ON THE DOMAIN OF ANALYTICITY FOR SOLUTIONS OF SECOND ORDER ANALYTIC NONLINEAR DIFFERENTIAL EQUATIONS

MARCEL OLIVER AND EDRISS S. TITI

Abstract. The radius of analyticity of periodic analytic functions can be characterized by the decay of their Fourier coefficients. This observation has led to the use of so-called Gevrey norms as a simple way of estimating the time evolution of the spatial radius of analyticity of solutions to parabolic as well as non-parabolic partial differential equations. In this paper we demonstrate, using a simple, explicitly solvable model equation, that estimates on the radius of analyticity obtained by the usual Gevrey class approach do not scale optimally across a family of solutions, nor do they scale optimally as a function of the physical parameters of the equation. We attribute the observed lack of sharpness to a specific embedding inequality, and give a modified definition of the Gevrey norms which is shown to finally yield a sharp estimate on the radius of analyticity.

1. Introduction

In a previous paper [10] we showed that the weakly damped driven nonlinear Schrödinger equation has a real analytic global attractor. Since the proof was based on estimates in so-called Gevrey norms [3]—norms in which bounds on all derivatives of a function are weighted as terms of an exponential sum—we also obtained a sufficient lower bound for the radius of analyticity of the attractor as a function of the parameters of the equation.

It was therefore natural to ask if our inability to find a larger (possibly infinite) radius of analyticity is an artifact of the method, or is indeed an intrinsic property of the equation. We noted that lower bounds on the radius of analyticity of steady state solutions can also be estimated by using Gevrey norms, and found that these bounds exhibit a behavior similar to the attractor estimates. Therefore, if we could show that the result for the steady state solutions is in some sense sharp, then—the steady state solutions being a subset of the attractor—the estimates for the global attractor would have to be sharp, too.

In this paper we analyze the situation using a somewhat simpler “toy” equation,

νu_{xx} + λu ± u^3 = 0 , (1)

where u is a real function endowed with periodic (or homogeneous Dirichlet) boundary conditions on the interval [0, 1], ν > 0, and λ is an arbitrary real number. In the case where the nonlinearity is preceded by a minus sign, equation (1) describes the steady states of the Chafe–Infante reaction diffusion equation in one spatial

Date: May 6, 1999. 1

dimension,

u_t = νu_{xx} + λu − u^3 . (2)

Problem (1) can also be thought of as representing real steady states of the complex Ginzburg–Landau, or of the nonlinear Schrödinger equation, where the plus and minus sign correspond to the focusing and defocusing case respectively. On the other hand, we can take the point of view that (1) describes periodic solutions of a nonlinear oscillator. Moreover, the equation can be solved explicitly, which enables us to deduce an exact expression for the radius of (real) analyticity. For these reasons, equation (1) can be studied more transparently than the full steady state problem for the damped driven nonlinear Schrödinger equation [5, 6, 10] which originally motivated this investigation.

Even in this simple case we cannot expect to recover the precise numerical value of the radius of analyticity by using Gevrey class estimates. We therefore resort to studying its scaling behavior in the following asymptotic regimes: The zero diffusion limit ν → 0, the high energy limit when (1) is considered as an initial value problem whose periodic solutions are parameterized by a conserved energy, and the asymptotically linear regime when λ → ∞. We find that in each of these limits the estimates on the radius of analyticity obtained by the usual Gevrey class approach (as, for example, used in [10]) do not scale optimally. We attribute the observed lack of sharpness to a specific embedding inequality, and give an alternative definition of the Gevrey norm which is finally shown to yield sharp estimates on the radius of analyticity.

The estimation techniques we present here are applicable to more general nonlinear elliptic partial differential equations for which explicit solutions are not available. In such cases one first needs to prove existence of solutions in the appropriate class of real analytic functions, for example by using degree theory or the Galerkin method with application of the Brower fixed point theorem before proceeding with the formal arguments as are presented in this paper.

2. Explicit Solutions

It is well known that (1) can be completely solved in terms of elliptic integrals. Our presentation follows Fraenkel [4].

While the sign of the nonlinearity plays a crucial role for the structure of the solution set, the scaling behavior of the radius of analyticity is essentially the same in both cases. Further, the sign of λ plays no significant role in the argument—for simplicity we shall assume that λ is positive.

Every periodic solution must have at least one zero and, hence, be a translation of a solution to (1) endowed with homogeneous Dirichlet boundary conditions u(0) = u(1) = 0. This can, for example, be seen from the level sets of the energy integral, which we obtain by multiplying (1) with u_x and integrating once,

νu^2_x = c^2 − λu^2 ∓^1_2 u^4 , (3)

where c^2 = u^2_x(0) is the energy of the nonlinear oscillator. The energy will also be used as one of the scaling parameter in our subsequent analysis.

