Communications in Partial Differential Equations Volume 22, 1997, pp. 39–48

DISTRIBUTION-VALUED INITIAL DATA FOR THE COMPLEX GINZBURG-LANDAU EQUATION

C. David Levermore^1 Department of Mathematics University of Arizona, Tucson, AZ 85721

Marcel Oliver^{2,3} Program in Applied Mathematics University of Arizona, Tucson, AZ 85721

Abstract. The generalized complex Ginzburg-Landau (CGL) equation with a nonlinearity of order 2σ + 1 in d spatial dimensions has a unique local classical solution for distributional initial data in the Sobolev space H^q provided that q >^d_2 �^1_σ . This result directly corresponds to a theorem for the nonlinear Schrödinger (NLS) equation which has been proved by Cazenave and Weissler in 1990. While the proof in the NLS case relies on Besov space techniques, it is shown here that for the CGL equation, the smoothing properties of the linear semigroup can be used to obtain an almost optimal result by elementary means.

1. Introduction

The generalized complex Ginzburg-Landau (CGL) equation

∂_tu = Ru + (1 + iν)Δu − (1 + iμ)|u|^{2σ}u (1)

describes the evolution of a complex-valued field u = u(x, t) on Ω × [0, T ] for some maximal time T > 0. The parameters μ, ν, σ and R are real numbers, with σ and R positive. To simplify notation, we explicitly consider spatial

1991 Mathematics Subject Classification. 35A07, 35K15. 1E-mail address: lvrmr@math.arizona.edu 2Current address: Department of Mathematics, University of California, Irvine, CA 92697 3E-mail address: oliver@math.arizona.edu 39

40 C.D. LEVERMORE AND M. OLIVER

domains Ω = T^d for any number of dimensions d only. However, corresponding results hold over other domains without boundary.

It is well known that the CGL equation is locally well-posed for L^p initial data whenever p > σd. Generally, the Laplacian dissipation will regularize the solution for positive times. When σ is a positive integer, one can in fact show that the solution becomes real analytic for all positive times [5, 9], so that the following local existence theorem holds.

Theorem 1. Let σ ≥ 1 be an integer and p > σd. Then for every ρ > 0 there exists a time T (ρ) > 0 such that for every initial data u^{in} ∈ L^p(T^d) with ‖u^{in}‖_L^p ≤ ρ there exists a unique classical solution

u ∈ C([0, T ]; L^p(T^d)) ∩ C^ω((0, T ] × T^d) (2)

to the complex Ginzburg-Landau initial-value problem (1).

When σ is not an integer, n-fold differentiation of (1) introduces unbounded singularities at the zeros of u whenever n > 2σ, which restricts the degree of regularity on can expect. More precisely, the following is true.

Theorem 2. Let σ > 0 and p > σd. Then for every ρ > 0 there exists a time T (ρ) > 0 such that for every initial data u^{in} ∈ L^p(T^d) with ‖u^{in}‖_L^p ≤ ρ there exists a unique classical solution

u ∈ C([0, T ]; L^p(T^d)) ∩ C((0, T ]; C^{n+2}(T^d)) ∩ C

[^n_2 ]+1 ((0, T ]; C^{n−2}

[^n_2 ] (T^d)) (3)

to the complex Ginzburg-Landau initial-value problem (1).

Both theorems are based on contraction mapping arguments and are essentially due to Weissler [11]. Proofs can also be found in [6, 9]. In the next section, we prove an abstract local existence theorem much in the spirit of the above results. Applied to the CGL equation in Section 3, the abstract theorem enables us to actually enlarge the class of initial data for which the statements of Theorems 1 and 2 hold.

The motivation for this further inquiry comes from the observation that in the CGL equation |u|^{2σ} scales dimensionally like Δ, so that by formally trading powers for derivatives in the condition p > σd, one transforms either of the above theorems into the following conjecture: Given u^{in} ∈ H^q(T^d) where q >^d_2 −^1_σ , there exists a unique local classical solution. Our result shows that, under certain restrictions, the conjecture is true.

