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On the Barth—Van de Ven—Tyurin—Sato theorem

The Barth—Van de Ven—Tyurin—-Sato Theorem claims that any finite rank
vector bundle on the complex projective ind-space P is isomorphic to a direct
sum of line bundles. We establish sufficient conditions on a locally complete
linear ind-variety X which ensure that the same result holds on X. We then
exhibit natural classes of locally complete linear ind-varieties which satisfy
these sufficient conditions.
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§ 1. Introduction

The Barth—Van de Ven—Tyurin—Sato Theorem claims that any finite rank vector
bundle on the complex projective ind-space P> is isomorphic to a direct sum of
line bundles. For rank-two bundles this was established by Barth and Van de Ven
in [1], and for finite rank bundles it was proved by Tyurin in [2] and Sato in [3].
This topic was revived in the more recent papers [4], [5], [6], where in particular the
case of twisted ind-grassmannians was considered.

In the current paper we consider ind-varieties X = h_n} X, given by chains of

embeddings of smooth complete algebraic varieties

b — m
X, 8 x, 8. 0y

We call such ind-varieties locally complete. A locally complete ind-variety X =
h_H} X, is linear if the map on Picard groups induced by ¢; is a surjection for
almost all i. Our main objective is to give a reasonably general sufficient condition
for the Barth-Van de Ven-Tyurin—Sato Theorem to hold on a locally complete
ind-variety X.

In the linear case, besides the results from the 1970-ies and the important results
of Sato [7], [8] in which he considers a case when the Barth-Van de Ven—Tyurin—Sato
Theorem no longer holds, some more recent results belong to Donin and Penkov [4].
In particular, it is shown in [4] that the Barth—Van de Ven—Tyurin-Sato Theorem
holds on any linear direct limit G(co) = @ G(km,C"m), where G(k,, C"™) denotes

the grassmannian of k,,,-dimensional subspaces in C"™, under the assumption that

lim k,, = lim (n,, — k) = co. It turns out that there is a single isomorphism
m— 00 m—r00

class of such ind-varieties. Nevertheless, there are other natural homogeneous
ind-varieties on which the Barth—Van de Ven—Tyurin—Sato Theorem holds but which

have not been considered in the literature. This applies in particular to linear direct
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limits of isotropic (orthogonal or symplectic) grassmannians, as well as to direct
products of such direct limits.

For this reason we formulate a set of abstract conditions on a linear locally
complete ind-variety X which ensure that the Barth—Van de Ven—Tyurin—Sato
Theorem (shortly, BVTS Theorem) holds. We then give many examples of ind-varieties
X satisfying these sufficient conditions. An interesting new class of such ind-varieties
consists of direct limits Y of linear sections Y;,, of G(k,,, C"™), where h_I)n G(ky,CMm) =

G(00). Another class of ind-varieties on which the Barth-Van de Ven-Tyurin-Sato
Theorem holds are certain ind-varieties of generalized flags, see subsection 6.3.

Probably, there are more general sufficient conditions for the Barth-Van de
Ven—Tyurin— Sato Theorem to hold on locally complete ind-varieties. In addition,
for non-linear locally complete ind-varieties nothing seems to be known beyond
the results of [6]. Therefore, providing a sufficient condition for the Barth—Van de
Ven—Tyurin—Sato Theorem to hold on general locally complete ind-varieties remains
a project for the future.

Acknowledgements. We acknowledge the support and hospitality of the Max
Planck Institute for Mathematics in Bonn where the present paper was conceived.
We also acknowledge partial support from the DFG through Priority Program
"Representation Theory"(SPP 1388) at Jacobs University Bremen. A.S.T. has
been financially supported by the Ministry of Education and Science of the Russian
Federation.

§ 2. Linear ind-varieties. Statement of the main result

2.1. The ground field is C. We use the term algebraic variety as a synonym for
a reduced Noetherian scheme. If E is a vector bundle (or simply a vector space), E*
stands for the dual bundle (or dual space). We use the standard notation Opn(a)
for the line bundle Opn (—1)®~%, where Op»(—1) is the tautological bundle on the
complex n-dimensional projective space P".

Recall that an ind-variety is the direct limit X = ﬁngm of a chain of morphisms

of algebraic varieties
X8 X, Bttt (2.1)

Note that the direct limit of the chain (2.1) does not change if we replace the
sequence {X,,}m>1 by a subsequence {X; }m,>1, and the morphisms ¢, by the
compositions ¢;,, 1= i,y 10 . 0 Gi, 110 Py,

Let X be the direct limit of (2.1) and X’ be the direct limit of a chain

/

’ ’ ¢:n7 /L ¢m
XA xp B T xy e T

A morphism of ind-varieties f : X — X’ is a map from X to X’ induced by a
(iollection of morphisms of algebraic varieties {fn : X, — Y, }m>1 such that
@ 0 fm = fm41© G for all m > 1. The identity morphism idx is a morphism
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which coincides with the identity as a set-theoretic map from X to X. A morphism
f: X — X’ is an isomorphism if there exists a morphism g : X’ — X such that
gof:idx and fog:idxx.

In what follows we only consider chains (2.1) such that X,,, are complete algebraic
varieties, n}gn (dim X,,) = oo, and the morphisms ¢, are embeddings. We call such

ind-varieties locally complete. Furthermore, we call a morphism f : X = limX,,, —
X’ = limX/, of locally complete ind-varieties an embedding if all morphi:ms fm
X —>3>(;Lm, m > 1, are embeddings.

A wvector bundle E of rank r € Z~q on X is the inverse limit limF,, of an inverse
system of vector bundles F,, of rank r on X,,, i.e., of a syster;l_ of vector bundles
E,, with fixed isomorphisms ¥y, : E,, = ¢, En11; here and below ¢* stands for

inverse image of vector bundles under a morphism ¢. Clearly, E|x = E,,, m > 1.
In particular, the structure sheaf Ox =1limOx,  of an ind-variety X is well defined.
—

By the Picard group PicX we understand the group of isomorphism classes of line
bundles on X. Clearly, PicX is the inverse limit limPicX,, of the system of Picard
—

group homomorphisms {¢Z, : PicX,,+1 — PicX,, }m>1. In the rest of the paper we
automatically assume that all vector bundles considered have finite rank. If E is a
vector bundle on X, 7E stands for the direct sum E & ... ® E of r copies of E. A
vector bundle E is trivial if it is isomorphic to rOx, r = rkE.