When the last term in (3) is positive (corresponding to the minus sign in the original problem), its right side can be factored as √ ν u_x = ±

√_1 2 (a^2 − u^2)(b^2 − u^2), (4) where

a^2 = λ + √ λ^2 − 2c^2 , b^2 = λ − √ λ^2 − 2c^2 . (5)

Assume that c = u_x(0) > 0, and let x_0 > 0 be the smallest real number with u_x(x_0) = 0. Since u is periodic, such a point must exist. We can then integrate (4) on the interval where 0 ≤ x ≤ x_0 and 0 ≤ u ≤ b and obtain [1, equation 219.00] x = √ 2ν ∫_u 0 dv √ (a^2 − v^2)(b^2 − v^2) = √ 2ν a sn^{−1} (sin φ, k) , (6)

where, setting δ^2 ≡ 1 − 2(c/λ)^2,

k^2 = b^2 a^2 = λ − √ λ^2 − 2c^2 λ + √ λ^2 − 2c^2 = 1 − δ 1 + δ

, (7)

sin φ = u b = u √ λ(1 − δ)

. (8)

By solving for u, we obtain

u(x) = √ λ(1 − δ) sn ( √ λ(1 + δ) 2ν x, k ) . (9)

Since (9) solves equation (1), it is a solution for every x ∈ R. On the other hand, due to the uniqueness theorem for initial value problems, every solution with u_x(0) > 0 can be written in this form. The case u_x(0) < 0 is analogous.

The Jacobi elliptic function sn is doubly periodic with real period 4K and imaginary period 2iK^′, where K = K(k) is the complete elliptic integral of the first kind, K^′ = K(k^′), and k^′ = √ 1 − k^2 [1]. For u to have period 1, we must hence require that √ λ(1 + δ) 2ν = 2nK(k) (10)

for some integer n. The poles of sn are located at iK^′ (mod 2K, 2iK^′), so that the radius of analyticity of u is ρ = √ 2ν λ(1 + δ)

K^′ . (11)

We now turn to the case when the last term in (3) is negative. The factorization in this case is √ ν u_x = ±

√_1

2 (a^2 + u^2)(b^2 − u^2), (12)

where

a^2 = λ + √ λ^2 + 2c^2 , b^2 = −λ + √ λ^2 + 2c^2 . (13)

As before, we assume that c = u_x(0) > 0, and let x_0 > 0 be the smallest number with u_x(x_0) = 0. We can then integrate (12) on the interval where 0 ≤ x ≤ x_0 and

0 ≤ u ≤ b and obtain [1, equation 214.00] x = √ 2ν ∫_u 0 dv √ (a^2 + v^2)(b^2 − v^2) = √ 2ν a^2 + b^2 sn^{−1} (sin ψ, k) , (14)

where

k^2 = b^2 a^2 + b^2 = c^2 λ^2 + 2c^2 + √ λ^2 + 2c^2

, (15)

sin ψ = √ u^2 (a^2 + b^2) b^2 (a^2 + u^2)

. (16)

This expression can be solved for u, we find

u(x) = M sd(rx, k) (17)

with M = ab √ a^2 + b^2 = c (λ^2 + 2c^2)^{1/4}

, (18) r = √ a^2 + b^2 2ν = (λ^2 + 2c^2)^{1/4} √ ν . (19)

We conclude as before that (17) is the unique solution for every x ∈ R. The function sd is doubly periodic with real period 4K and imaginary period 4iK^′. Thus, for u to have period 1, we must require that r = 2nK, or √ λ ν(1 − 2k^2)

= 2nK(k) (20)

for some integer n. The poles of sd coincide with the poles of sn, therefore the radius of analyticity of (17) is ρ = K^′ r = √ ν K^′ (λ^2 + 2c^2)^{1/4}

. (21)

3. Limiting Behavior of the Radius of Analyticity

We will investigate the limiting behavior of the radius of analyticity in three different asymptotic regimes. The results of this section will be used as benchmarks for evaluating the Gevrey class estimates on the radius of analyticity of u later on.

We write f ∼ g to denote that two quantities f and g have the same asymptotic behavior.

Case 1 (Zero diffusion limit). Let ν → 0 while keeping λ = O(1) and c = O(1). Then K and K^′ remain bounded, and we see from either (11) or (21) that n → ∞ and therefore

ρ ∼ const · √ ν . (22)

Remark 1. Due to the periodicity condition (10) or (20) respectively, the set of admissible triples (ν, λ, c) is discrete. This does not, however, impact the scaling behavior which concerns us here.