DISTRIBUTION-VALUED INITIAL DATA FOR THE CGL EQUATION 41

2. An Abstract Local Existence Theorem

In the following, we formulate the problem in an abstract setting of sufficient generality. The methods are mostly standard [8, 10, 11] and some detail will be omitted. The CGL equation is a semilinear parabolic equation of the form

∂_tu = Lu + N(u) , u(0) = u^{in} . (4)

If L is formally the infinitesimal generator of a linear semigroup S(t), the equation can be recast in its mild formulation

u(t) = S(t)u^{in} + ∫_t 0 S(t − t^′)N(u(t^′)) dt^′ . (5) We consider this problem for all initial data u^{in} in a Banach space X over which the semigroup S(t) is strongly continuous (so that the linear problem with N = 0 is well-posed, see [10]). One aims at proving that the solution of (5) lies in a “better” Banach space Y that is continuously embedded in X.

For a suitable choice of Y the semigroup will be strongly continuous over Y and also map X back into Y, so that near t = 0 one has an estimate of the form ‖S(t)w‖Y ≤ c t^{−α} ‖w‖X for every w ∈ X (6) with α a suitably chosen nonnegative constant. In addition, the map N will be locally Lipschitz from Y to X. Without loss of generality we assume that N(0) = 0, and for our convenience, we will only consider the case where the Lipschitz condition can be written as

‖N(u_1) − N(u_2)‖X ≤ c ( ‖u_1‖^{2σ}Y + ‖u_2‖^{2σ}Y ) ‖u_1 − u_2‖Y (7)

for some σ ≥ 0. The σ above will be identified with the σ of the CGL nonlinearity (15). This covers many applications, including the CGL equation. Modifications that embrace more general nonlinearities are not hard [8, 10].

We will establish existence in a space E^α([0, T ]; Y) for some T > 0, which for each T > 0 is defined as the completion of C([0, T ]; Y) in the norm ‖w‖_Eα ≡ sup_{t∈[0,T ]} { t^α ‖w(t)‖Y } . (8)

Condition (6) implies both that Y is dense in X and that S(t)w ∈ E^α([0, T ]; Y) for every w ∈ X. The following abstract theorem holds.

42 C.D. LEVERMORE AND M. OLIVER

Theorem 3 (General Local Existence). Given Banach spaces X and Y and a linear semigroup S(t) for which estimates (6) and (7) hold with exponents α and σ that satisfy

0 ≤ (2σ + 1)α < 1 , (9)

then for every ρ > 0 there exists a time T (ρ) > 0 such that for every initial data u^{in} ∈ X with ‖u^{in}‖X ≤ ρ there exists a unique

u ∈ C([0, T ]; X) ∩ E^α([0, T ]; Y) (10)

that satisfies the mild formulation (5). In addition, the map from u^{in} to u is a locally Lipschitz function from X to C([0, T ]; X).

Remark 1. In our application, Y will be a Lebesgue space L^p rather than the domain of a power of L as is commonly done [8].

Proof. In order to indicate how to set up the contraction mapping argument, we first estimate the fixed-point equation (5) in the Y norm, ‖u(t)‖Y ≤ c t^{−α} ‖u^{in}‖X + c ∫_t 0 (t − t^′)^{−α} ‖u(t^′)‖^{2σ+1}Y dt^′ , (11) or t^α ‖u(t)‖Y ≤ c ‖u^{in}‖X + c t^α ∫_t 0 (t − t^′)^{−α} t^{′−(2σ+1)α} ( t^{′α} ‖u(t^′)‖Y )_{2σ+1} dt^′ ≤ c ‖u^{in}‖X + c sup_t0_{∈[0,t]} { t^{′α} ‖u(t^′)‖Y }_{2σ+1} t^α ∫_t 0 (t − t^′)^{−α} t^{′−(2σ+1)α} dt^′ . (12) This suggests we might be able to prove contractivity in a space E^α([0, T ]; Y) whose norm is defined by (8). Indeed, (12) shows that provided t^α ∫_t 0 (t − t^′)^{−α} t^{′−(2σ+1)α} dt^′ → 0 as t → 0 , (13)

an assumption that is directly seen to be equivalent to (9), there exists a T > 0 such that the right side of the fixed-point equation (5) maps sufficiently large balls with respect to the E^α norm into themselves. Invoking the Lipschitz condition (7), one can show in a similar way that this mapping contracts under the same assumption (13) for some T > 0. Then by the contraction mapping theorem, there exists a unique solution u ∈ E^α([0, T ]; Y) to the fixed-point problem (5).

