Accelerating fronts in autocatalysis

By S.J.A. Malham^1 and M. Oliver^2 1Department of Mathematics, Imperial College of Science, Technology and Medicine, London SW7 2BZ, UK 2Mathematisches Institut, Universität Tübingen, 72076 Tübingen, Germany

We consider a reaction-diffusion system modelling propagating fronts of an autocatalytic reaction of order m in a one-dimensional, infinitely extended medium. The Lewis number, i.e. the ratio of the molecular diffusivity of the autocatalyst to that of the reactant, is arbitrary. We prove that if the initial profile of the front decays exponentially or algebraically with exponent μ > 1/(m−1), the speed of the front is bounded for all times. Our method relies on weighted Lebesgue and Sobolev-space estimates, from which we can reconstruct pointwise results for the decay of the front via interpolation. The result gives both, a functional analytic foundation, and an extension to arbitrary Lewis numbers, to the numerical studies of Sherratt & Marchant (IMA J. Appl. Math. 56, 1996, pp. 289–302) and the asymptotic analysis of Needham & Barnes (Nonlinearity 12, 1999, pp. 41–58).

Keywords: autocatalysis, fronts, mixed-monotone systems, weighted spaces

1. Introduction

We study solutions to the reaction-diffusion system

∂_tψ = Δψ + (1 − ψ) f(θ) , (1.1a) ∂_tθ = ℓ Δθ + (1 − ψ) f(θ) , (1.1b)

on the real line with front-type boundary data where

ψ → 1 and θ → 1 as x → −∞, (1.1c) ψ → 0 and θ → 0 as x → +∞, (1.1d)

for all t ≥ 0, and compatible smooth initial front profiles ψ(x, 0) ≡ ψ_0(x) and θ(x, 0) ≡ θ_0(x). This equation describes propagating fronts of autocatalytic reactions. It has also been proposed as a simple model for combustion, population genetics, and epidemiological infections—see, for example, Aronson & Weinberger (1978), Volpert el al. (1994), Billingham & Needham (1991), and references cited therein.

In the case of autocatalysis, the dynamic variables represent the concentration of the autocatalyst, θ = θ(x, t), and the concentration of another reactant expressed in the form 1 − ψ, where ψ = ψ(x, t). All variables are non-dimensionalized. The positive parameter ℓ is the Lewis number, which is the ratio of the molecular diffusivity of the autocatalyst to that of the reactant. Here we consider chemical reactions of order m, so that f(θ) = θ^m for θ ≥ 0 and zero otherwise. In our analysis, we

Proc. R. Soc. Lond. A (2000) 456, 1609–1624

suppose that m ≥ 2, but m need not be integer. The physical interpretation of ψ and θ requires that

0 ≤ ψ ≤ 1 and 0 ≤ θ . (1.2)

Indeed, the parabolic maximum principles imply that these properties hold globally in time provided they are true initially. We assume such bounds throughout the paper. Finally, there exist unique global classical solutions (Collet & Xin 1997). With this in mind, we shall only present formal estimates, which can be easily made rigorous.

The boundary condition at −∞ describes the state where all the reactant has burned up and reaction has ceased, while at +∞ no reaction has yet taken place. Therefore the front, which, roughly speaking, is the region where the gradients of ψ and θ are largest, must move to the right. In this paper we address the question of whether the speed at which the front is moving remains finite for all times, or increases without bound as t → ∞, in which case we say that the front accelerates.

Our investigation is motivated by the work of Sherratt & Marchant (1996), who numerically analysed the scalar Fisher–Kolmogorov equation,

∂_tθ = ∂_{xx}θ + (1 − θ) θ^m . (1.3)

This equation can be seen as an instance of system (1.1) in the special case when ℓ = 1 and the initial profiles for ψ and θ are identical. They found that when the initial profile decays exponentially or algebraically with exponent μ > 1/(m − 1), the solution evolves into a steadily propagating travelling-wave. However, when μ < 1/(m − 1), the front accelerates. Moreover, the front region appears to stretch, with the overall slope of the front decreasing as portions of the front where the concentration field θ is small propagate at a faster rate. Needham & Barnes (1999) have recently provided a detailed asymptotic analysis of this effect. The case of quadratic nonlinearity has been previously discussed by Billingham & Needham (1992).

Some heuristic understanding can be gleamed from a scaling argument. Rewrite the Fisher–Kolmogorov equation in a translating coordinate frame ξ = x − ct,

∂_tθ = ∂_{ξξ} θ + c ∂_ξ θ + (1 − θ) θ^m . (1.4)

Suppose that initially, θ ∼ ξ^{−μ} as ξ → ∞. Then for large values of ξ we have that ∂_ξ θ ∼ −ξ^{−μ−1} and (1 − θ)θ^m ∼ ξ^{−μm} , while the diffusion term is formally of lower order. Hence when μ > 1/(m − 1), the negative linear term will dominate and θ will decrease, possibly under the condition that c be large enough to balance the influence of diffusion over long time scales. On the other hand, if μ < 1/(m−1), the reaction term dominates near infinity no matter how large we choose the translating speed c.

The results for the Fisher–Kolmogorov model can also be understood rigorously as follows. A family of travelling-wave solutions θ(x, t) = θ_c(ξ), invariant under translation, exists on a half-axis of wave-speeds. The travelling-wave of minimum speed decays exponentially, θ_c(ξ) ∼ exp(−cξ) as ξ → ∞, whereas those of higher wave-speed decay algebraically

θ_c(ξ) ∼ ( c (m − 1)ξ

)^1_{m−1} . (1.5)

Figure 1. Accelerating front with μ = 0.6, m = 2, ℓ = 4, and x max = 2000. All simulations are initialized with ψ 0(x) = θ0(x) = (1 + x)^{−μ} on the interval [0, xmax] and have numerical boundary conditions ψ = θ = 1 at x = 0 and ψ = θ = 0 at x = x max. The code is based on EPDCOL by Keast & Muir (1991) with 1000 grid points. We plot the surface θ(x, t) on the left and the corresponding isoconcentration contours on the right.