A linear ind-variety is an ind-variety X = li_r>nXm such that, for all large enough

m > 1, the induced homomorphisms of Picard groups ¢}, : PicX,,+1 — PicX,, are
epimorphisms. A typical example of a linear ind-variety is the projective ind-space
P which is the direct limit of a chain of linear embeddings

P S pre &L 005 pre 23

)
for an arbitrary increasing sequence {n,, },,>1 of nonnegative integers. (It is easy to
see that the definition of P°° does not depend, up to isomorphism of ind-varieties,
on the choice of the sequence {n,, }m>1 and the embeddings ¢,,.) By a projective
ind-subspace of an ind-variety X we understand the image of an embedding ) :
P — X.

Another example of a linear ind-variety is the ind-grassmannian G(oo) which is
the direct limit of a chain of linear embeddings

Gk, C) &5 Glha,©=) & %05 Gk, C7m) 3

where G(k,,, C") is the grassmannian of k,,,-dimensional subspaces in an n,,,-dimensional
vector space and lim k,, = lim (n,, — k) = oco.
m— 00 m— 00

2.2. Let X = limX,, be a linear ind-variety such that there is a finite or
—
countable set ©x and a collection {L; = limL;,, };cox of nontrivial line bundles on
—

X such that, for any m, Ly, ~ Ox,, for all but finitely many indices i1 (m), ..., i;(m)(m),
and the images of L; (m)m, - Li, s (mym I PicX,, form a basis of PicX,, which is
assumed to be a free abelian group. It is clear that in this case PicX is isomorphic
to a direct product of infinite cyclic groups with generators the images of L;.
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We denote by ® Lf@af‘ the line bundle on X whose restriction to X,, equals
1€EOx
Qa;i _ 178 ®aj(m) ; ;
Lt = Lilt(l;l)m ®..® Lij(;/)(m)m. We say that X satisfies the property L if,
in addition to the above condition, H'(X,,, ®;L>%) = 0 for any m > 1 if some a;
is negative.

Let X satisfy the property L. For a given i € ©x, a smooth rational curve C' ~ P!
on X is a projective line of the i-th family on X (or simply, a line of the i-th family),
if

Lj|c =~ Op ((Sm) for j € 0Ox. (2.2)

By B; we denote the set of all projective lines of the i-th family on X. It has a natural
structure of an ind-variety: B; = 1ii>nB,»m, where B;,, :={C € B; | C C X,,} for
m > 1. For any point € X the subset B;(z) = {C € B; | C > x} inherits an
induced structure of an ind-variety.

Assume that X satisfies the property L. Then we say that X satisfies the property
A if for any i € ©x there is an ind-variety II; which is a direct limit of a chain
of emeddings {... i 1L, kg IL; g1 i ...} where the points of II;,, are
projective subspaces P" of B;,,, together with linear embeddings P"m «— P"m+1 =
Tim (P™) induced by the embeddings B;,, < Bjm+1, so that each point of II; is
considered as a projective ind-subspace P> = ligﬂ[””m of B;, and for any z € X the
following conditions hold:

(Ai) for each m > 1 such that = € X,,, each nontrivial sheaf L;,, defines a
morphism ., : X, — Prim := P(H%(X,, Lin,)*) which maps the family of lines
B () isomorphically to a subfamily of lines in P"™ passing through the point
wim(m);

(A.ii) the variety I, (z) := {P"™ € Iy, | P"™ C Bjm(z)} is connected for any
m = 1;

(A.iii) the projective ind-subspaces P> € II;(z) := 1i_r>nHim(x) fill B;(z);

(A.iv) for any d € Z>; there exists a mo(d) € Zx such that, for any d-dimensional
variety

Y and any m > mg(d), any morphism I;,,(z) — Y is a constant map.

In particular, (A.ii) and (A.iii) imply that the varieties Il;,, Bim, Bim(x) are
connected.

Let X satisfy the properties L and A as above. A vector bundle E on X is called
B;-uniform, if for any projective line P! € B, on X, the restricted bundle E|p: is
isomorphic to @;szl Op1 (k;) for some integers k; not depending on the choice of P'.
If in addition all k; = 0, then E is called B;-linearly trivial. We call E uniform
(respectively, linearly trivial) if it is B;-uniform (respectively, B;-linearly trivial) for
any i € ©x. Moreover, we say that X satisfies the property T if any linearly trivial
vector bundle on X is trivial.

Our general version of the BVTS Theorem is the following.

THEOREM 1. Let E be a vector bundle on a linear ind-variety X.

(i) If X satisfies the properties L and A for for some fized line bundles {L;}icox,
and corresponding families {B;}icox of projective lines on X, then E has a filtration
by vector subbundles

0=EqCcE;Cc..CcE;,=E (2.3)
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with uniform successive quotients By /Ex_1, k=1, ...,t.
(i) If, in addition, X satisfies the property T, then the filtration (2.3) splits and
its quotients are of the form

Ei/Ep_1 2 rk(Ep/Ep1)( Q@ LP"),  ain€Z, i€Ox, 1<k<t.
1€Ox

In particular, E is isomorphic to a direct sum of line bundles.

§ 3. Proof of the main theorem

3.1. Preliminaries on vector bundles. If C' C X is a smooth irreducible
rational curve in an algebraic variety X and FE is a vector bundle on X, then by a
classical theorem often attributed to Grothendieck, E|¢ is isomorphic to @, Oc(0;)
for some 81 = d3 = ... = Sur. We call the ordered rkE-tuple (d1,...,0xp) the
splitting type of E|c and denote it Split(E|¢). We order splitting types lexicographically,
ie. (01,..,0kE) > (81,...,00. ) if 61 = &1, ...,0k—1 = 0,4, Ok > &}, for some
k, 1<k <rkE.