The following two cases are different in that we have to take the dependence of K and K^′ on λ and c into account. Notice that a^2 ≥ b^2, so that 0 ≤ k^2 ≤^1_2 . For such values of k, the elliptic integral K = K(k) is continuous, strictly positive, and bounded [1].

Now the difference in behavior due to the choice of sign in front of the nonlinear term in (1) will become important. If we choose the minus sign, there is an upper bound on the energy so that it is impossible to let c → ∞. We therefore exclusively treat the case when u is of the form (17), and, for simplicity, set ν = 1. (Note, however, that Case 3 below does not really depend on the sign of the nonlinearity.)

Case 2 (High energy limit). Let c → ∞ while keeping λ = O(1) and ν = O(1). As K is bounded, the periodicity condition (20) implies c ∼ 2n^2K^2(1/2) → ∞, and we find

k^2 →^1_2 , k^{′2} →^1_2 , M ∼ 2^{− 1}4 √ c , r ∼ 2^14 √ c . (23)

The limiting behavior of the radius of analyticity is therefore ρ = K(k^′) r ∼ K(^1_2 ) √ c . (24)

Case 3 (Asymptotically linear regime). Let λ → ∞ while keeping c = (1) and ν = O(1). For simplicity, we take c = ν = 1, so that λ ∼ 4n^2K^2(0) → ∞. In this case we find

k^2 ∼ 1 2λ^2

, k^′ → 1 , M ∼ 1 √ λ , r ∼ √ λ . (25)

It is known that

lim_{k′→1} ( K(k^′) − ln^4_k ) = 0, (26)

so that

K(k^′) ∼ − ln k ∼ ln λ , (27)

whence the radius of analyticity scales ρ = K(k^′) r ∼ ln λ √ λ . (28)

4. Sobolev Norms of the Explicit Solutions

In Section 5 we will derive an estimate of the radius of analyticity in terms of, for example, the H^1 norm of the solution u. In order to compare the exact radius of analyticity with the result of the estimation, we must first compute or estimate the H^1 norm. When the elliptic modulus k is held constant, as in Case 1, a simple scaling argument is sufficient: Both (9) and (17) are of the form u = M f(rx, k), i.e., u_x = rMf_x(rx, k), so that ∫_1 0 u^2_x dx = rM

∫_1 0 f^2_x (rx, k) dx ≤ const · rM . (29)

For Cases 2 and 3 we must take the explicit dependence of the Jacobi elliptic functions on k into account. This is most easily accomplished by an exact computation. Note that u satisfies the integrated version of our model, equation (3).

Hence, ν ∫_1 0 u^2_x dx = c^2 − λ

∫_1 0 u^2 dx −^1_2

∫_1 0 u^4 dx . (30)

We find that [1, Section 318] ∫_1 0 u^2 dx = M^2

∫_1 0 sd^2(rx) dx = M^2 r 1 k^2k^{′2} ( E(x) − k^{′2}x − k^2 sn x cd x ) | |^{2nK} 0 = M^2 2nK 1 k^2k^{′2} ( 2nE − k^{′2} 2nK )

= M^2

E − k^{′2}K k^2k^{′2}K

; (31)

E = E(k) is the complete elliptic integral of the second kind. Similarly, ∫_1 0 u^4 dx = M^4

∫_1 0 sd^4(rx) dx = M^4 r 1 3k^4k^{′4} ( 2(2k^2 − 1) E(x) − k^{′2}(2 − 3k^2) x

− k^2 sn x cd x (k^{′2} nd^2 x + 4k^2 − 2) ) | |^{2nK} 0 = M^4 2nK 1 3k^4k^{′4} ( 2(2k^2 − 1) 2nE + k^{′2}(2 − 3k^2) 2nK )

= M^4

(E − k^{′2}K)(3k^2 − 2) + k^2E 3k^4k^{′4}K

. (32)

Let us now consider the limiting behavior of these quantities. When k^2 =^1_2 , the Legendre relation [1, equation 110.10] yields 2EK − K^2 =^π_2 . (33)

Therefore, when c → ∞ and k^2 →^1_2 , ∫_1 0 u^2 dx ∼ c π √ 2 K^2(1/ √ 2) , ∫_1 0 u^4 dx ∼ 2 3 c^2 , (34)

and therefore ∫_1 0 u^2_x dx ∼ 1 ν ( c^2 − 1 3 c^2 − λc π √ 2 K^2(1/ √ 2) ) ∼ 2 3 c^2 ν . (35)