Figure 2. Non-accelerating front with μ = 1, m = 10, ℓ = 0.1, and x max = 500.

Further, a solution with monotone initial data, exponentially close to a travellingwave for large ξ, will converge to a translate of that wave (see Volpert et al. 1994). Hence, when θ_0 is sufficiently well-behaved at x = −∞ and decays exponentially or decays algebraically faster than, or even critically at x = ∞, it will develop into a travelling-wave. By using a comparison principle in the spirit of Rothe (1978), we also know that if a solution initially dominates another one on the whole space, this order relationship is preserved under the evolution. We can thus compare any solution against travelling-wave solutions: If the rate of decay is slower than critical, then θ_0 dominates translates of travelling-waves of any wave-speed, so the front accelerates.

The main concern of this paper is the case when ℓ ≠ 1. The basic phenomenology is similar to ℓ = 1. For initial data of slow algebraic decay, the front accelerates as in Figure 1. When the decay at infinity is sufficiently fast, the evolving front may approach a steady travelling-wave as in Figure 2—the ℓ ≠ 1 travelling-waves

Figure 3. Pulsating, non-accelerating front with μ = 1, m = 10, ℓ = 10, and x max = 2000. The front pulsates, with θ(x, t) oscillating above and below θ = 1 while the unsteady front velocity appears to remain uniformly bounded. The front is steeper in the ψ variable because ℓ > 1.

have similar properties to the Fisher-Kolmogorov travelling-waves (Billingham & Needham 1991). However, when the Lewis number and the order of reaction are large, such data may also evolve into a front that starts to pulsate as illustrated in Figure 3. In this parameter regime, the underlying travelling-waves become unstable to small perturbations, a phenomenon known as the pulsating instability (Metcalfe et al. 1994; Balmforth et al. 1999). As the order of reaction m is further increased, period-doubling bifurcations occur, and the front pulsations eventually become chaotic. On the other hand, for any given set of parameter values for ℓ and m, travelling-waves of sufficiently fast wave-speed c > c_∗ (ℓ, m), where c^2_∗ ≥ √ 32m · max{1, ℓ}, are asymptotically stable with shift (Takase & Sleeman 1999). Of course, when ℓ and m are large, then c_∗ > c_{min}, where c_{min} denotes the minimum speed of at which travelling-waves exist, and instabilities occur.

The existence of the pulsating instability precludes using a comparison principle to bound solutions componentwise by translates of travelling-waves. In fact, if this were possible, one would have Lyapunov stability of travelling-waves at once. This difficulty can also be understood as follows. When ℓ ≠ 1, the system is of mixed-monotone, monostable type. Comparison principles readily extend to monotone systems (Volpert et al. 1994), and have also been proved for mixed-monotone systems by Lu & Sleeman (1993). However, the character of these results is such that travelling-waves do not qualify as ‘sub’ or ‘super’ solutions unless the ‘sub’ and ‘super’ solution coincide. Hence, a direct application of the comparison principle only yields trivial information.

In this paper we avoid these difficulties by replacing maximum principles, i.e. L^∞ estimates, with energy-type estimates. The basic idea is to prove that the solution to (1.1) remains bounded in a weighted integral norm, so that integrability against an exponentially (or algebraically) growing weight proves exponential (or algebraic) decay of the solution at infinity in the sense that the ‘area under the front’ becomes exponentially (or algebraically) small far ahead of the front.

In §2 we implement the idea in a simple L^2 setting, and are able to derive a first result for exponential weights. However, to close up this type of estimate in the case of algebraic weights one needs pointwise control on the solution, something that can only be achieved by taking estimates in higher spaces, specifically weighted H^1 and L^{2n} spaces for n sufficiently large. Pointwise bounds can then be reconstructed via an interpolation inequality.

Our main result, valid for all positive Lewis numbers, is the following. If the initial front profile has a pointwise exponential upper bound, the solution will decay exponentially for all times. If the initial front profile decays algebraically with exponent μ > 1/(m−1), the evolving front will decay faster than any ν ∈ (1/(m−1), μ). In both cases the speed of the front is bounded uniformly in time. For a more formal statement we refer the reader to Theorems 3.3 and 3.4 respectively.

The use of energy estimates has two intrinsic drawbacks. First, the reconstruction of pointwise bounds from integral bounds, which is an essential step in our closure, fails at the critical exponent, even for ℓ = 1. However, we can get results up to the critical exponent with bounds that diverge in the limit. As a consequence, we do not expect our methods to give sharp, or even close, upper bounds on the wave speed. Second, we cannot prove that for μ < 1/(m − 1) the front must accelerate. Such a result would require lower bounds on our norms, which are notoriously difficult to achieve via energy-type estimates. We believe these limitations are technical rather than intrinsic properties of the system. An interesting open question, therefore, is whether there is a comparison principle for certain carefully constructed ‘sub’ and ‘super functionals’ of the solution. This would allow a more direct proof parallel to the proof available when ℓ = 1.