Let X be a locally complete linear ind-variety satisfying the properties L and A,
and let z € X and i € Ox. In the notation of (A.i), let P"im = P(H(X,,, Lim)*)
and y = VYin(z) = Cu, 0 # u € H( X, Lim)*, so that B, (r) C IE”;im_1 =
P(H®(X,,, Lim)*/Cu). Fix a projective subspace P"» C B, (r), where P"m €
i (x). Then Op(go(x,, Lim)* /cu) (1) [prm > Opni (N (i)) for some N () > 0. Consider
the locally closed subvariety Y, := {(z,1) € P"m x P"|z € [\ {y}} of P"im x P"m,
and let Y,,, < P"im be the embedding induced by the projection P"im x P*m — PTim,
Then Y,, is isomorphic to the total space of the line bundle Opn.. (N(3)) (see for
instance [9; Appendix B|) and

OIP’TVim (1)

y,, = 7 Opnm (N (1)), (3.1)

m

where 7, : Y,, — P™m is the natural projection. Moreover, by construction we have
a commutative diagram of morphisms

Tm Tm

Vo Yo P (3.2)

I,

Prim id IFDTim Ty ]Pﬂ;m -1 ,

where 7., : Y,, = Y, :=Y,,, U{y} is the inclusion, ¢, : Prim — Prim is the blow-up
of P"im with centre at y, and m, is the natural projection which is a P!-bundle. In
addition, we have an open embedding

tm Y, = Y = Prim X prim =1 prm
Y
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and projections Y, i Y ™ Prm such that
Ton = Tm O by T = T O Ly (3.3)

By (Ad) Yim : 1/1;“% (Y,,) — Y,, is an isomorphism. Hence we may consider
E|¢;i (¥, as & vector bundle on Y, and denote it by Ely . We also set Ely,, :=
m(Ely, ).

For an arbitrary projective line P! C P"» we consider the surface S = S(x,P!) :=
m, ' (P') with natural projections 7g := m,|s : S = P! and 05 := ¢y|s : § = X. It
follows from (3.1) that S is a surface of type Fi ;.

Let E be a vector bundle of rank r on X. For any ¢ € Ox and x € X we set
C(i) := c1(E|;) € Z, where ¢; stands for first Chern class and [ € B;(z). Since B;(x)
is connected, C(7) is well defined. Furthermore, we have §; (E|;) > C(i)/r > dp(E|;).
Hence there are well-defined integers

M — min 6, (E|;), naX = max oxe(El),
i ain 1(E[) kB = e e (E[1)

and there exist lines lyin, lmax € B;(7) such that 6;(E;_, ) = 6P Sup(El,..) =
dmax The inequality C(i) = 67" + (r — 1)6,xp(E|s,,,) implies

) — O3 > C(0)/(— 1) — O3

(3.4)

Fix P> € B;(x) and [y, € P*°. For an arbitrary point Iy € P~ {lin } consider

the line P* = Span(lg, lmin) in P> and the corresponding surface S = S(z,P!)

together with the vector bundle Eg := o§E on S. For a general point [ € P! (lis a
line on X)), the first inequality in (3.4) implies

611'1’1111 _ (‘)‘rkE (E lmin) < 61inill — C(Z)/(r - 1)7 61(E

Ogen = 01(E]1) — dp (Bl < 0™ — C(0)/(r — 1). (3.5)

The following lemma is a straightforward consequence of a result of Tyurin.

LEMMA 3.1. There exist polynomials Pa, Pp € Qx1,...,x6] such that for any
lo € P\ {lmin}

51(E|lo) < PA(I‘, (ﬁnin’ C(Z)v N(Z)v C%(ES)v C2(ES)) = PA(Eai)a (36)

5rkE(E‘lo) > PB(rv 61?11(%(7 (Z)7N(Z)a C%(ES)a CQ(ES)) =: PB(Eai)v (37)
where c2(Eg) and c3(Es) are considered as integers.

PRrROOF. By construction, S is a surface of type Fi(;. Hence, repeating for the
vector bundle Fg the proof of Lemma 5 from [T, Ch. 2, §1] we obtain that there
exists a polynomial f € Q[z1, ..., zg] such that §; (E|;)) < f(r, 07", Sgen, N (i), c3(Es), ca(Es))-
Thus, in view of (3.5), there exists a polynomial P4 € Q[z1, ..., x¢] satisfying (3.6).
The proof of (3.7) is similar.

The next proposition employs in a crucial way results of E. Sato. Fixi € Ox, x €

X and P € I;, () for a large enough m. In view of (3.6) there exists a maximal

(with respect to lexicographic order) splitting type S;(E,P") := max Split(E|;).
€prm



ON THE BARTH-VAN DE VEN-TYURIN-SATO THEOREM 7

PROPOSITION 1. The mazimal splitting type S;(E,P™) depends only on the pair
(E, ), i.e. S;(E,P"™) does not depend on x and on P € I, (x).

PROOF. Set
M;(®P"m) :={l € P" | Split(E|;) = S;(E,P"™)}.

The semicontinuity of Split(E|;) implies that M;(P") is a closed subvariety of
Pmm. Moreover, Lemma 3.1 together with [2; Ch. 2, §2, Lemmas 3 and 4] yields
the inequality

codimpn. M; (") < r(r — 1)(Pa(E, i) — Pg(E, ). (3.8)

Consider the upper row of the diagram (3.2). Since the right-hand side of (3.8)
is constant with respect to m, for large enough m we have

codimpn, M;(P™™) < min(n,, — r, (n, — 2r?)/2). (3.9)
Also, clearly for large enough m
codimy {a} = codimy (Y, N\ Yy) > 1. (3.10)
The inequality (3.10) shows that
ck(Ely,,) = mhee(Ely ), 0<k<r, (3.11)

where ¢ (+) stands for k-th Chern class. Moreover, since the Chow group of codimension
k of the base of an arbitrary vector bundle pulls back isomorphically to the Chow
group of codimension k of the total space of the bundle, we have

cx(Bly, ) =5 (e HY), 0<k<r, (3.12)

where H is the class of a hyperplane divisor on P"™ ¢y = 1 and cq,...,c, are
integers. It is essential to note that the obvious compatibility of the morphisms 7,
for varying m and the functoriality of Chern classes imply that these integers do not
depend on z and on P"m € II;,,(x). Note also that (3.1), (3.3) and the equalities
(3.11) and (3.12) imply

k(T (E®L; 5 ) = Then(E®L; 5 ) = ck(Ely,, @77, Opnm (=N (i)aH)), 0<k<r, a
(3.13)
Next, consider the polynomial

h(t) = ()" € Z[t] (3.14)

k=0

where the coefficients c¢; for k > 0 are the integers introduced above. Following
closely an idea of Sato, we will now argue that the roots of h(t) constitute a constant
multiple of the maximal splitting type S;(E, P"™). More precisely, let a; > ... > aq,
a < r, be the distinct elements of S;(E, P™™) of respective multiplicities 71, ..., 74 in
S;(E,P"). Then we claim that the roots of h(t) are N()aq, ..., N (i)aq of respective
multiplicities rq, ..., 7.
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The argument in [3; pp. 138-139] shows that in order to prove this claim of
h(t) it suffices to establish the vanishing of cx(Ely,, ® 7}, Opnm (—N(i)a;H)) for
r—rj+1<k<r 1<j<a By(313)itis enough to prove the vanishing of

cr (7, (E®L; s, ). However, the proof of this fact is practically the same as in [3].