Similarly, when considering the limit λ → ∞ while c = 1 we can use the power series expansions of E and K [1] to find that ∫_1 0 u^2 dx ∼ 1 2λ , ∫_1 0 u^4 dx ∼ 2 3 , (36)

and therefore ∫_1 0 u^2_x dx ∼ 1 ν ( 1 − 1 3 − λ 1 2λ ) = 1 6ν . (37)

5. Estimates in the Usual Gevrey Norm

Following the notation of [8], we set A = √ −∂_{xx} and introduce the “Gevrey norm” ‖A^se^{τA} · ‖ +‖ · ‖ where s and τ are non-negative real numbers. When u ∈ L^2 and ‖A^se^{τA}u‖ is finite for some τ > 0 and s ≥ 0, then u is real analytic and its radius of analyticity is greater or equal to τ.

In the context of parabolic partial differential equations, τ is usually identified with physical time [3]. Here, we treat τ as an (artificial) time variable, which we let evolve from τ = 0 to some maximal τ^∗ at which the estimate blows up. This blow-up “time” τ^∗ will be our lower bound on the radius of analyticity.

We obtain by direct calculation, the Cauchy–Schwarz inequality, and explicit insertion of equation (1), that 1 2 d dτ ‖A^se^{τA}u‖^2 = ‖A^{s+ 1}2 e^{τA}u‖^2

≤ ‖A^se^{τA}u‖^32 ‖A^{s+2}e^{τA}u‖^12

≤ ‖A^se^{τA}u‖^32 ( λ ν ‖A^se^{τA}u‖ + 1 ν ‖A^se^{τA}u^3‖

)^1_2 . (38)

In dimension one, D(A^se^{τA}) is a topological algebra when s > 1/2 [2]. By using the concavity of the square root function, we obtain a differential inequality of Riccati type, √ ν d dτ ‖A^se^{τA}u‖ ≤ √ λ ‖A^se^{τA}u‖ + C ‖A^se^{τA}u‖^2 , (39)

where C is some positive constant. Integration in τ yields

‖A^se^{τA}u‖ ≤ √ λ C exp(τ √ λ/ν) √ λ C ‖A^su‖

+ 1 − exp(τ √ λ/ν)

. (40)

The blow-up “time” of this bound is

τ^∗ = √ ν λ ln ( √ λ C ‖A^su‖ + 1 ) . (41)

When ν → 0 or c → ∞ (Case 1 or Case 2), ‖A^su‖ → ∞, and we can expand the logarithm about 1 to obtain

τ^∗ ∼ √ ν C ‖A^su‖ = √ ν O(Mr^s)

≳ const · c^{− 1+s}2 for ν = 1 and c → ∞

ν^12^{+ s}2 for c fixed and ν → 0 .

(42)

Note that for s = 0 and s = 1, the scaling ‖A^su‖ = O(Mr^s) has been proved in Section 4; for s ∈ [0, 1], it can be obtained by interpolation between these two cases. This relation also holds for s > 1, but we do not need it here.

If (42) were true with s = 0, we would have recovered the optimal scaling which was derived explicitly in Section 3. The algebra structure of D(A^se^{τA}), however, restricts us to s > 1/2—the estimate is not sharp.

A similar phenomenon can be seen in Case 3 when c = ν = 1 and λ → ∞: Now the first term in the argument of the logarithm in (41) is dominant, so that

τ^∗ ∼ 1 √ λ ln √ λ ‖A^su‖ ∼ 1 √ λ ln λ λ^{s/2}

. (43)

Again, we see a lack of sharpness due to the restriction s > 1/2.

This observed loss of sharpness can be traced back to the embedding

‖u‖_ℓ1 ≤ C(s) ‖u‖_Hs , (44)

where ‖ · ‖_ℓ1 denotes the ℓ^1 norm of the Fourier transform of u, see (46) below, which is used in the proof of the algebra inequality for D(A^se^{τA}) [2]. This inequality becomes increasingly unsaturated—it has a large gap between its left and right hand sides—when u is dominated by contributions from high wavenumbers. (This can be illustrated, for example, by simply setting u(x) = exp(ikx), whence the left side of the inequality remains constant while the right side is increasing with k.) This behavior is already present in the usual estimate for the Sobolev algebra H^s,

‖uv‖_Hs ≤ C(s) ‖u‖_Hs ‖v‖_Hs (45)

for s > d/2, where d is the dimension of the domain.

We therefore seek a replacement of the usual Gevrey norms with a norm that can still be used to characterize the real analytic functions, and, moreover, has an algebra structure which can saturate independent of the dominant wavenumbers. Thus, a generalization of the L^∞ algebra would be a natural choice, or—since it is easily handled by using Fourier methods—the ℓ^1 algebra of the Fourier transform. One would thereby avoid estimates like (44).