2. L^2 estimates for exponentially decaying fronts

To simplify notation, we write u = (ψ, θ)^T and rescale the equation so that the coefficients of molecular diffusion in equations (1.1a) and (1.1b) are 1/p and 1/p^∗ , respectively, where p = 1 + ℓ and p^∗ = 1 + 1/ℓ are Hölder conjugate exponents. Then the system expressed in the travelling-wave coordinate ξ = x − ct is

∂_tu + Lu = F (u) , (2.1)

where

L = −Λ∂_{ξξ} − c∂_ξ , Λ = diag ( 1 p , 1 p^∗ ) , and F (u) = ( 1 1 ) (1 − ψ) θ^m . (2.2)

We introduce weighted L^2 spaces whose weight function ω is continuous, piecewise continuously differentiable, positive, and strictly monotonically increasing. Furthermore, we require that the growth of ω is at most exponential, i.e. there exists a positive constant k such that for almost every ξ ∈ R

ω^′(ξ) ≤ k ω(ξ) . (2.3)

For a scalar function ϕ we set

‖ϕ‖^2_L2_{(ω)} = ∫ R |ϕ(ξ)|^2 ω(ξ) dξ . (2.4)

In particular, L^2(ω) is the completion of C^∞_0 in this norm. For vector-valued functions u, v : R → R^2 we have the canonical weighted inner product,

⟨u, v⟩_L2_{(ω)} = ∫ R (u^T v)(ξ) ω(ξ) dξ , (2.5)

as well as an inner product with a matrix weight Ω,

⟨u, v⟩_L2_{(Ω)} = ∫ R u^T (ξ) Ω(ξ) v(ξ) dξ . (2.6)

The corresponding norms and spaces are defined as in the scalar case. In the following, we set Ω = Bω, where ω is as above, and B = ( p^3 p^∗ −p −p 1 ) . (2.7)

Here B has been chosen so that it is positive definite and also satisfies two other properties that will become apparent below.

By taking the L^2(Ω) inner product of equation (2.1) with u, we obtain 1 2 d dt ‖u‖^2_L2_{(Ω)} + ⟨u, Lu⟩_L2_{(Ω)} = ∫ R u^T ΩF (u) dξ . (2.8)

The contribution of the linear operator L is rewritten through integration by parts,

⟨u, Lu⟩_L2_{(Ω)} = − ∫ R u^T ΩΛ∂_{ξξ} u dξ − c ∫ R u^T Ω∂_ξ u dξ = ∫ R ∂_ξ u^T ΩΛ∂_ξ u dξ + ∫ R u^T Ω^′Λ∂_ξ u dξ + c 2 ∫ R u^T Ω^′u dξ . (2.9)

Noting that pp^∗ ≥ 4, one can easily check that the matrix BΛ is positive definite, and therefore the first integral on the right is equivalent to the canonical ω-weighted L^2 norm of ∂_ξ u.

Further, since ω is monotonically increasing, the last integral on the right of (2.9) is positive definite. Thus, the mixed term can be estimated in terms of the others by using the Cauchy–Schwarz inequality for vectors and then for integrals, ∫ R u^T (Ω^′)^{1/2} (Ω^′)^{1/2}Λ∂_ξ u dξ ≤ ∫ R ( u^T Ω^′u

)_{1/2} (

∂_ξ u^T ΛΩ^′Λ∂_ξ u

)_{1/2} dξ ≤ ‖u‖_L2_{(Ω ′)} ‖∂_ξ u‖_L2_{(ΛΩ ′Λ)}

≤ k ‖u‖_L2_{(Ω ′)}‖∂_ξ u‖_L2_{(ΛΩΛ)} . (2.10)

In the last step we have also used (2.3). The matrix weights, ΛΩΛ and ΩΛ, induce equivalent norms. So applying the Young inequality and inserting the result back into (2.9) finally gives

2 ⟨u, Lu⟩_L2_{(Ω)} ≥ ‖∂_ξ u‖^2_L2_{(ΩΛ)} + (c − c_1) ‖u‖^2_L2_{(Ω ′)} , (2.11)

where c_1 depends on k, B, and Λ.

The contribution to (2.8) from the nonlinear term, written out explicitly, is ∫ R u^T ΩF (u) dξ = ∫ R [ p (p^2p^∗ − 1) ψ − (p − 1) θ ] (1 − ψ) θ^m ω dξ . (2.12)

Since 0 ≤ ψ ≤ 1, the term in square brackets can only be positive for θ < κ ≡ p(p^2p^∗ − 1)/(p − 1). For those values of θ we neglect the term (p − 1)θ so that ∫ R u^T ΩF (u) dξ ≤ p (p^2p^∗ − 1) ∫ R (1 − ψ) θ^m ω dξ

≤ p (p^2p^∗ − 1) κ^{m−2} ‖u‖^2_L2_{(Ω ′)} sup_{ξ∈R} ω(ξ) ω^′(ξ)

. (2.13)

For example, if the choose ω(ξ) = exp(kξ), we can close the differential inequality for the L^2(Ω)-norm; d dt ‖u‖^2_L2_{(Ω)} + ‖∂_ξ u‖^2_L2_{(ΩΛ)} + (c − c_2) ‖u‖^2_L2_{(Ω ′)} ≤ 0 . (2.14)

Thus, for translating velocities c > c_2, the L^2(Ω)-norm is exponentially decreasing. In other words, the frame of reference of our exponential weight moves faster than the front. Thus we have proved the following.

Theorem 2.1. Assume that u_0 is square integrable against an exponential weight function. Then there exists a maximal front speed c_{max} so that all features moving faster than c_{max} are decaying in the exponentially weighted L^2 sense.

This statement is unsatisfactory for two reasons. First, it does not give pointwise bounds on the shape of the front, and second, the result is not easily extended to the case of algebraic decay. If we simply replaced ω by an algebraically increasing function, we cannot close up the estimate because the supremum in (2.13) becomes infinite. More severely, however, for decay near the critical exponent found by Sherratt & Marchant, the estimate would require a decreasing weight, thereby reversing the sign of every term that contains ω^′. Thus a weighted L^2-norm is too restrictive, but does nonetheless, introduces the basic idea without the technicalities that appear for higher order norms.