Namely, one defines inductively vector bundles Fj := éanL}#( M, (Prm ) Fs, ..., F,
such that rkFy = 337 7, on 7., L(M;(P™m)) which fit into the exact triples

0= 701 (ap@nmy) = F3 @ L7 Y Lot prmyy) = Fin = 0, 1<) <a—1,
(3.15)
where ag := 0. Using (3 9) and applying the argument from [3; p. 139] to the triples
(3.15), we obtain cx (75 (E® L; “ ly7,.)) = 0 as desired.
Since h(t) is independent ofx and P € I1,, (x), the same applies to S; (E, P"m),
i.e. the proposition is proved.

3.2. Proof of Theorem 2.1.

PROOF. According to (3.9), the dimension of M;(P"™) is greater than half of the
dimension of P™ | hence the varieties M;(P"™) are connected for large enough m.
Consider the variety I';, (2) := {([,P") € Bim(x) X i (x) | 1 € M;(P")} with
projections Biy, (z) & Flm( ) B8 Iy (x). Since My(P™m) = py ' (P™m) is connected
for any P"m e IL;,, (z) and I, (x) is connected by (A.ii), it follows that T, (x) is
connected. By definition, ', (z) is described as

Lim(x) = L M, prm s m > 1. 3.16
@)= M E) (3.16)

Similarly, consider the varieties Ty, := {(x,l,P"™) € X,y X Biyn X | (I,P") €

Lim(x)}. By construction,

Vim = & Fim(@)

so that each T';,, is connected. Moreover, there is a well-defined ind-variety I'; :=
—

Let (z,l,P") € I';. If §i"* is the maximal entry of Split(E|;) = S;(E,P"),
there is a well-defined subbundle E; (1) of E|;:

E;(l) := im(H° (I, E[;(—07)) @ O; =5 E|;(—67)) @ O(57). (3.17)

Set r1 := rkEq(!) and consider the relative grassmannian p; : G(r1,E) — X.
According to Proposition 1, §*** and ry do not depend on the point (z,l,P") € T;.
Thus there is a morphism of ind-varieties

fii:T; — G(I‘l,E), (I,l) — El(l)‘,r, r € X. (318)
Since i1 (Tim(z)) C py ' (x) = G(r1, E|.), by (3.16) we have
£i1 (M;(P"™)) C G(r1, El), P" € Uy ().

According to (3.8) codimpn., M;(P™) is bounded as m — oo. This means
that, for large enough m, the morphism f;; : M;(P™) — G(r1,E|,) satisfies the
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conditions of [3; Prop. 3.2], in which we set n = n,,, X = M;(P"™), Y = G(r1,E|,)
and f = f;;. By this proposition, fi1|s,pnm) is a constant map, hence it induces a
morphism

qf)ﬂ(lﬂ) : Him(fﬂ) — G(I‘l,E‘z), P o fil(Mi(]Pmm)), r e X.

Now (A.iv) implies that there exists a positive integer m; such that the morphism
¢i1(x) is a constant map for any m > my. We thus obtain that (3.18) induces a
constant morphism

@1 () : Ii(2) = G(r1, El).

Consider the ind-variety 3; = im3;,,,, where ¥;,, := {(z,P") € X,, xIL;, | P"™
—
I (z)}, and let p; : 3; — X be the natural projection with fibre IT;(z), z € X.
The above constant morphisms ¢;; (z) extend to a morphism ¢;; : X; — G(r1, E)
which is constant on the fibres of p;. In addition, the morphism fi;|nr, (o) is a
constant map. We thus obtain a well-defined morphism

P X— G(I‘l,E), T — le(l",(w)) (319)

Let 8 be the tautological bundle of rank r; on G(ry, E). Set Eq; := ®/,S. It
follows now from (3.17), (3.18) and (3.19) that Ey; is a subbundle of E such that

Eiili = Ei(l) 2 r0(67"), 1€ M.

Using the semicontinuity of dim H(l, E1;(—&1%*)|;), one checks immediately that
the last equality is true for any [ € B;.

Applying the above argument to the quotient E' = E/Ej; etc., we obtain a
filtration of the bundle E

0CE;; CEs; C...CEy; =C Eq;

with B;-uniform successive quotients Fr; = Eg; /E;_1 ;.

Fix now j € Ox, i # j. By applying the same procedure to all bundles Fy;,
we obtain a bundle filtration of E whose quotients are B;-uniform and B ;-uniform.
After finitely many iterations we finally obtain a filtration

0=EoCcE;Cc..CcE,=E (3.20)

of E with uniform successive quotients. This yields (i).

Note that any uniform vector bundle on X becomes linearly trivial after twisting
by an appropriate line bundle. This means that each successive quotient Ej /Ej_1
is isomorphic to My ® Fy where My, is a line bundle and Fy, is linearly trivial. In
addition, assume that the property T is satisfied. Then the bundles Fj, are trivial,
ie.

Ek/Ek—l >~ rk(Ek/Ek_l)Mk, 1 < k < s.

Furthermore, for p < k

Ext'(My, M,) = H'(X,M}; ® M,),
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and, according to a well known fact [10; Theorem 4.5] (see also [11; Proposition
10.3]),
HY (X, M @ M,) = A" (X,., (M} & M, )|x.,).

However, the above construction shows that

(M @ M,)|x,, ~ ®;Lin

im;

with some a; negative. Therefore the vanishing part of property L yields
Hl(Xm; (Mlt ® Mp)‘Xm) =0

for m > 1, and hence Extl(Mk,Mp) =0 for 1 < p <k < s. This is sufficient to
conclude that the filtration (3.20) splits, i.e. (ii) follows.

The rest of the paper (with exception of the appendix) is devoted to examples
of linear ind-varieties satisfying the properties L, A and T.