DISTRIBUTION-VALUED INITIAL DATA FOR THE CGL EQUATION 43

Finally, one can show that u ∈ C([0, T ]; X). To this end we only need to check the continuity of u at t = 0. First subtracting u^{in} from both sides of the mild formulation (5), a direct estimate in X gives

‖u(t) − u^{in}‖X ≤ ‖S(t)u^{in} − u^{in}‖X + c ∫_t 0 t^{′−(2σ+1)α} ( t^{′α} ‖u(t^′)‖Y )_{2σ+1} dt^′ ≤ ‖S(t)u^{in} − u^{in}‖X + c ‖u‖^{2σ+1}_Eα ∫_t 0 t^{′−(2σ+1)α}dt^′ . (14)

The first term on the right converges to zero due to the strong continuity of the semigroup over X. Since ‖u‖_Eα is bounded, the second term converges to zero provided that (2σ + 1)α < 1, a condition already ensured by (9).

3. The CGL Initial-Value Problem

Let us now apply Theorem 3 to the CGL equation where N and L are given by Lu = (1 + iν)Δu + Ru , N(u) = −(1 + iμ)|u|^{2σ}u . (15) The associated semigroup can be written as a convolution, S(t)u = G_t ∗ u, with its Green function G_t = G_t(x) for t > 0 given by G_t(x) = ∑ n∈Z^d g_t(x + n) ,

g_t(x) = 1 (4π(1 + iν)t)^{d/2} exp ( − |x|^2 4(1 + iν)t + Rt ) . (16)

The integral equation (5) recast in terms of this Green function takes the form

u(t) = G_t ∗ u^{in} + ∫_t 0 G_{t−t}0 ∗ N(u(t^′)) dt^′ . (17) In order to apply Theorem 3 one only need identify spaces X and Y for which (6) and (7) hold, and verify condition (9).

We first remark that it is very problematic to conduct the argument entirely in H^r spaces. The difficulty lies in obtaining a Lipschitz estimate (7), which is easily accomplished only when X = Y ≡ H^q(T^d) is an algebra, i.e. when q > d/2. This case does not however exhaust the conjectured range of admissible values for q.

We next observe that the only interesting case is q < 0. Namely, when q >^d_2 −^1_σ and q > 0, one can always find a p > σd so that the Sobolev embedding H^q → L^p holds, i.e. that^1_p >^1_2 −^q_d . Therefore local classical solutions are already guaranteed by Theorems 1 and 2. We shall therefore

44 C.D. LEVERMORE AND M. OLIVER

assume that u^{in} ∈ H^q(T^d) ≡ X for q < 0, and let Y = L^p(T^d) with p still to be determined. The fact that S(t) is strongly continuous in any such H^q(T^d) and L^p(T^d) is standard [8, 10].

The first ingredient needed for the application of Theorem 3 is estimate (6) on the linear semigroup, which we derive through the intermediate space L^2. We begin with computing the exponent of the “penalty” incurred by using S(t) as a smoothing operator from L^2 to L^p. For p ≥ 2 one has

‖G_t ∗ w‖_Lp ≤ ‖G_t‖_Lr ‖w‖_{L2} ≤ ‖G_t‖^{1/r}_{L1} ‖G_t‖^{1−1/r}_L1 ‖w‖_{L2} (18)

where 1 + 1 p = 1 r + 1 2 . (19)

From the explicit form of the Green function (16) one can directly obtain the L^1 estimate

‖G_t‖_{L1} ≤ ∑ n∈Z^d ∫

T^d

|g_t(x + n)| dx = ∫

R^d

|g_t(x)| dx = (1 + ν^2)^{d/4} e^{Rt} , (20)

and the L^∞ estimate

‖G_t‖_L1 ≤

(1 + ν^2)^{d/4} e^{Rt} (4π(1 + ν^2)t)^{d/2} { a + b[(1 + ν^2)t]^{d/2} } , (21)

with positive absolute constants a and b. Hence, as t → 0 one finds that

‖G_t‖_{L1} = O(t^0) , ‖G_t‖_L1 = O(t^{−d/2}) . (22)

