), dir fully determines H, in fact, we have ||H II ||y < ||og|| pw and

hir(t,e) = r(t) S (HIz)(t + kT) s(z — kT). (Hf(a:) = /hH(t, ) f(z — 1) dt>

keZ
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Corollary. Given m € PW(€2) and T with T2 < 1. Choose s € PW(2—-Q) D PW (%) D

PW(Q) with fs=1 on [—

Q Q

27 247

Then {m(kT)} fully characterizes m with

and [|m||rz < [[ {m(KT)} ||=-

m(z) =T Y m(kT) s(z — kT),

keZ

(1)
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Corollary. Given m € PW(€2) and T with T2 < 1. Choose s € PW(2—-Q) D PW (%) D
PW(Q) W|th fS = 1 on [—575
Then {m(kT)} fully characterizes m with

m(z) =T Y m(kT) s(z — kT), (1)

keZ
and [|mllze < [[ {m(KT)} |liz-

Proof. Define the multiplication operator M f(x) = m(x)f(x). Then

ou(z,8) ho(t,) M (E,0)

Mf(x) = /m(a:) F(&)eminéqe = /m(az)5o(t) f(x —t)dt = //5o(t)m(l/) e2™ f(x —t) dt dv.

Since M € OPW?>*(2,%) we have

ha(t,z) =r(t) Y (MIp)(t+ kT) s(z — kT) =T Y m(kT) s(z — kT).

keZ keZ
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Corollary. Given m € PW(€2) and T with T2 < 1. Choose s € PW(2—-Q) D PW (%) D
PW(Q) W|th fS = 1 on [—575
Then {m(kT)} fully characterizes m with

m(z) =T Y m(kT) s(z — kT), (1)

keZ
and [|mllze < [[ {m(KT)} |liz-

Proof. Define the multiplication operator M f(x) = m(x)f(x). Then

ou(z,8) ho(t,) M (E,0)

Mf(x) = /m(a:) F(&)eminéqe = /m(az)5o(t) f(x —t)dt = //5o(t)m(l/) e2™ f(x —t) dt dv.

Since M € OPW?>*(2,%) we have

ha(t,z) =r(t) Y (MIp)(t+ kT) s(z — kT) =T Y m(kT) s(z — kT).

keZ keZ

Further ||O'M||pw2oo = ||m||M22 = ||m||L2 and ||M HT ||M200 = ||{m(nT)}n||2
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Theorem(W. Kozek, GP) OPW' ([-£,L1x[-%,%]) identifiable == TQ <1.

For TQ > 1, pick A > 1 with 1 < A* < T'Q2, prototype operator P, € OPW>>([-L, L]x [ 4]).

Define for a =71 and g = Q1:

M>>(R) E : 1o(Z%) — H[_T 1y, -2
272
{oki} = D ki Ok Mkazw Py T_1ngM_jxa

Cy LQ(R> — 12(Z?)
= {(h, MieaTinpf) }y

H 77 Qg
Rk ealy, 0 o 10(Z2) C 2(Z2)
s 0

$ f $ CyofoFE
L?(R
| -
12(Z2)
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Extension II

Theorem (GP, D. Walnut) For M C R x R measurable and bounded, w(OM) = 0,
we have

o If u(M) < 1 then OPW? (M) is identifiable.

o If u(M) > 1 then OPW1 (M) is not identifiable.
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Sparse signal recovery

For a prescribed dictionary D = {1, ¢2,...,on} C CV set

SP={z=> cjpj e R": |cJo = |suppc| < k}.
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Sparse signal recovery

For a prescribed dictionary D = {1, ¢2,...,on} C CV set

SP={z=> cjpj e R": |cJo = |suppc| < k}.

Question 1.

How many measurements (samples) are needed so that recovery of z € Z? IS possible?
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Sparse signal recovery
For a prescribed dictionary D = {1, ¢2,...,on} C CV set

SP={z=> cjpj e R": |cJo = |suppc| < k}.

Question 1.

How many measurements (samples) are needed so that recovery of z € Z? IS possible?

That is, for which n can we construct a matrix ® € C™¥% with d[sr injective?
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Sparse signal recovery
For a prescribed dictionary D = {1, ¢2,...,on} C CV set

SP={zx=) cip; € RV |lcllo = |suppc| < k}.

Question 1.

How many measurements (samples) are needed so that recovery of z € Zf IS possible?

That is, for which n can we construct a matrix ® € C™¥% with d[sr injective?

aii Tt ai1nN Y1
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Sparse signal recovery
For a prescribed dictionary D = {1, ¢2,...,on} C CV set

SP={zx=) cip; € RV |lcllo = |suppc| < k}.