§ 4. Linear ind-grassmannians satisfying the properties L, A, T

4.1. Finite-dimensional orthogonal and symplectic grassmannians. Let
V' be a finite-dimensional vector space. In what follows we will consider, both
symmetric and symplectic, quadratic forms ® on V. Under the assumption that
® is fixed, for any subspace W C V we set Wt = {v € V | ®(v,w) = 0 for any
w € W}. Recall that W is isotropic (or ®-isotropic) if W C W+,

Let ® € S?V* be a non-degenerate symmetric form on V. For dimV > 3
and 1 < k < [W], the orthogonal grassmannian GO(k,V') is defined as the
subvariety of G(k,V) consisting of all ®-isotropic k-dimensional subspaces of V.
Unless dim V' = 2n, k = n, GO(k,V) is a smooth irreducible variety. For dimV =
2n, k =n, GO(k,V) is smooth and has two irreducible components, both of which
are isomorphic to GO(n — 1, V) for dimV = 2n — 1.

If ® € A2V* is a non-degenerate symplectic form on V, dimV = 2n, we recall
that the symplectic grassmannian GS(k,V) is a smooth irreducible subvariety of
G(k,V) consisting of all ®-isotropic k-dimensional subspaces of V.

4.2. Definition of linearind-grassmannians. We start by recalling the definition
of standard extension of grassmannians [12].

By a standard extension of grassmannians we understand an embedding of grassmannians
f: Gk, V)= Gk, V') for dimV > dim V| k' > k, given by the formula

for some fixed isomorphism V’ ~ V & W and a fixed subspace W C W of dimension
k' —k. Respectively, by a standard extension of orthogonal respectively, of symplectic
grassmannians we understand an embedding of isotropic grassmannians f : GO(k,V) —
GO(k, V') (respectively, f : GS(k,V) — GS(k,V")) given by the formula (4.1) for
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some fixed orthogonal (respectively, symplectic) isomorphism V/ ~ V ¢ W and a
fixed isotropic subspace W C W of dimension &’ — k, cf. [12; Definitions 3.2. and
3.5]. Note that standard extensions are linear morphisms.

Next we recall the definition of a standard ind-grassmannian [12].

DEFINITION 1. Fix an infinite chain of vector spaces
Voo, CVoy Cooo. CVa, TV C e (4.2)

of dimensions n,,, Ny, < Nppi1-
a) For an integer k, 1 < k < nq, set G(k) := imG(k, V,,,,) where
—

Gk, Vo) = Gk, V) = oo = Gk, Vi) = G(E, Vi, L) = e

is the chain of canonical inclusions of grassmannians induced by (4.2).
b) For a sequence of integers 1 < k1 < ko < ... such that k,, < n,,, lim (n, —

m—0o0
km) = 00, set G(o0) := li_I)nG(km, Vi, ) Where

G(k1,Vn,) = Gk, Va,) <= oo = Gk, Vi, ) = G(km+1, Vi

Nm 41

) = ...

is an arbitrary chain of standard extensions of grassmannians.
¢) Assume that V,, —are endowed with compatible non-degenerate symmetric

(respectively, symplectic) forms ®,,. In the symplectic case %> € Z,. For an

integer k, 1 < k < [%], set GO(k, 00) := li_1)nGO(k, V., ) (respectively, GS(k, c0) :=
liLnGS(k, Vi,,,)) where

GO(k, V) = GO(k,Vy,) = ... = GO(k,V,,,.) = GO(k, V. .\) = ...
(respectively,

GS(k, Vi) = GS(k,Vp,) = ... = GS(k,Vy,,) = GS(k, Vi, p)) <= .0)

is the chain of inclusions of isotropic grassmannians induced by (4.2).
d) For a sequence of integers 1 < k1 < ka < ... such that k,, < [%], lim ([%~]—
m—0o0

km) = 00, set GO(00, 00) = imGO (kp, Vi, ) (respectively, GS(oco, 00) := UmGS (kp,, Vin,.))
— —
where

GO(k1,Vy,) = GO(ky, Vyyy) = ... = GO (K, Vi, ) = GO(Kpg1, Vipyy) < oo
(4.3)
(respectively,
GS(k1, Vi) = GS(k2, Vp,) = .. = GS(km, Vi) = GS (kg1 Vi n) <= -o0)
(4.4)

is an arbitrary chain of standard extensions of isotropic grassmannians.
e) In the symplectic case, consider a sequence of integers 1 < k1 < ko < ... such
that k,, < %=, lim (% —k,,) =k € N, and set GS(o0, k) := imGS(ky,, Vi, ) for
m—00 —
any chain of standard extensions (4.4). In the orthogonal case, assume first that
dimV,,,, are even. Then set GO°(00, k) := imGO(k,, V;,,, ) for a chain (4.3) where
—
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km < %=, lim (%> —k,,) = k € N, k£ > 2. Finally, consider the orthogonal case

m—r o0

under the assumption that dim V,, , are odd. Then set GO (00, k) := li_r>nGO(km, Vi)

m

for a chain (4.3) where k,, < [%*], lim (["] — k) =k €N
m—r oo

In particular, P> = G(1) ~ GS(1). Note that the above standard ind-grassmannians
are well-defined, i.e. a standard ind-grassmannian does not depend, up to an
isomorphism of ind-varieties, on the specific chain of standard embeddings used in
its definition. Furthermore, the main result of [12] claims that, with the exception
of the isomorphism P> ~ GS(1), the standard ind-grassmannians are pairwise
non-isomorphic as ind-varieties.

In all cases the maximal exterior power of a tautological bundle generated by
its global sections yields an ample line bundle Ox, (1) on X,,, where X, =
G(kmyVn,)s GO(km, Vy, ), GS(km, Va,,). Tt is well known that Ox, (1) generates
PicX,,. Moreover, if i,, : X;, <> X1 is one of the embeddings in Definition 1,
there is an isomorphism i}, Ox, ., (1) ~ Ox,, (1). This allows us to conclude that
X = lingm is a linear ind-variety and PicX is generated by Ox (1) := liinOXm(l).

4.3. BVTS Theorem for G(co), GO(o0,0), GS(00,00), GO!(c0,0) and
GS(00,0). We first note that, if X = G(k), GO(k,o0), GS(k,00) there is a
tautological rank-k£ bundle S on X. If £ > 2, this bundle is not isomorphic to
a direct sum of line bundles, hence the BVTS theorem does not hold for these
ind-grassmannians. Moreover, it is known [7] that, for X = G(k), GO(k,00),
X = GS(k,0), any simple vector bundle of finite rank on X, i.e. a vector bundle
which does not have a non-trivial proper subbundle, is a direct summand in a tensor
power of S.