In particular, the L^2 estimate illustrates how the matrix B was chosen: In addition to B being positive definite, we also used that BΛ is positive definite so that the contribution from the diffusive part of L is of positive sign. Finally, the coefficients of ψ and θ in (2.12) must be positive so that large values of θ dampen rather than drive the estimate. We will re-encounter generalized versions of these three conditions when we construct higher order norms in Lemma 3.1 below.

3. H^1 and L^{2n} estimates

Consider the Ω-weighted inner product of ∂_ξ u with the ξ-derivative of the vector form of the reaction-diffusion equation (2.1). One gets 1 2 d dt ‖∂_ξ u‖^2_L2_{(Ω)} + ⟨∂_ξ u, L∂_ξ u⟩_L2_{(Ω)} = ∫ R ∂_ξ u^T Ω∂_ξ F (u) dξ . (3.1)

The contribution from the linear part is estimated literally as in the previous section,

2 ⟨∂_ξ u, L∂_ξ u⟩_L2_{(Ω)} ≥ ‖∂_{ξξ} u‖^2_L2_{(ΩΛ)} + (c − c_1) ‖∂_ξ u‖^2_L2_{(Ω ′)} . (3.2)

In the integral on the right of (3.1), we differentiate through and take absolute values. Since ψ is bounded, we need only keep the contributions from θ, i.e., ∫ R ∂_ξ u^T Ω∂_ξ F (u) dξ = ∫ R ∂_ξ u^T Ω (DF )(u) ∂_ξ u dξ

≤ K_1 ∫ R |∂_ξ u|^2 ( θ^{m−1} + θ^m ) ω dξ

≤ K_2(κ) ∫ θ≤κ |∂_ξ u|^2 θ^{m−1} ω dξ + K_3(κ) ∫ θ≥κ |∂_ξ u|^2 θ^m ω dξ .

(3.3)

For the moment, we suppose κ to be any positive constant—we will fix it later on when we close the estimate. The goal is to absorb the contribution from θ ≤ κ into the convecting term of (3.1). To do this, consider the following estimate ∫ θ≤κ |∂_ξ u|^2 θ^{m−1} ω dξ ≤ ∫ θ≤κ |∂_ξ u|^2 ω^′ dξ · sup_{ξ : θ≤κ} θ^{m−1} ω ω^′

. (3.4)

Hence, we can achieve this closure provided we can find a bound on the supremum on the right of (3.4). Since we cannot yet handle the last term in (3.4), we summarize the differential inequality for the H^1-seminorm: d dt ‖∂_ξ u‖^2_L2_{(Ω)} + ‖∂_{ξξ} u‖^2_L2_{(ΩΛ)} + (c − c_2) ‖∂_ξ u‖^2_L2_{(Ω ′)} ≤ K_3 ∫ θ≥κ |∂_ξ u|^2 θ^m ω dξ ,

(3.5)

where

c_2 = c_1 + sup_{ξ : θ≤κ} θ^{m−1} ω ω^′

. (3.6)

The most difficult part of the programme is to obtain an L^q-estimate for u, where q must be large enough to gain control over the remaining term on the right in estimate (3.5). A general expression for a weighted L^{2n}-norm, for n integer, is

‖u‖^{2n}_L2n_{(ϖ)} = ∫ R P_{2n}(u(ξ)) ϖ(ξ) dξ , (3.7) where P ≡ P_{2n} is a homogeneous polynomial in ψ and θ of degree 2n. We impose several conditions on P , one is that P be positive definite, so that the norm defined above is equivalent to the canonical weighted norm on L^{2n}. However, the structure of our problem makes it convenient to impose further conditions on P , which make the choice of its coefficients non-trivial. This technique was introduced by Malham & Xin (1998) and is summarized in the following lemma.

Lemma 3.1. Assume that 0 ≤ ψ ≤ 1 and 0 ≤ θ and set u = (ψ, θ)^T . Then for every n ≥ 1 there exists a homogeneous polynomial P (u) of degree 2n in ψ and θ such that the following are true.

(P1) P (u) is positive definite.

(P2) There exists a constant κ > 0 such that ∂_θ P + ∂_ψ P ≤ 0 whenever θ ≥ κ.

(P3) The polynomial v^T D^2P Λv is positive definite as a 2n-form, i.e. there exists a constant δ > 0 such that for every v ∈ R^2,

v^T D^2P Λv ≥ δ |v|^2 |u|^{2n−2} . (3.8)

The proof is not difficult, but technical, and will be given in §4. We use that ∂_t(P (u)) = (DP )(u)∂_tu, where DP = (∂_ψ P, ∂_θ P ), and insert the expression for ∂_tu from our reaction-diffusion model (2.1). Then integration against ϖ gives d dt ‖u‖^{2n}_L2n_{(ϖ)} + ∫ R (DP )(u) Lu ϖ dξ = ∫ R (DP )(u) F (u) ϖ dξ . (3.9)

We integrate by parts to rewrite the contribution from the linear term, ∫ R (DP )(u) Lu ϖ dξ = − ∫ R (DP )(u) Λ ∂_{ξξ} u ϖ dξ − c ∫ R ∂_ξ (P (u)) ϖ dξ = ∫ R ∂_ξ u^T (D^2P Λ)(u) ∂_ξ u ϖ dξ + ∫ R (DP )(u) Λ ∂_ξ u ϖ^′ dξ + c ‖u‖^{2n}_L2n_{(ϖ′)} . (3.10)

The first integral is nonnegative due to (P3), while the second has to be estimated: ∫ R (DP )(u) Λ ∂_ξ u ϖ^′ dξ ≤ K ∫ R |u|^{2n−1} |∂_ξ u| ϖ^′ dξ