This used with (18) and (19) gives that for t small, ‖S(t)w‖_Lp ≤ c t^{− d2} (_1 2 − 1 p ) ‖w‖_{L2} . (23)

The exponent of the “penalty” incurred by using S(t) as a smoothing operator from L^2 to L^p is therefore^d_2

(_1 2 −^1_p ) . Next, we have to find the exponent of the “penalty” incurred by using S(t) as a smoothing operator from H^q to L^2. The convolution S(t)w = G_t ∗ w is best estimated by deriving bounds on its Fourier transform. Specifically, we have

‖G_t ∗ w‖^2_{L2} = ∑ ξ∈2πZ^d |^g(ξ) ^w(ξ)|^2 ≤ sup_{ξ∈2π}

Z^d

{ (1 + |ξ|^2)^{−q} |^g(ξ)|^2 } ∑ ξ∈2πZ^d (1 + |ξ|^2)^q | ^w(ξ)|^2 ,

(24)

DISTRIBUTION-VALUED INITIAL DATA FOR THE CGL EQUATION 45

where ^w(ξ) denotes the Fourier coefficients of w, and the Fourier coefficients of G_t are given by ^g(ξ) = e^{Rt} e^{−(1+iν)|ξ|2t} . (25) The supremum in (24) is easily estimated by optimization with respect to |ξ|^2, resulting in ‖S(t)w‖^2_{L2} ≤ ( −q 2et )_{−q} e^{2(R+1)t} ‖w‖^2_Hq . (26)

Together with the L^p estimate (23) one finally obtains that for t small, ‖S(t)w‖_Lp ≤ c t^{− d2 ( 12 − 1p )} ‖S(t/2)w‖_{L2} ≤ c^′ t^{−α} ‖w‖_Hq , (27) whereby estimate (6) is established with α = d 2 ( 1 2 − 1 p ) − q 2 . (28)

Recalling that q was assumed negative, p ≥ 2, and 0 ≤ (2σ + 1)α < 1 by (9) of Theorem 3, we find that the semigroup estimate imposes a lower and an upper bound on the possible choices of 1/p, 1 2 − q d − 2 (2σ + 1)d < 1 p ≤ 1 2 . (29)

These bounds are consistent if and only if − 2 2σ + 1

< q . (30)

The second ingredient needed for the application of Theorem 3 is the Lipschitz estimate (7), which we derive through the intermediate space L^r where r = p/(2σ + 1). By straightforward applications of Hölder and Young inequalities one finds

‖N(u_1) − N(u_2)‖_Lr ≤ c ( ‖u_1‖^{2σ}_Lp + ‖u_2‖^{2σ}_Lp ) ‖u_1 − u_2‖_Lp . (31)

Moreover, the embedding L^r → H^q is continuous whenever^1_r <^1_2 −^q_d and 1 ≤ r ≤ 2. We therefore find that (7) is satisfied provided 1 2 ≤ 2σ + 1 p ≤ 1 , (32a) 2σ + 1 p < 1 2 − q d . (32b)

46 C.D. LEVERMORE AND M. OLIVER

The lower bound of (32a) is consistent with the upper bounds of both (29) and (32b). The lower bound of (29) and the upper bound of (32a) can be simultaneously satisfied if and only if d 2 − 1 σ < q , (33)

while the lower bound of (29) and the upper bound of (32b) can be simultaneously satisfied if and only if d 2 − d + 2 2σ + 1

< q . (34)

Finally, by substituting (33) into the right side of (32b), we find that every p which satisfies (29) and (32) also satisfies p > σd (2σ + 1) . (35) The application of Theorem 3 then yields the following.