THEOREM 2. Any vector bundle E on X ~ G(o0), GO(c0,), GS(c0,00),
GO (00,0), GS(00,0) is isomorphic to ©@Ox(k;) for some k; € Z.

For X = G(o0) this is proved in [4] (see also [5; Section 4]). For the remaining
standard ind-grassmannians the claim of Theorem 2 follows from Theorem 1 and
the following theorem.

THEOREM 3. Let X ~ GO(00,), GS(o0,00), GO (0,0) or GS(00,0). Then
X satisfies the properties L, A and T.!

PROOF. X satisfies the property L as Ox (1) generates PicX, and H!(X,,, Ox,, (a))
vanishes for all a and sufficiently large m by Borel-Weil-Bott’s Theorem. Furthermore,
the property T follows from Proposition 9 below.

It remains to establish the property A. Part (A.i) holds here simply because
Ox (1) is very ample. We therefore discuss parts (A.ii)-(A.iv).

Let X = GO(00,00) = li_r>nGO(k:m, Vi, ). For m > 1, the base B,, of the family

of projective lines on GO(k,, V,, ) coincides with the variety of isotropic flags of

type (km — L kpm+1)in V,, -

Bm = {(Vkm—hvkm—f-l) S Go(km - 17‘/nm) X Go(km + 17‘/nm) | Vkm—l C Vkm—i-l}
(4.5)

IThe reader can check that G(co) also satisfies the properties L, A, T.
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[12; Lemma 2.2(i)]. Furthermore, set
Iy = {(Vk,., Vi,,+1) € GO(km, Va,,) X GO(kp, + 1.V, ) | Vi, C Vi, 41} (4.6)

A point y = (Vi,, Vi,,+1) € I, corresponds to the projective subspace G(ky, —
1, Vk:m) X {Vkm+1} C Bp.
It is easy to see that IT := limlI,, is a well-defined ind-variety and that a point
—
of IT represents a projective ind-subspace of B := limB,,.

—
Next, (4.5) together with [12; Lemma 2.2(iv)|, implies that for any point x =
{Vi,,} € GO(km, Vi),

Bp(z) == {P' € B, | P! 5 2} ~ (4.7)

P((¢ps—10...00m ) (Vi, ) )XGO(L, (¢si—10...00m ) (Vi, )"/ (d—10...000) (Vi ), 10 > m,

and

i (2) == {(($r—10 . © ) (Vi )s Vimsa) € i} = GO(L, Vi /Vii), 1 > m.
(4.8)

Since the quadrics GO(1, (-1 © ... © ¢m) (Vi ) /(D1 © oo © &) (Vi) are
connected, (A.ii) follows from (4.5). Furthermore, as for each m > 1 the variety
GO(1, kah /Vi..) is a smooth quadric hypersurface in the projective space P =2km =1
(4.7) and (4.8) directly imply (A.iii) and (A.iv).

In the remaining cases the same argument goes through if one makes the following
modifications.

If X = GS(00,0), the formulas for B,,, II,, and II;(x) are the same as (4.5),
(4.6), (4.7) and (4.8) respectively, with GO substituted by GS (use [12; Lemma 2.5]).
Note also that GS(1, VkJ;L/VkﬁL) is isomorphic to the projective space P(V,j;l/Vkﬁl).

For X = GO!(00,0) = li_l)nGO(k:m,ngmH) we first identify GO(kp,, Vag,, +1)
with an irreducible component GO (k,,+1, Vo, +2)* of GO(kp,+1, Vag,, +2) - see [12;
Section 2.3]. Consequently, X ~ liLnGO(km, Vark,,,)*. Next, instead of (4.5)-(4.6) one
has By, ~ GO(kp, —2,Vag,,), Iy, ~ GO(ky, — 1, Vo, ), m > 1. Respectively, instead
of (4.7)-(4.8) one has By (x) ~ G(km — 2, (¢m—10© ... 0 &) (Vi,,)) for © = {V4, }.
The latter fact can be proved by an argument similar to that of [12; Lemma 2.2].
In addition, 7 (x) ~ P((¢m-10© ... © ¢m)(Vi,, )*), m = m.

For X = GS(00,0) = liinGS(ka/ka) one can show that (4.5)-(4.6) can be
replaced by B, ~ GS(kn,—1, Vo, ), Ly, >~ GS(km, Vai,, ). Respectively, (4.7)-(4.8)
for x = {Vi, } € GS(km, Vak,,) can be replaced by By, (z) ~ G(kp — 1, (pm—10...0
dm)(Vi,.)), and Iz () =~ {P((¢m—10 ... © ¢m)(Vi,)*)} is a point for m > m.

§ 5. Linear sections of G(o0), GO(00,0), GS(00, 20)

5.1. Linear sections of finite-dimensional grassmannians. Let G = G(k,V),
GO(k,V), GS(k,V). Assume 1 < k < dimV — 1 for G = G(k,V), and 1 <
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k < [42Y] for G = GO(k,V), GS(k,V). Put N := dim H°(O¢(1)) and Vy =
H%(Og(1))*. We consider G as a subvariety of P(Vy) via the Pliicker embedding.
For a given integer ¢, 1 <c <k —1, set

X :=GnPU),

where U C Vy is a subspace of codimension c¢. We call X a linear section of G of
codimension c.

Note that there is a single family of maximal projective spaces of dimension k on
G with base G, where G = Gk+1,V)if G = G(k,V), respectively, G = GO(k +
1,V)if G = GO(k,V), and G = GS(k +1,V) if G = GS(k,V) (see [12; Lemmas
2.2(i) and 2.5(i)]). Consider the graph of incidence ¥ := {(Vi, Vi11) € G X G | Vi, C
Vie41} with projections G&Y 4% @ and set = Plg-1(x) : ¢ Y(X) — G. The
condition 1 < ¢ < k — 1 implies that 7 is a surjective projective morphism.

PROPOSITION 2. For a subspace U C Vi of codimension c¢ in general position
the following statements hold.
(i) The varieties X and q~1(X) are smooth and

W*Oq—l(X) = Oé (51)
(ii) Z(U) :={z € G | dim7Y(x) > k — ¢} is a proper closed subset of G and
codimg Z(U) >3,  codimy—1(xym~ ' (Z(U)) > 2. (5.2)

(iii) The projection : ¢~ (X)\n = (Z(U)) — G\Z(U) is a projective P*=¢-bundle.

ProOF. We give the proof for the case G = GO(k, V). The other cases are very
similar and we leave them to the reader.