≤ K ( ∫ R |u|^{2n−2} |∂_ξ u|^2 ϖ^′ dξ

)^1_2 ( ∫ R |u|^{2n} ϖ^′ dξ

)^1_2 . (3.11)

We apply property (P3) and the bound on ϖ^′, equation (2.3), to the first integral. Due to (P1), the second integral defines a norm that is equivalent to the L^{2n}(ϖ^′)- norm. Hence, by applying the Young inequality, we find that ∫ R (DP )(u) Lu ϖ dξ ≥ δ 2 ∫ R |∂_ξ u|^2 |u|^{2n−2} ϖ dξ + (c − c_3) ‖u‖^{2n}_L2n_{(ϖ′)} . (3.12)

Let us now turn to the contribution from the nonlinearity. Due to (P2), ∫ R (DP )(u) F (u) ϖ dξ ≤ ∫ θ≤κ (∂_θ P + ∂_ψ P ) (1 − ψ) θ^m ϖ dξ

≤ K ‖u‖^{2n}_L2n_{(ϖ′)} · sup_{ξ : θ≤κ} θ^{m−1} ϖ ϖ^′

. (3.13)

Altogether, the L^{2n} estimate now reads d dt ‖u‖^{2n}_L2n_{(ϖ)} + δ 2 ∫ R |∂_ξ u|^2 |u|^{2n−2} ϖ dξ + (c − c_4) ‖u‖^{2n}_L2n_{(ϖ′)} ≤ 0 , (3.14)

where

c_4 = c_3 + K · sup_{ξ : θ≤κ} θ^{m−1} ϖ ϖ^′

. (3.15)

In the following we will combine this L^{2n} estimate with the H^1-seminorm estimate given by inequality (3.5). Since we are only concerned with the behaviour of the solution at +∞, it is convenient to introduce truncated weights

ω^{[r]}(ξ) = { ω^r(ξ) for ξ ≥ 1, ω^r(1) e^{ξ−1} for ξ < 1.

(3.16)

Thus, if ω is an admissible weight (see the beginning of §2) on [1, ∞), then ω^{[r]} is an admissible weight on R for every r > 0.

For exponentially decaying initial data, we set ζ = exp ξ, and consider (3.5) with ω(ξ) = ζ^{[2ν]} , and also (3.14) with ϖ(x) = ζ^{[2nν]} . With this choice, the suprema occurring in each of the inequalities are immediately bounded in terms of a constant that depends only on κ, n, and ν. Further, if n ≥ m/2 + 1 and inequality (3.5) is multiplied with a sufficiently small positive constant ε, then the term on the right of (3.5) is controlled by the dissipation term in the L^{2n} inequality. Altogether, d dt ( ‖u‖^{2n}_L2n_{(ϖ)} + ε ‖∂_ξ u‖^2_L2_{(Ω)} ) + (c − c_5) ( ‖u‖^{2n}_L2n_{(ϖ′)} + ε ‖∂_ξ u‖^2_L2_{(Ω ′)} ) ≤ 0 .

(3.17)

Since ϖ^′ ≤ kϖ with k = min{1, ν}, this last inequality implies the exponential bound ( ‖u‖^{2n}_L2n_{(ϖ)} + ε ‖∂_ξ u‖^2_L2_{(Ω)} ) ≤ ( ‖u_0‖^{2n}_L2n_{(ϖ)} + ε ‖∂_ξ u_0‖^2_L2_{(Ω)} ) e^{(c5−c)kt} . (3.18)

By choosing a translating velocity c > c_5, we ‘outrun’ the propagating front. So if the solution is initially exponentially decaying in the averaged sense of the norms in (3.18), this property is maintained for all times.

Moreover, we can obtain a pointwise result as follows. Suppose that |u_0(ξ)| ≤ A_0 exp(−μξ) and satisfies the boundary condition of the equation. Then u_0 ∈ L^{2n}(ζ^{[2nν]} ) and ∂_ξ u_0 ∈ L^2(ζ^{[2ν]} ) for every ν < μ. For c sufficiently large, independent of A_0, the norm of u in these spaces decays exponentially in time. We can then reconstruct a pointwise exponentially decaying bound with any spatial decay exponent less than ν by applying the following interpolation lemma with ω = ζ, λ = nν, and σ < ν.

Lemma 3.2. Let ω be an admissible weight function, defined on [1, ∞), and let ϕ ∈ C^1(R) with ϕ(ξ) → const as ξ → −∞. Let n > 1 and σ, λ ≥ 0 be real numbers. Then

sup_{ξ∈R} | ϕ^{n+1}(ξ) ω^{[λ+σ]} (ξ) | ≤ C_1 ‖∂_ξ ϕ‖^2_L2_{(ω[2σ] )} + C_2 ‖ϕ‖^{2n}_L2n_{(ω[2λ] )} + C_3 M(ω) , (3.19)

provided that

M(ω) = ω^{2nσ−2λn−1} (1) +

∫_∞ 1 |∂_ξ ω|^{2nn−1} ω^{−2 λ+n−σnn−1} (ξ) dξ (3.20)

is finite. A possible choice of constants is C_1 = (n + 1)/2, C_3 = max{1, λ + σ}, and C_2 = C_1 + C_3.

The proof of this lemma is given in §4. We now summarize our result for exponentially decaying fronts.

Theorem 3.3. Let ζ = exp ξ. Suppose that u solves equation (1.1) with initial data u_0 ∈ L^{2n}(ζ^{[2nν]} ) for some n ≥ m/2 + 1 and that ∂_ξ u_0 ∈ L^2(ζ^{[2ν]} ). Then the velocity of the front is bounded by a constant c_{max} which may depend on n and ν, but is otherwise independent of u_0, in the sense that

‖u‖_L2n_{(ζ[2nν] )} → 0 and ‖∂_ξ u‖_L2_{(ζ[2ν] )} → 0 (3.21)

exponentially as t → ∞ whenever c > c_{max}.