6. Generalized Gevrey Norms

We now define the new family of Gevrey type norms. The definition and basic properties are stated for functions defined on the d-dimensional torus T^d, as this does not lead to additional complications. We denote the Fourier transform of u: T^d → R by û_k, and write

‖u‖_ℓp = ( ∑ k∈2πZ^d

|û_k|^p

)^1_p

(46)

to denote the ℓ^p norm of the Fourier transform. The generalized Gevrey norms are then defined by

‖u‖_{Gτ (ℓ}p_) = ( ∑ k∈2πZ^d

e^{τ|k|} |û_k|^p

)^1_p = (_∞ ∑ n=0 τ^n n! ‖A^{np} u‖^p_ℓp

)^1_p

, (47)

where τ > 0 is to be chosen later, and we set

G_τ (ℓ^p) ≡ {u ∈ L^1(T^d): ‖u‖_{Gτ (ℓ}p_) < ∞} . (48)

In these spaces we can prove estimates for products of functions which closely resemble the usual Young convolution inequality for sequences in ℓ^p.

Lemma 1. Let u ∈ G_τ (ℓ^q) and v ∈ G_τ (ℓ^r) where r, q ∈ [1, ∞). Then uv ∈ G_τ (ℓ^p) with 1 + 1 p = 1 q + 1 r , (49) and ‖uv‖_{Gτ (ℓ}p_) ≤ ‖u‖_{Gτ (ℓ}q_) ‖v‖_{Gτ (ℓ}r_) . (50)

In particular, G_τ (ℓ^1) is a Banach algebra.

Remark 2. The case p = q = 2 and r = 1 is the inequality for products in the usual Gevrey norms. In particular, it can be used to show that D(A^re^{τA}) is a topological algebra when r > d/2 [2].

Remark 3. In the following we will only use the case p = d = 1. However, we present the basic estimate for the general case because it shows how the usual Gevrey norm arises as a special case of (47), and because we believe that choosing p different from 1 and 2 will be useful in the study of other equations. In this context, it is interesting to note that one can prove a set of interpolation inequalities which formally resemble the usual Sobolev embeddings, but with the L^p norm replaced by the G_τ (ℓ^p) norm.

To prove Lemma 1, we need the following auxiliary estimate.

Lemma 2. Let p, q, and r be as in Lemma 1. Then, for all j, k ∈ R^d,

|k| ≤ |j| q + |k − j| r + p − 1 p |k| . (51)

Proof. Without loss of generality, assume that r ≥ q ≥ 1. Then ( r 1 − q q + 1 ) |k| ≤ |k| ≤ |j| + |k − j| ≤ r q |j| + |k − j| . (52)

Dividing through by r and using (49), we obtain |k| p ≤ |j| q + |k − j| r . (53)

This directly implies (51).

Proof of Lemma 1. Set ŵ_k = ∑ j û_jv̂_{k−j} and use the triangle inequality as well as Lemma 2 to obtain

‖uv‖^p_{Gτ (ℓp)} = ∑ k e^{τ|k|} |ŵ_k|^p ≤ ∑ k e^{τ|k|} |ŵ_k|^{p−1} ∑ j |û_j | |v̂_{k−j} | ≤ ∑ k,j e^{τ|j|/q} |û_j | e^{τ|k−j|/r} |v̂_{k−j} | e^{τ(p−1)|k|/p} |ŵ_k|^{p−1} . (54)

We now use the Young convolution inequality for sequences a = {a_k}, b = {b_k}, and c = {c_k}, | | ∑ k (a ∗ b)_k c_k | |≤ ‖a‖_{ℓq} ‖b‖_{ℓr} ‖c‖_{ℓs} , (55) where 1 q + 1 r + 1 s = 2 . (56)

Due to condition (49) we can set s = p/(p − 1), so that

‖uv‖^p_{Gτ (ℓp)} ≤ ( ∑ k e^{τ|k|} |û_k|^q

)^1_q ( ∑ k e^{τ|k|} |v̂_k|^r

)^1_r ( ∑ k e^{τ|k|} |ŵ_k|^p

)^{p−1}_p . (57)

Division by ‖uv‖^{p−1}_{Gτ (ℓp)} completes the proof.

We still have to prove that our generalized Gevrey norms indeed characterize the real analytic functions. This is done in two steps. We first prove a growth condition for derivatives of real analytic functions (see, e.g., John [7]).