(i) Since the projective subspace P(U) is in general position in P(Vy), we have
codimg X = ¢ and hence there is a Koszul resolution of the Og-sheaf Ox

0— Og(—¢c) = ... > (j) Og(—i) = ... > cOg(—i) > Og - Ox — 0. (5.3)

The pullback of (5.3) under the projection ¢ is a Ox-resolution of the sheaf Oy-1(x) =
m*Og of the form

0=+L.— .. L = 0s =705 =0 (5.4)

where £; := ¢*(($) Og(—i)), i =1, ...,c.

For any z € G we have p~'(z) ~ P* so the condition ¢ < k — 1 implies
HI(p~(x), Lilp-1(z)) =~ HI(P*, Opr(—i)) = 0 for j > 0, i = 1,...,c. Hence the
Base-change Theorem [13; Ch. III, Theorem 12.11] for the flat projective morphism
p shows that R/p,L; = 0. In addition, by the same reason R/p,Ox. = 0, j > 0, and
clearly p,Os, = Og. Therefore, applying the functor R'p, to (5.4) we obtain (5.1).

(ii) We now prove (5.2). Fix an arbitrary point Vi1 € G. Since p~!(z) = PV )
(see [12; Lemma 2.2(i)]), there is an induced monomorphism

0— Vi, — V. (5.5)
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Consider the varieties
T = {(W,Vit1) € G(N—c, V) x G | dim(WNVji ) = k—c+i+2}, 0<i<e—1,
together with the natural projections
GIN —c, Vi) &1, B G,
For an arbitrary U € G(N — ¢, V) denote
Zi(U) = ai(p; '(U), 0<i<e—1.

By construction, Zo(U) = Z(U), Z;(U) are closed subvarieties of G, and we have
a filtration
0= 2Z.(U)C Z._1(U) C...C Zy(U)=Z(U) (5.6)
such that Z;(U)" := Z;(U)\Zi1(U)) are locally closed subvarieties of G. Consequently,
Bi(U)" :=x~1(Z;(U)') are locally closed subvarieties of ¢~ *(X). Moreover, 7| g, 1y :
B;(U) — Zi(U) is a PF1=<+i_bundle, so that dim B;(U) = dim Z;(U) +k +1 —
¢+ i. Equivalently,

codimg—1(x)B;(U)" = codims Z;(U)" — (i 4 1). (5.7)
Note also that Z(U) = USZ3 Z;(U)’, hence
P ZU)) = 7 (UL Z(U)) = UL BDY. (538)

We now calculate the dimensions of Z;(U) under the assumption that U is in
general position. For this, let YV := q[l(x) be the fibre of the projection g; over
a point = Vjy1 € Z;(U). Consider the variety Y = {(W, Vi_cqite) € G(N —
¢, VN)x G(k—c+i+2, V5 ) | W D Vi_cqiyo C Vi1 }. The natural projection Y —
G(k—c+i42,V}r, ) is a fibration with the grassmannian G(N —k—i—2, CN—F=i=2+¢)
as a fibre. On the other hand, one has a birational surjective morphism Y -
Y, (W, Vi—ctitra) — W. Therefore, in view of (5.5), dimY = dimY = dim G(k —
c+i+2, Vi) +dimG(N —k—i—2,CN7F=i72%e) — eN — 4 (i+ 1) (c—k—i—2).
As q; is surjective, this yields

dimT; = dimG 4+ dimY = dimG + N — 2 4 (i + 1)(c — k —i — 2).

Since p; is also surjective, for a point U € G(N -, V) in general position we have
dim Z;(U) = dimT; —dimG(N —¢,Vy) =dimG — (i+ 1)(k+i+ 2 —¢), i.e.

codimszZ;(U) = (i+1)(k+i+2—¢c), 0<i<c—1. (5.9)

This together with (5.7) implies codimg-1(x)Bi(U) = (i +1)(k+i+1—-¢),0<i <
¢ — 1. Therefore, in view of (5.8) and the assumption ¢ < k — 1, we obtain

codimq_l(x)w_l(Z(U)) = min codimg-1x)Bi(U) =k+1—-c>2.  (5.10)

0<i<e—1

The inequality codimzZ(U) > 3 follows now from (5.7), and the proposition is
proved.
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COROLLARY 1. Under the assumptions of Proposition 2, let € be~ a vector bundle
on q~1(X) trivial along the fibres of the morphism 7 : ¢~ *(X) — G. Then there is

an isomorphism ev : m*m,.E = £.

_ Proor. Apply Proposition 7 from the appendix to the morphism 7 : ¢~ 1(X) —
G, the subvariety Z(U) in G, and the vector bundle £ on ¢~ 1(X).

LEMMA 5.1. Let X = GNPU) be a linear section of G of codimension ¢ for
1<c< (k—=1)/2, and let P! be a projective line on G. Then there exists a rational
curve C C ¢~ Y(X) such that 7t|c is an isomorphism of C with P, and q|c is either
an isomorphism or a constant map.

PROOF. We only consider the case G = GO(k, V). It is clear that
P! = {Vig1 € G | Vi C Vi1 C Viya}

for a unique isotropic flag Vi, C Vo in V. If V}, € X, we set C := {(Vi, Viy1) €
Y| Vi C Vip1 C Viaz}. Then w|c : C — P! is an isomorphism and ¢(C) equals
the point {V;} € G.

Assume that Vi, ¢ X. It is straightforward to check that the intersection q(p~!(P!))N
PN=2 for a hyperplane PV~=2 C P(Vy) such that V; ¢ PY~2 is isomorphic to the
direct product P(Vy") x P(Vy42/V) imbedded by Segre in PN =2, Let Pk~ PF~! be
the fibres in P(V,*) x P(Vi42/Vi) over two points a,b € P(Vj42/Vi). The projection
pri s P(VE) x P(Vig2/ Vi) — P(VY) induces an isomorphism f : PE=1 55 Pi—t,

Set Pk=c—1 .= PE-1NP(U), Pf ' := P ' NP(U). Since 1 < ¢ < (k—1)/2, the
intersection ]P”,;*C*1 N f(Pk=e=1) ¢ Pllffl is nonempty. Consider a point x in this
latter intersection. By construction, the fibre PL := pri*(z) lies in ¢(p~*(P')) N X.
Finally, the preimage of PL in p~1(PP!) is a rational curve C' as desired.

PROPOSITION 3. Let X be a linear section of G of codimension ¢ for 1 < ¢ <
(k—1)/2. Then a linearly trivial vector bundle E on X is trivial.