Moreover, if u_0(ξ) ≤ A_0 exp(−μξ) for ξ > 0, then for every ν < μ there exists a function A(ν, t) and a constant c_{max} such that

|u(ξ, t)| ≤ A(ν, t) e^{−νξ} (3.22)

and A(ν, t) → 0 for t → ∞ whenever c > c_{max}; in this case c_{max} may depend on μ but is independent of A_0 and ν.

For algebraically decaying fronts we combine the H^1-seminorm estimate with ω = ξ^{[2ν+1]} and the L^{2n} estimate with ϖ = ξ^{[2nν−1]} . That this choice of weights is the ‘right’ one can be seen immediately from a simple scaling argument: Assume that |u| ∼ ξ^{−μ} , then the exponents on ξ in the integrands of the two norms become identical exactly in the critical case when ν = μ, and integrability fails.

To absorb the term on the right of (3.5) into the diffusion term of the L^{2n}- estimate, we must now require, in addition to n ≥ m/2 + 1, that 2ν + 1 ≤ 2nν − 1, which can easily be satisfied. Specifically, if ν > 1/(m − 1), a sufficient condition is n ≥ m.

The suprema in (3.6) and (3.15) both have a bound of the form sup ξ : θ≤κ

θ^{m−1} ξ^{[r]} ∂_ξ ξ^{[r]}

≤ K(r) max { κ^{m−1} , sup_{ξ≥1} | θ^{m−1} ξ |} . (3.23) Set λ = 2nν − 1 2ν(m − 1)

, σ =

2ν + 1 2ν(m − 1)

, (3.24) to use Lemma 3.2 for the supremum on the right of (3.23):

sup_{ξ≥1} | |θ^{m−1} ξ | |≤ ( sup_{ξ∈R} | |θ^{n+1} ξ^{[λ+σ]} | | )^{m−1}_{n+1}

≤ ( C_1 ‖∂_ξ θ‖^2_L2_{(ξ[2σ] )} + C_2 ‖θ‖^{2n}_L2n_{(ξ[2λ] )} + C_3 M

)^{m−1}_{n+1} (3.25)

where

M = 1 +

∫_∞ 1 ξ^{−1+}

(n+1)(1−ν(m−1)) (n−1)ν(m−1) dξ (3.26)

is finite whenever the Sherratt & Marchant bound ν > 1/(m−1) is satisfied. Under this condition, we also have that 2λ < 2nν−1 and 2σ < 2ν+1, so that we altogether obtain a bound of the form sup ξ : θ≤κ

θ^{m−1} ξ^{[r]} ∂_ξ ξ^{[r]} ≤ G ( ‖θ‖_L2n_{(ξ[2nν−1] )} + ‖∂_ξ θ‖_L2_{(ξ[2ν+1] )} ) , (3.27)

where G is a bounded function, and has coefficients which also depend on κ, ν/(m− 1), and n.

This allows us to close up the estimate. For ε sufficiently small, we get (possibly absorbing further constants into the expression for G) d dt ( ‖u‖^{2n}_L2n_{(ϖ)} + ε ‖∂_ξ u‖^2_L2_{(Ω)} ) + (c − G) ( ‖u‖^{2n}_L2n_{(ϖ′)} + ε ‖∂_ξ u‖^2_L2_{(Ω ′)} ) ≤ 0 . (3.28)

where

G = G ( ‖u‖_L2n_{(ϖ)} + ε ‖∂_ξ u‖_L2_{(Ω)} ) (3.29)

Hence, provided that c is chosen sufficiently large, depending on the initial magnitude of the arguments of G, these same quantities are non-increasing in time and the estimate extends to arbitrary later times in a self-consistent way. Let us summarize.

Theorem 3.4. Let ν > 1/(m−1) and n ≥ m. Suppose that u solves equation (1.1) with initial data u_0 ∈ L^{2n}(ξ^{[2nν−1]} ) and that ∂_ξ u_0 ∈ L^2(ξ^{[2ν+1]} ). Then the velocity of the front is bounded by a constant c_{max} which may depend on ν, m, and n, as well as on the norms of u_0 in the given spaces.

Moreover, if |u_0(ξ)| ≤ A_0 ξ^{−μ} for ξ ≥ 1 and μ > 1/(m − 1), then for every ν ∈ (1/(m − 1), μ), there exists an A(ν) and a constant c_{max} such that |u(ξ, t)| ≤ A(ν) ξ^{−ν} for all t ≥ 0 and translating velocities c > c_{max}; in this case c_{max} may depend on m and μ as well as on A_0 and ν.

Remark 3.5. In particular, there is the possibility that c_{max} → ∞ as ν → μ. This is different from the exponential case where, although the constant in the pointwise estimate may grow without bounds as ν → μ, c_{max} is not affected. Remark 3.6. Similarly, c_{max} may diverge as ν approaches the Sherratt & Marchant critical exponent 1/(m − 1). We speculate that this is an artifact of our method because results based on comparison theorems that are available for ℓ = 1 do not exhibit this behaviour.

4. Proofs of Lemma 3.1 and Lemma 3.2

Proof of Lemma 3.1. We claim that a possible choice is

P (θ, ψ) = 2n∑ k=0 (−1)^k α_k θ^k ψ^{2n−k} , (4.1)

when the positive coefficients α_0, . . . , α_{2n} are given by

α_k ≡ { (36 n^2 pp^∗ )^{n−k/2} for k even, 4n α_{k+1} for k odd.