Question 1.

How many measurements (samples) are needed so that recovery of z € Zf IS possible?

That is, for which n can we construct a matrix ® € C™¥% with d[sr injective?
For D, k, design

(o)
'

aii Tt ai1nN Y1

anl e anN Yn
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Sparse signal recovery
For a prescribed dictionary D = {1, ¢2,...,on} C CV set

SP={zx=) cip; € RV |lcllo = |suppc| < k}.

Question 1.

How many measurements (samples) are needed so that recovery of z € Z? IS possible?

That is, for which n can we construct a matrix ® € C™¥% with d[sr injective?
For D, k, design

(o)
'

aii Tt ai1nN Y1
anl e anN Yn

sarse\ 2x )

to recover ‘‘sparse’”
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Sparse signal recovery
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Sparse signal recovery
For a prescribed dictionary D = {1, ¢2,...,on} C CV set

SP={zx=) cip; € RV |lcllo = |suppc| < k}.

Question 1.

How many measurements (samples) are needed so that recovery of z € Z? IS possible?

That is, for which n can we construct a matrix ® € C™¥% with d[sr injective?
For D, k, design

(o)
'

aii Tt ai1nN Y1
anl e anN Yn

sarse\ 2x )

to recover ‘‘sparse’”

from

Answer 1.

Necessary condition is n > 2k.
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Sparse signal recovery

For a prescribed dictionary D = {1, ¢2,...,on} C CV set

SP={z=) ¢e; € RV : |cJo=|suppc| <k}.

Question 2.

How many measurements (samples) are needed so that fast recovery of z € Zf is
possible?
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Sparse signal recovery
For a prescribed dictionary D = {1, ¢2,...,on} C CV set

sP={r=3 cjp; €RN: |lcllo = |suppe| < k}.

Question 2.

How many measurements (samples) are needed so that fast recovery of z € ZE is
possible?

That is, for which n can we construct a matrix @ € C*V with <D|Z;3 with, e.g., RIP 7

(=)

aill Tt ainN Y1

\ ox
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Sparse signal recovery

For a prescribed dictionary D = {1, ¢2,...,on} C CV set

SP={z=) ¢e; € RV : |cJo=|suppc| <k}.

Question 2.

How many measurements (samples) are needed so that fast recovery of z € Zf is
possible?

That is, for which n can we construct a matrix @ € C*V with <D|Z;3 with, e.g., RIP 7

| (@1
For D, k, design
I
aii aiN Y1

an1 T anN Yn

\ ox
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Sparse signal recovery

For a prescribed dictionary D = {1, ¢2,...,on} C CV set

SP={z=) ¢e; € RV : |cJo=|suppc| <k}.

Question 2.

How many measurements (samples) are needed so that fast recovery of z € Zf is
possible?

That is, for which n can we construct a matrix @ € C*V with <D|Z;3 with, e.g., RIP 7

| o1\
For D, k, design (

aiil ainN Y1
anil T anN Yn

Toky \ o

to recover ‘sparse’ quickly
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Sparse signal recovery

For a prescribed dictionary D = {1, ¢2,...,on} C CV set

sP={r=3 cjp; €RN: |lcllo = |suppe| < k}.

Question 2.

How many measurements (samples) are needed so that fast recovery of z € Zf is
possible?

That is, for which n can we construct a matrix @ € C*V with <D|Z;3 with, e.g., RIP 7

A
For D, k, design
aiil ainN Y1
n1 anN on from
to recover ‘“sparse’ quickly \ TN

Answer 2.

See sparse signal recovery, sparse approximations and compressed sensing literature.
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Identification of matrices with sparse representations
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Identification of matrices with sparse representations

For a prescribed matrix dictionary M = {My, Mo, ..., Mpy,} C C™*VN set

M et = {M=> c¢M, with |lc[o < k}.

r
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Identification of matrices with sparse representations

For a prescribed matrix dictionary M = {My, Mo, ..., Mpy,} C C™*VN set

M et = {M=> c¢M, with |lc[o < k}.

r

Question 1.

Can we find a vector g so that that (fast) recovery of M € ¥ from Mg is possible?
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Identification of matrices with sparse representations

For a prescribed matrix dictionary M = {My, Mo, ..., Mpy,} C C™*VN set

M et = {M=> c¢M, with |lc[o < k}.

r

Question 1.

Can we find a vector g so that that (fast) recovery of M € ¥ from Mg is possible?