Lemma 3. A function u ∈ C^∞(T^d) is real analytic with uniform radius of analyticity ρ, if for every 0 < θ < ρ √ d there exists an M = M(θ, u) such that for every n ∈ N,

‖A^nu‖_ℓp ≤ M n! θ^n

. (58)

Vice versa, if u is real analytic with uniform radius of analyticity ρ, then an estimate of the form (58) holds for every θ ∈ (0, ρ).

Proof. We first consider the case when p = 2. To prove that w is analytic, we show that its Taylor series converges uniformly. Using the multi-index notation in which for α ∈ N^d,

|α| ≡ d∑ i=1 α_i , α! ≡ d∏ i=1 α_i! , ξ^α ≡ d∏ i=1 ξ^{α i}_i , (59)

we estimate

|u(x + ξ)| = | | ∑ α ∂^α u(x) α! ξ^α | |≤ const · ∑ α ‖∂^α A^mu‖_ℓ2 α! σ^{|α|} + |u(x)| (60)

for |ξ_i| ≤ σ < ρ and m large enough. With the Hölder inequality, the polynomial identity, and estimate (58) we find that ∑ α ‖∂^α A^mu‖_{ℓ2} α! σ^{|α|} ≤ ∞∑ n=0 σ^n ( ∑ |α|=n 1 α! )^1_2 ( ∑ |α|=n

‖∂^α A^mu‖^2_{ℓ2} α! )^1_2

= ∞∑ n=0 σ^n ( d^n n! )^1_2 ( 1 n! ‖A^{m+n}u‖^2_ℓ2

)^1_2

≤ M θ^m ∞∑ n=0 σ^n

(n + m)! n! ( σ √ d θ )_n . (61)

This last series—and hence the Taylor series in (60)—converges for θ > σ √ d.

Vice versa, if u is analytic, we can estimate its derivatives with the Cauchy integral formula and obtain for 0 < σ < ρ,

‖A^nu‖^2_ℓ2 = ∑ |α|=n n! α! ‖∂^α u‖^2_ℓ2

≤ ∑ |α|=n n! α! ( M α! σ^{|α|}

)_2

= ( M n! σ^n

)_2 ∑

|α|=n α! n! . (62)

The last sum grows at most polynomially in n—it does not change the asymptotics of the estimate.

The case when p ≠ 2 can be derived from the above by noting that ‖u‖_ℓq ≤ ‖u‖_ℓp for q ≥ p, or ‖u‖_ℓq ≤ c(q, p, d) ‖(1 + A^m)u‖_ℓp for q < p and m > d(p − q)/(pq), in which case a translation of the index in (58) by m is required.

The main characterization result is the following.

Theorem 4. A function u ∈ C^∞(T^d) is real analytic with uniform radius of analyticity ρ, if u ∈ G_τ (ℓ^p) for some fixed p ≥ 1 and every τ < ρp √ d. Vice versa, if u is real analytic with uniform radius of analyticity ρ, it is contained in every G_τ (ℓ^p) with τ < ρp.

Remark 4. The factor √ d which occurs in the statement of Lemma 3 and Theorem 4 is the constant of equivalency between the Euclidean and the L^1 norm in R^d. It arises from defining A^2 = −Δ, whereby we implicitly use the Euclidean norm in Fourier space. It could be avoided by taking (Au)^ ≡ (|k_1| + · · · + |k_d|)û. In this case we would not need to use the Hölder inequality in (61), and both Lemma 3 and Theorem 4 would turn into “if and only if” statements.

Proof. The proof involves the same steps as the corresponding proof for the usual Gevrey norms (see [8] for a review of this case).

We first assume that u ∈ G_τ (ℓ^p) and estimate

‖A^nu‖^p_ℓp = ∑ k |k|^{np} |û_k|^p

= ( n! (τ/p)^n

)_p ∑ k ( (τ/p)^n n! |k|^n

)_p

|û_k|^p

≤ ( n! (τ/p)^n

)_p ∑ k e^{τ|k|} |û_k|^p

= ( n! (τ/p)^n

)_p

‖u‖^p_{Gτ (ℓp)} . (63)

Thus, u satisfies an estimate of the form (58) with σ = τ/p, and, by Lemma 3, u is real analytic with uniform radius of analyticity ρ.

If, on the other hand, u satisfies (58),

‖u‖^p_{Gτ (ℓp)} = ∞∑ n=0 τ^n n! ‖A^{n/p}u‖^p_ℓp

≤ ∞∑ n=0 τ^n n! ‖A^{[n/p]+1}u‖^p_ℓp

≤ M^p ∞∑ n=0 τ^n n! ( ([_{np} ]+ 1)!