(4.2)

Condition (P1) can be checked directly. To verify (P2), we first consider

∂_θ P + ∂_ψ P =

2n−1∑

k=0 (−1)^k [ α_k (2n − k) − α_{k+1} (k + 1) ] θ^k ψ^{2n−k−1} = ∑ k even k≤2n−2 [( α_k (2n − k) − α_{k+1} (k + 1) ) ψ

− ( α_{k+1} (2n − k − 1) − α_{k+2} (k + 2) ) θ ] θ^k ψ^{2n−k−2} . (4.3)

As ψ ≤ 1, we only need make sure that

α_{k+1} (2n − k − 1) − α_{k+2} (k + 2) > 0 (4.4)

for k ≤ 2n − 2 even, or, equivalently, that

α_k > k + 1 2n − k α_{k+1} (4.5)

for k odd. By taking

α_k = 4n α_{k+1} (4.6)

when k is odd, we always satisfy this condition.

To verify (P3), set v = (x, y)^T . A direct calculation gives

v^T D^2P Λv = 2n∑ k=0 (−1)^k α_k θ^{k−2} ψ^{2n−k−2} · ( k(k − 1) p x^2 ψ^2 + (2n − k)k xy ψθ +

(2n − k)(2n − k − 1)

p^∗ y^2 θ^2 ) . (4.7)

The most difficult task is to bound the cross terms proportional to xy. When xy is positive, the ‘bad’ terms are those for which k is odd. In this case we neglect all cross terms for k even, and control the others with a third fraction of those neighbouring quadratic terms that have the same homogeneity in θ and ψ. We must therefore seek that the sum of their coefficients be non-negative, i.e.,

α_{k−1} 3 (2n − k + 1)(2n − k)

p^∗ y^2 − α_k (2n − k)k xy + α_{k+1} 3 (k + 1)k p x^2 ≥ 0 . (4.8)

A sufficient condition for the discriminant of this quadratic form in x and y to be non-negative is that

4 α_{k−1} α_{k+1} ≥ 9 pp^∗ α^2_k , (4.9)

or, taking relation (4.6) into account, that

α_{k−1} ≥ 36 n^2 pp^∗ α_{k+1} . (4.10)

The case when this last relation is satisfied as an equality, and α_{2n} ≡ 1, corresponds to the choice made above in (4.2).

On the other hand, when xy is negative, the ‘bad’ cross terms correspond to k even, with 2 ≤ k ≤ 2n − 2. Each of these terms can be controlled by half of the neighbouring ‘good’ cross terms. Therefore, for the corresponding sum of coefficients we must require that α_{k−1} 2 (2n − k + 1)(k − 1) ψ^2 − α_k (2n − k)k ψθ + α_{k+1} 2 (2n − k − 1)(k + 1) θ^2 ≥ 0 . (4.11)

The discriminant of this quadratic form in ψ and θ is non-negative whenever

α_{k−1} α_{k+1} ≥

(2n − k)^2 (2n − k − 1)(2n − k + 1) k^2 (k − 1)(k + 1) α^2_k , (4.12)

which is weaker than (4.9).

It remains to be shown that the negative quadratic terms can be bounded as well. We first consider each negative term proportional to x^2 and bound it using a third of those neighbouring positive terms that are proportional to x^2 as well. Here k is odd, k ≥ 3, and we seek that

α_{k−1} 3 (k − 1)(k − 2) p ψ^2 − α_k k(k − 1) p ψθ + α_{k+1} 3 (k + 1)k p θ^2 ≥ 0 . (4.13)

The discriminant of this quadratic form in ψ and θ is non-negative whenever

4 α_{k−1} α_{k+1} ≥ 9 k k + 1 k − 1 k − 2 α^2_k . (4.14)

Since pp^∗ ≥ 4, this condition is also weaker than (4.9). Finally, the negative terms proportional to y^2 can be estimated in exactly the same way due to the symmetry of the summation in (4.7).

By carefully keeping track of all the terms in (4.7), we notice that in the process of cancelling out the negative terms, we have used up all the positive quadratic terms but a third of each of the corner terms in the scheme, namely

2n(2n − 1) p^∗ y^2 ψ^{2n−2} , 2 p x^2 ψ^{2n−2} ,

2n(2n − 1) p x^2 θ^{2n−2} , and 2 p^∗ y^2 θ^{2n−2} .

(4.15)

These remaining terms imply the bound on the right side of (3.8).

Proof of Lemma 3.2. By the fundamental theorem of calculus, | |ϕ^{n+1}(ξ) ω^{[λ+σ]} (ξ) | |≤ ∫ R | | d dη ( ϕ^{n+1}(η) ω^{[λ+σ]} (η) ) | |dη ≤ (n + 1)

∫_1 −∞ |∂_ξ ϕ| |ϕ|^n ω^{λ+σ} (1) e^{ξ−1} dξ + (n + 1)

∫_∞ 1 |∂_ξ ϕ| |ϕ|^n ω^{λ+σ} (ξ) dξ + ∫_1 −∞ |ϕ|^{n+1} ω^{λ+σ} (1) e^{ξ−1} dξ + (λ + σ)

∫_∞ 1 |ϕ|^{n+1} |∂_ξ ω| ω^{λ+σ−1} (ξ) dξ . (4.16)

We apply first the Cauchy–Schwarz inequality, and then the Young inequality with conjugate exponents 1/2 to each of the first two integrals. This yields the following four integrals, 1 2 ∫_1 −∞ |∂_ξ ϕ|^2 ω^{2σ} (1) e^{ξ−1} dξ + 1 2 ∫_1 −∞ |ϕ|^{2n} ω^{2λ} (1) e^{ξ−1} dξ + 1 2 ∫_∞ 1 |∂_ξ ϕ|^2 ω^{2σ} (ξ) dξ + 1 2 ∫_∞ 1 |ϕ|^{2n} ω^{2λ} (ξ) dξ , (4.17)

which can be recombined into the norms proportional to C_1 on the right side of the interpolation inequality.