That is, for which k < n can we construct a vector g € C¥ with g : 22‘4 — C", M +— Mg
IS injective?

aii T ainN Y1
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Identification of matrices with sparse representations

For a prescribed matrix dictionary M = {My, Mo, ..., Mpy,} C C™*VN set

M et = {M=> c¢M, with |lc[o < k}.

r

Question 1.

Can we find a vector g so that that (fast) recovery of M € ¥ from Mg is possible?

That is, for which k < n can we construct a vector g € C¥ with g : 22‘4 — C", M +— Mg
IS injective?

For M, k, design ___

ail aiN Y1

anl Tt AnN Yn
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Identification of matrices with sparse representations

For a prescribed matrix dictionary M = {M;i, M>,.

.., My, } C C™N set

M et = {M=> c¢M, with |lc[o < k}.

r

Question 1.

Can we find a vector g so that that (fast) recovery of M € ¥ from Mg is possible?

That is, for which k < n can we construct a vector g € C¥ with g : 22‘4 — C", M +— Mg

IS injective?

For M, k, design ___

aii T ainN

to recover ‘‘sparse’”

(=)

\ ox

Y1

Yn
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Identification of matrices with sparse representations

For a prescribed matrix dictionary M = {M;i, M>,.

.., My, } C C™N set

M et = {M=> c¢M, with |lc[o < k}.

r

Question 1.

Can we find a vector g so that that (fast) recovery of M € ¥ from Mg is possible?

That is, for which k < n can we construct a vector g € C¥ with g : 22‘4 — C", M +— Mg

IS injective?
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Identification of matrices with sparse representations

For a prescribed matrix dictionary M = {M;i, M>,.

.., My, } C C™N set

M et = {M=> c¢M, with |lc[o < k}.

r

Question 1.

Can we find a vector g so that that (fast) recovery of M € ¥ from Mg is possible?

That is, for which k < n can we construct a vector g € C¥ with g : 22‘4 — C", M +— Mg

IS injective?

For M, k, design ___

aii T ainN

to recover ‘‘sparse’”
Answer 1.

Necessary condition is n > 2k.

(=)
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Identification of sparse matrices vs. sparse signal recovery
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Identification of sparse matrices vs. sparse signal recovery

Sparse signal recovery (sampling):

Design ¢ € C™N, N >nsothatallz € X7 ={z =) cjo; € RV : |lc|o = |suppc| <k}
can be recovered (quickly) from y = ¢x.
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Matrix identification: Let M = {M;, M>,..., My} C C™™ be a finite set of matrices.
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(quickly) from y = Ag.
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Identification of sparse matrices vs. sparse signal recovery

Sparse signal recovery (sampling):

Design ¢ € C™N, N >nsothatallz € X7 ={z =) cjo; € RV : |lc|o = |suppc| <k}
can be recovered (quickly) from y = ¢x.

Matrix identification: Let M = {M;, M>,..., My} C C™™ be a finite set of matrices.

Design g so that all A e M :={A: A=} M, with |c|o < k} can be recovered
(quickly) from y = Ag.

Note. Recovery of A =>" z.M, € M from Ag
S —

Recovery of x from
y=Ag = (Zr a:er)g =2 xr(Mrg) = ¢x

where gb — (Mg) — [MlgaMQ.ga <. ,MNQ}
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Identification of sparse matrices vs. sparse signal recovery

Sparse signal recovery (sampling):

Design ¢ € C™N, N >nsothatallz € X7 ={z =) cjo; € RV : |lc|o = |suppc| <k}
can be recovered (quickly) from y = ¢x.

Matrix identification: Let M = {M;, M>,..., My} C C™™ be a finite set of matrices.

Design g so that all A e M :={A: A=} M, with |c|o < k} can be recovered
(quickly) from y = Ag.

Note. Recovery of A =>" z.M, € M from Ag
S —

Recovery of x from
y=Ag = (Zr a:er)g =2 xr(Mrg) = ¢x
where gb — (Mg) — [M197 M297 SR MNg} .

We conclude that sparse matrix identification can be approached using sparse
signal recovery methods. Note additional structure of ® = (My).
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Example. G = basis of time—frequency shifts

Definition. Let w = 2™/ and G = {T"?Ml}, where

01000
T T 00100 _
Tx = T(wo,...,azn_l) = (acl,CBQ,...,CEn_l,ZCo) , T = : : Translation
0000 -1
10000
3288 ¢
— w .
Mx = (womo,wlml, oW 1a:n_1)T, M = : : Modulation
0000 « wt
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Example. G = basis of time—frequency shifts

Definition. Let w = 2™/ and G = {T"?Ml}, where

0100 0
- T 0010 O _
Tx =T(:130,...,:13n_1) = (331,5132,...,513”_1,330) , T = : : Translation
0000 - 1
1000 - 0
3288 8
Mx = (womo,wlml, - ,w”_lazn_l)T, M = “ : : Modulation
0000 - wt
Remark. The columns of ® = (Gg) form a tight Gabor frame with n? elements.
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Example. G = basis of time—frequency shifts

Definition. Let w = 2™/ and G = {T"?Ml}, where

Translation

oo
or
RO
oo
OrR-s 0O
\_/

Tx =T (zo,...,2n-1) = (z1,22,...,Zn-1,20)", T = (

[l ®)
oo
oo

Modulation

Mz = (W0, wlz1, ..., 0" tz,_1)t, M= : :
0000 - w?