σ^{[n/p]+1}

)_p , (64)

where [ · ] denotes the “greatest integer less or equal to” function. We apply the Hadamard root test, using Stirling’s formula to evaluate the limits of all factorials, to find that the last series in (64) converges for τ < σp, whence u ∈ G_τ (ℓ^p).

7. Estimates in the Generalized Gevrey Norm It is easily checked that the generalized Gevrey norms satisfy d dτ ‖w‖^p_{Gτ (ℓp)} = ‖A^{1p} w‖^p_{Gτ (ℓp)} (65)

for every function w that is sufficiently regular, and every 1 ≤ p < ∞. By twice applying this identity, we obtain a second order differential inequality for the solution u of (1) in G_τ (ℓ^1), the algebra case of the norms introduced in the previous section, d^2 dτ^2

‖u‖_{Gτ (ℓ}1_) = ‖A^2u‖_{Gτ (ℓ}1_) ≤ λ ν ‖u‖_{Gτ (ℓ}1_) + 1 ν ‖u‖^3_{Gτ (ℓ}1_) . (66)

This estimate is formal, but can be made rigorous, for example, by considering the limit of a Galerkin approximating sequence.

The structure of the differential inequality is very similar to the original problem, and can be solved in the same way. We set y(τ) = ‖u‖_{Gτ (ℓ1)}, multiply (66) by y_τ ≡ dy/dτ and integrate:

ν y^2_τ ≤ γ^2 + λ y^2 +^1_2 y^4 , (67)

where γ^2 = ν y^2_τ (0) − λ y^2(0) −^1_2 y^4(0).

In the limits ν → 0 or c → ∞, equation (67) has the factorization √ ν y_τ ≤

√_1 2 (y^2 + ρ^2)(y^2 + ρ^2) , (68)

with

ρ^2 = λ + i √ 2γ^2 − λ^2 . (69)

We have chosen the positive square root in (68) since y must be increasing. Inequality (68) can now be integrated, and we obtain

τ^∗ ≥ √ 2ν ∫_∞

y(0) dz √ (z^2 + ρ^2)(z^2 + ρ^2) = √ 2ν g cn^{−1} (cos ϕ, κ) , (70) where g = 1 2 √ ρρ = 1 2^{3/4} √ γ , cos ϕ = y^2(0) − ρρ y^2(0) + ρρ , κ^2 =

−(ρ − ρ)^2 4ρρ . (71)

We must now determine the scaling of

γ^2 = ν y^2_τ (0) − λ y^2(0) −^1_2 y^4(0) = ν ‖u_x‖^2_ℓ1 − λ ‖u‖^2_ℓ1 −^1_2 ‖u‖^4_ℓ1 . (72) As ν → 0, γ is asymptotically independent of ν, so that the primary ν-dependence in (70) is due to the prefactor √ ν. Thus, we immediately obtain the scaling of the exact solution as given in (22).

In the limit c → ∞ with u is given by (17) matters are more complicated. We set ν = 1 for simplicity, and use the explicit Fourier series of the sd function which yields

u(x) = M sd(rx) = 2πM kk^′K ∞∑ m=0 (−1)^m q^{m+ 1}2 1 + q^{2m+1} sin ( (2m + 1) π rx 2K ) , (73)

where q = exp(−πK^′/K) is the so-called nome [1]. Thus, we find

‖u‖_ℓ1 = 2πM kk^′K ∞∑ m=0 q^{m+ 1}2 1 + q^{2m+1}

, (74)

‖u_x‖_ℓ1 = 2πM kk^′K πr 2K ∞∑ m=0 (2m + 1) q^{m+ 1}2 1 + q^{2m+1}

. (75)

We first check that indeed γ → ∞ in order to justify the factorization (68). This argument is elementary and involves estimating the sums in (74) and (75) in terms of a geometric series; we omit all details. Most importantly, however, (75) implies that γ ≤ ‖u_x‖_ℓ1 ∼ const · Mr . (76)

The elliptic modulus κ of cn^{−1} in (70) approaches i/ √ 2 as γ → ∞, while the argument of cn^{−1} approaches 1. By using the imaginary modulus transformation

cn^{−1} (y, ik) = 1 √ 1 + k^2 cd^{−1} ( y, k √ 1 + k^2 ) , (77)

we see that cn^{−1} (cos ϕ, κ) must also approach a constant and does not contribute to the asymptotic scaling. Thus, we find

τ^∗ ≥ 1 2^{1/4} √ γ ≳ const Mr ≥ const √ c . (78)

This also reproduces the scaling of the exact solution: Our new estimates are sharp.