Theorem 4. Let q satisfy the constraints q > d 2 − 1 σ , (36a) q > − 2 2σ + 1

, (36b) q > d 2 − d + 2 2σ + 1

. (36c)

Then for some p > σd one has that for every ρ > 0 there exists a time T (ρ) > 0 such that for every initial data u^{in} ∈ H^q(T^d) with ‖u^{in}‖_H^q ≤ ρ there exists a unique mild solution u to the CGL initial-value problem (17) with u ∈ C([0, T ]; H^q(T^d)) ∩ E^α([0, T ]; L^p(T^d)) , (37) where α is given by (28). In addition, the map from u^{in} to u is a locally Lipschitz function from H^q(T^d) to C([0, T ]; H^q(T^d)).

Remark 2. The assertion p > σd in Theorem 4 enables further regularity to be achieved by subsequently applying Theorem 1 or 2.

Remark 3. Theorem 3 extends the class of initial data for which the CGL initial value problem is well-posed beyond that asserted by Theorem 2 whenever σd < 2. This is often refered to as the subcritical regime [9]. Its boundary is shown as the dotted line in Figure 1, which also illustrates the regions of the d-σ plane in which each of the constraints in (36) is operative.

DISTRIBUTION-VALUED INITIAL DATA FOR THE CGL EQUATION 47

Figure 1. The constraints (36) of Theorem 4 are each operative in the correspondingly labeled region of the d-σ plane. Although d is confined to integer values, any positive σ is admissible. The region below the dotted hyperbola σ = 2/d is where negative q are possible, and where Theorem 3 improves on Theorem 2.

Remark 4. We believe conditions (36b) and (36c) are technical and can be removed by more sophisticated techniques. Moreover, by following [4], the use of Besov spaces should allow one to obtain the marginal case when (36a) is satisfied as an equality. Note also that for σ ≥^1_2 and σd ≥ 1—thus in particular when σ is an integer—condition (36a) dominates and we have proved local existence for the conjectured class of initial data. More general results might be derived by adapting the important new techniques developed by Bourgain [2, 3] for the NLS equation over T^d, however our needs here are less demanding.

Remark 5. The results extend to other domains without boundary, for example to R^d , with only minor modifications in their proofs so long as Fourier representations of the Green function and the H^q norms are available.

48 C.D. LEVERMORE AND M. OLIVER

Acknowledgments

The comments of the referee were most helpful in improving the presentation in this paper. C.D.L. was supported in part by the NSF under grant DMS- 94045570 at the University of Arizona.

References

[1] R.S. Adams, Sobolev Spaces, Academic Press, New York, 1975.

[2] J. Bourgain, Fourier Transform Restriction Phenomena for Certain Lattice Subsets and Applications to Nonlinear Evolution Equations, Part I: Schrödinger Equations, Geometric and Func. Anal. 3 (1993), 107–156.

[3] J. Bourgain, Exponential Sums and Nonlinear Schrödinger Equations, Geometric and Func. Anal. 3 (1993), 157–178.

[4] T. Cazenave and F. Weissler, The Cauchy Problem for the Critical Nonlinear Schrödinger Equations in H^s, Nonlinear Anal.: Theo., Meth. and Appl. 14 (1990), 807–836.

[5] A. Doelman and E.S. Titi, Regularity of Solutions and the Convergence of the Galerkin Method in the Ginzburg-Landau Equation, Num. Func. Anal. and Opt. 14 (1993), 299– 321.

[6] C.R. Doering, J.D. Gibbon, and C.D. Levermore, Weak and Strong Solutions of the Complex Ginzburg-Landau Equation, Physica D 71 (1994), 285–318.

[7] J. Ginibre and G. Velo, On a Class of Nonlinear Schrödinger Equations I: The Cauchy Problem, General Case, Journal of Functional Analysis 32 (1979), 1–32.

[8] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Mathematics 840, Springer-Verlag, Berlin, 1981.

[9] C.D. Levermore and M. Oliver, The Complex Ginzburg-Landau Equation as a Model Problem, Lectures in Applied Mathematics 31, Dynamical Systems and Probabilistic Methods in Partial Differential Equations, P. Deift et al. eds., AMS, Providence, Rhode Island (1996), 141–190.

[10] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Appl. Math. Sci. 44, Springer-Verlag, New York, 1983.

[11] F.B. Weissler, Local Existence for Semilinear Parabolic Equations in L^p, Indiana U.

Math J. 29 (1980), 79–102.