To estimate the third integral in (4.16), insert the product ω^q(1) ω^{−q} (1) with q = λ/n−σ, and apply the Hölder and Young inequalities with conjugate exponents 2n/(n+1) and 2n/(n−1). One of the integrals can be solved exactly, and we obtain the terms

n + 1 2n ∫_1 −∞ |ϕ|^{2n} ω^{2λ} (1) e^{ξ−1} dξ + n − 1 2n ω^{2nσ−2λn−1} (1) . (4.18)

For the last integral in (4.16), insert the product ω^q(ξ) ω^{−q} (ξ) with q = 1 − σ + λ/n into the second integral, and apply the Hölder and Young inequalities, again with conjugate exponents 2n/(n + 1) and 2n/(n − 1). This yields the terms

n + 1 2n ∫_∞ 1 |ϕ|^{2n} ω^{2λ} (ξ) dξ + n − 1 2n ∫_∞ 1 |∂_ξ ω|^{2nn−1} ω^{−2 λ+n−σnn−1} dξ (4.19)

By combining (4.18) and (4.19), we obtain the remaining terms on the right of (3.19).

We thank Richard Craster and Jack Xin for helpful discussions, Richard in particular for providing the source code for the numerical examples. SJAM was supported in part through a Nuffield Foundation New Lecturer’s Grant and the German Science Foundation SFB 382.

References

Aronson, D.G. & Weinberger, H.F. 1978 Multidimensional nonlinear diffusion arising in population genetics. Adv. Math. 30, 33–76.

Balmforth, N.J., Craster, R.V. & Malham, S.J.A. 1999 Unsteady fronts in an autocatalytic system. Proc. R. Soc. Lond. A. 455, 1401–1434.

16 Malham & Oliver

Berlyand, L. & Xin, J. 1995 Large time asymptotics of solutions to a model combustion system with critical nonlinearity. Nonlinearity 8, 161–178.

Bricmont, J., Kupiainen, A. & Xin, J. 1996 Global large time self-similarity of a thermaldiffusive combustion system with critical nonlinearity. J. Differential Equations 130, 9–35.

Billingham, J. & Needham, D.J 1991 The development of traveling waves in quadratic and cubic autocatalysis with unequal diffusion rates, I and II. Phil. Trans. R. Soc. Lond. A 334, 1–124, and 336, 497–539.

Billingham, J. & Needham, D.J 1992 The development of travelling waves in quadratic and cubic autocatalysis with unequal diffusion rates. III. Large time development in quadratic autocatalysis. Quart. Appl. Math. 50, 343–372.

Blom, J.G. & Zegeling, P.A. 1994 Algorithm 731: A moving-grid interface for systems of one-dimensional time-dependent partial differential equations. ACM Trans. Math. Software 20, 194–214.

Collet, P. & Xin, J. 1997 Global existence and large time asymptotic bounds of L^∞ solutions of thermal diffusive combustion systems on R^n. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 23, 625–642.

Fife, P.C. & McLeod, J.B. 1981 A phase plane discussion of convergence to travelling fronts for nonlinear diffusion. Arch. Rational Mech. Anal. 75, 281–314.

Keast, P. & Muir, P.H. 1991 Algorithm 688 EPDCOL – a more efficient PDECOL code.

ACM Trans. Math. Software 17, 153–166.

Kolmogorov, A., Petrovsky, I. & Piscounoff, N. 1937 Étude de l’équation de la diffusion avec croissance de la quantité de matière et son application a un problème biologique. Bull. Univ. Etat Moscou A 1, 1–25.

Larson, D.A. 1978 Transient bounds and time-asymptotic behavior of solutions to nonlinear equations of Fisher type. SIAM J. Appl. Math. 34, 93–103.

Lu, G. & Sleeman, B.D. 1993 Maximum principles and comparison theorems for semilinear parabolic systems and their applications. Proc. Roy. Soc. Edinburgh A 123, 857–885.

Malham, S.J.A. & Xin, J. 1998 Global solutions to a reactive Boussinesq system with front data on an infinite domain. Comm. Math. Phys. 193, 287–316.

Metcalf, M.J., Merkin, J.H. & Scott, S.K. 1994 Oscillating wave fronts in isothermal chemical systems with arbitrary powers of autocatalysis. Proc. R. Soc. Lond. A 447, 155–174.

Needham, D.J. & Barnes, A.N. 1999 Reaction-diffusion and phase waves occurring in a class of scalar reaction-diffusion equations. Nonlinearity 12, 41–58.

Protter, M.H. & Weinberger, H.F. 1984 Maximum principles in differential equations. New York: Springer-Verlag.

Rothe, F. 1978 Convergence to travelling fronts in semilinear parabolic equations. Proc.

Roy. Soc. Edinburgh A 80, 213–234.

Sattinger, D.H. 1976 On the stability of waves of nonlinear parabolic systems. Adv. Math.

22, 312–355.

Sherratt, J.A. & Marchant, B.P. 1996 Algebraic decay and variable speeds in wavefront solutions of a scalar reaction-diffusion equation. IMA J. Appl. Math. 56, 289–302.

Takase, H. & Sleeman, B.D. 1999 Travelling wave solutions to monostable reactiondiffusion systems of mixed monotone type. Proc. R. Soc. Lond. A 455, 1561–1598.

Volpert, A.I., Volpert, V.A. & Volpert, V.A. 1994 Traveling wave solutions of parabolic systems. Translations of mathematical monographs, no. 140, AMS.