1000 O
OwOO-- O

Remark. The columns of ® = (Gg) form a tight Gabor frame with n? elements.

Theorem (J. Lawrence, GP, D. Walnut) For p prime exists g € C? which identifies
>y if k<p/2.
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Example. G = basis of time—frequency shifts

Definition. Let w = 2™/ and G = {T"?Ml}, where

Tx =T (zo,...,2n-1) = (z1,22,...,Zn-1,20)", T = ( Translation

oo
or
RO
oo
OrR-s 0O
\_/

[l ®)
oo
oo

Modulation

Mz = (W0, wlz1, ..., 0" tz,_1)t, M= : :
0000 - w?

1000 O
OwOO-- O

Remark. The columns of ® = (Gg) form a tight Gabor frame with n? elements.

Theorem (J. Lawrence, GP, D. Walnut) For p prime exists g € C? which identifies

>V if k< p/2.
n—1n—1

Definition. The coefficient vector z =n4 in A=Y Y na(k,)T*M" is called spread-
1=0 k=0

ing function of A.
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Theorem (GP, H. Rauhut).
o Let AC {0,...,n — 1}2 with cardinality |A| = k.

o Let A=73, heanalk, [)T*M'" and such that on A the random phases {sgn(na(k,1))}.)en
are independent and uniformly distributed on the torus {z € C, |z| = 1}.

e Choose a random vector g with with entries g, = ﬁek with e, being independent

random variables with uniform distribution on the torus.
o Let o0 > 8.
Then with probability at least

exp (———+1n(2(n = k) ) + exp (—=— + IN(Ck) ) + 4n~(7/+=)

the algorithm Basis Pursuit (I{*-—minimization) recovers n4, and therefore A, from Ag =
(Gg)na.

The constant C' = 1.075 and the probability estimate above is effective once

Summer 07, 12.7.07 : Slide 16 Gotz Pfander ‘ , JACOBS
UNIVERSITY



Relevant Publications

W. Kozek and G.E. Pfander. Identification of operators with bandlimited symbols.
SIAM J. Math. Anal., 37(3):867—888, 2006.

F. Krahmer, G.E. Pfander, and P. Rashkov. Uncertainty principles for time—frequency
representations on finite abelian groups. http://arxiv.org/abs/math.CA /0611493,
preprint, 2006.

J. Lawrence, G.E. Pfander, and D. Walnut. Linear independence of Gabor systems in
finite dimensional vector spaces. J. Fourier Anal. Appl. 11(6):715—-726, 2005.

G.E. Pfander. Measurement of time—varying Multiple—Input Multiple—Output channels.
Preprint, 2007.

G.E. Pfander, and H. Rauhut. Sparse representations in Gabor systems. In preparation,
2007.

G.E. Pfander, H. Rauhut, and J. Tanner. Identification of matrices having a sparse
representation. In preparation, 2007.

G.E. Pfander and D. Walnut. Measurement of time—variant channels. IEEE Trans.
Info. Theory, 52(11):4808—-4820, 2006.

G.E. Pfander and D. Walnut. Sampling of operators. In preparation, 2007.



Theorem (W. Kozek, GP) OPW' ([-L, L]x[-%, %]) identifiable <<= TQ<1.

Spreading support of H,
4

p(supp ng) = z.
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Theorem (W. Kozek, GP) OPW ([—§,§]><[—§,§
Spreading support of H, s ort of
— 4 u K ,
p(supp nu) = . PP H
1%
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2 2]) identifiable «—= TQ <1.

11 T T
Theorem (W. Kozek, GP) OPW ([—§,§]><[—§,§
Spreading support of H, s ort of
— 4 u K ,
p(supp nu) = . PP H
1%
16 |
5
12 |
5
IR S Tl
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HIIs
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Spreading support of H,
K=4,L=5.
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Spreading support of H, /§UDDO£’E kernel kg, -
K=4 I =5. (supp f0.2C[0, ], supp fo.7ClE, =1).
v Yy
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