Let us now consider the asymptotically linear case where c = ν = 1 and λ → ∞. As can be seen from (74) and (75), γ^2 = O(1) ≪ λ, so that the factorization of (67) now takes the form

y_τ ≤

√_1

2 (y^2 + ρ^2)(y^2 + σ^2) , (79) where

ρ^2 = λ + √ λ^2 − 2γ^2 , σ^2 = λ − √ λ^2 − 2γ^2 . (80)

Integration yields

τ^∗ ≥ √ 2 ∫_∞

y(0) dz √ (z^2 + ρ^2)(z^2 + σ^2) = √ 2 ρ tn^{−1} ( ρ y(0) , κ )

= √ 2 ρ F (sin^{−1} √ ρ^2 y^2(0) + ρ^2

, κ) , (81)

where F is the normal elliptic integral of the first kind, and

κ^2 = 2 √ λ^2 − 2γ^2 λ + √ λ^2 − 2γ^2

. (82)

When λ → ∞, ρ ∼ √ 2λ so that the argument of sin^{−1} converges to 1. Thus, in this limit,

τ^∗ ≳

F (^π_2 , κ) √ λ = K(κ) √ λ ∼ ln λ √ λ . (83)

The last step follows from (26) and the fact that

κ^{′2} = 1 − κ^2 =^1_2 γ^2 λ^{−2} + O(λ^{−4} ) . (84)

We observe that (83) is identical to the exact scaling of the radius of analyticity in the asymptotically linear regime, and improves upon the estimate obtained by the standard Gevrey norm technique.

8. Discussion

We have defined a family of spaces G_τ (ℓ^p) whose norms can be used to estimate the radius of analyticity for solutions of nonlinear partial differential equations on periodic domains. The new norms have the following advantages: The space G_τ (ℓ^1) is a Banach algebra independent of the size of the domain or of possible restrictions to high wavenumbers. In other words, we always have an algebra inequality with constant one. Further, we can now find estimates to bootstrap from û ∈ ℓ^1 to u ∈ G_τ (ℓ^1) rather than, as was previously necessary, from some u ∈ H^s to u ∈ D(A^se^{τA}). In ℓ^1 on the Fourier transform we can find initial “bottom rung” estimates which are independent of the wavenumber of the solution, thereby leading to sharper estimates in the limit when the solution is dominated by high wavenumbers.

Acknowledgments

This work was supported in part by the National Science Foundation. The authors thank the Center for Nonlinear Studies (CNLS) and the Institute for Geophysics and Planetary Physics (IGPP) at the Los Alamos National Laboratory for their kind hospitality where part of this work was completed while E.S.T. was the Orson Anderson Visiting Scholar.

References

[1] P.F. Byrd and M.D. Friedman, “Handbook of Elliptic Integrals for Engineers and Physicists,” Springer-Verlag, Berlin, 1954.

[2] A.B. Ferrari and E.S. Titi, Gevrey regularity of solutions of a class of analytic nonlinear parabolic equations, Comm. Partial Differential Equations 23 (1998), 1–16.

[3] C. Foias and R. Temam, Gevrey class regularity for the solutions of the Navier–Stokes equations, J. Funct. Anal. 87 (1989), 359–369.

[4] L.E. Fraenkel, Completeness properties in L^2 of the eigenfunctions of two semilinear differential operators, Math. Proc. Cambridge Philos. Soc. 88 (1980), 451–468.

[5] J.-M. Ghidaglia, Finite-dimensional behavior for weakly damped driven Schrödinger equations, Ann. Inst. H. Poincaré Anal. Non Linéaire 5 (1988), 365–405.

[6] O. Goubet, Regularity of the attractor for a weakly damped nonlinear Schrödinger equation, Appl. Anal. 60 (1996), 99–119.

[7] F. John, “Partial Differential Equations,” Springer-Verlag, New York, 1982. [8] C.D. Levermore and M. Oliver, The complex Ginzburg–Landau equation as a model problem, Lectures in Applied Mathematics 31, AMS, Providence, Rhode Island (1996), 141–190.

[9] C.D. Levermore and M. Oliver, Analyticity of solutions for a generalized Euler equation, J.

Differential Equations 133 (1997), 321–339.

[10] M. Oliver and E.S. Titi, Analyticity of the attractor and the number of determining nodes for a weakly damped driven nonlinear Schrödinger equation, Indiana Univ. Math. J. 47 (1998), 49–73.

(M. Oliver) Department of Mathematics, University of California, Irvine, CA 92697, USA Current address: Mathematisches Institut, Universität Tübingen, 72076 Tübingen, Germany E-mail address: oliver@member.ams.org

(E.S. Titi) Department of Mathematics and Department of Mechanical and Aerospace Engineering, University of California, Irvine, CA 92697, USA

E-mail address: etiti@math.uci.edu