PROOF. Consider the vector bundle £ := ¢*E on ¢~ !(X). Since E is linearly
trivial, for any z € G &€ |z—1(z) is a linearly trivial bundle on the projective space
7 !(x). A well-known theorem [14; Ch. I, Theorem 3.2.1] implies that &|-1(,) is
trivial. Therefore ev : 7*m,E — £ is an isomorphism by Corollary ?77.

Next, Lemma 5.1 allows us to conclude that m,.£ is linearly trivial. Indeed, if
P! c Gisa projective line and C C ¢~!(X) is a rational curve as in Lemma 5.1,
then m.&|p1 ~ &|¢, and hence &£|¢ is trivial because of the linear triviality of E.

Consequently, 7€ is trivial by Proposition 7.4. from the appendix. Then £ ~
m*m.& is also trivial. Finally, since ¢ : ¢71(X) — X is a flat projective morphism
with irreducible fibres, E = ¢.£ is trivial by Proposition 6.

5.2. Linear sections of G(c0), GO(o0, ), GS(00, o0) of small codimension.
Let G = G(00), GO(00, 00), GS(00, 00), in particular G = li_r>nG(km, Vo )s li_r>nGO(km, Vo )s
liglGS (km,, Vi, ), see Definition 1. Fix a nondecreasing sequence {¢y, } m>1 of integers
satisfying the condition
1< em < (ki — 1)/2. (5.11)
Consider an ind-variety X = limX,, such that, for each m > 1, X,,, is a smooth
linear section of codimension cr:of Gm = G(km, Va,,), GO(km, Vi), GS(km, Vi)
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and the embedding ¢, : X, < Xyn41 is induced by the embedding G,,, — Gpy1.
In what follows we call such ind-varieties linear sections of G of small codimension.

The existence of linear sections X of G of small codimension is a consequence of
the Bertini Theorem. Moreover, such a linear section X is a linear ind-variety and
PicX is generated by Ox (1) := liinO x,, (1). This follows from the observation that

Ox,, (1) generates PicX,, by the Lefschetz Theorem, and from the linearity of the
embeddings G, — Gppt1-

PROPOSITION 4. Let G = G(00), GO(00,00), GS(00,00). There exists a linear
section X of G of small codimension which is not isomorphic to either of the
ind-varieties G(oo), GO(00,0) or GS(co, ).

PROOF. Let G = HmG,, where Gy = Gk, Vi, ); GO (ki Van, 1), GS(kim, Van, ).

Fix m > 1 and let P' be a projective line on G,,. Then there exist unique
maximal projective subspaces P¥» and P*» on G, which intersect in P!. For G,,, =
G(km, Vi, ) one has s, = ny, — ki, and for G, = GO(kp,, Vy,,), GS(km, Vi, ) one
has s, =[] — Ky, see [12; Lemmas 2.3(iii) and 2.6(ii)].

For m > m the embeddings ¢ : Gy — Gp41 in the direct limit ligle are
given by formula (4.1), which makes it easy to check that P*» and P*» admit
extensions P¥m C G5, P C Gy, such that PF» C PFa Psm C P5» and

Pt =Pk A PS> m.

Denoting P := limPFn | P7 :=limP*", we have
— —
P' =Py NPF. (5.12)

We now choose n;; and ky, in a specific way. Namely, we assume that n; = 3t
for Gy, = G(km, Vi), and ["22] = 3tz for G, = GO(km, Vi), GS(km, Vi),
ks = 2, tm € Z)l. Set ¢ :=tm — 1. Then

Sm — Cp = 1 (513)

and the inequality (5.11) together with the conditions lim kz = lim s; = oo are
m— 00 m—» 00

satisfied. Next, using (5.13) and the Bertini Theorem we choose a tower of projective
subspaces PNm=¢n=1 C P(Vy_ ) for 7 > m in general positon so that PNm—c¢n=1n
Ps» = P! and PN#—cn—1aPkn = P(kn/2)+1 for some projective subspaces P(*m/2)+1

of Gy,. As a result, we obtain a linear section X := lim(PV»~¢»~1 N Gy) of G
—

of small codimension and a projective line P! ¢ X such that P! is contained in a
unique linear ind-projective subspace P> of X, namely P> := limP(k»/2+1 If X
—

were isomorphic to G(00), GO(00, 00), GS(00, 00), this would contradict to (5.12).

Now we show that a linear section X of G of small codimension satisfies the
properties L, A and T. The property L is clear as PicX is generated by the class
of Ox(1), and H'(X,,,Ox,, (a)) vanishes for dim X,,, > 1 and a < 0 by Kodaira’s
Theorem. The property T is established in Proposition 3. It remains to establish
the property A. Part (A.i) is clear as Ox_ (1) is very ample. For parts (A.ii)-(A.iv)
we consider in detail only the case when X is a linear section of GO(00, 00).
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Let B(G,y,) be the family of all projective lines in G,,, = GO(k,, V,,,,), and B,,
be its subfamily consisting of those projective lines which lie in X,,,. By definition,
X, is the intersection of G,, with a subspace P(U,,) of P(Vy, ) for a fixed U,, €
G (N, — ¢m, Vi, ) in general position. The grassmannians G(2,Vy, ) and G(2,U,,)
can be be thought of as the grassmannians of projective lines in P(Vy, ) and P(U,,)
respectively. Then B,, = B(G,) N G(2,U,,) where the intersection is taken in
G(2,Vn,,). We show next that B,, is irreducible.

Let B be an irreducible component of B,,. Since G(2,Vy,,) is smooth, the
subadditivity of codimensions [15; Thm. 17.24]) yields

codimpq,,)B < codimg(a,vy, )G (2,Un) = 2¢p. (5.14)

Consider the graph of incidence %,, := {(z,P*") € Gy x Gy | € PP} with
its projections G, &2, B G, where G,, := GO(ky, +1,V,,, ). Let B(%,,)
be the family of all projective lines in Y, lying in the fibres of the projection
Pm- Denote by B(q,,}(X,,)) the subfamily of B(%,,) consisting of those projective
lines which lie in ¢,,'(X,,). The projection ¢,, : ¥,, — G,, induces a morphism
ra,, : B(Zm) — B(Gy,) which is bijective since any projective line on G, lies
in a unique maximal projective space P*= (see [12; Section 2|). The space Pkm
is an isomorphic image via q,, of some fibre of p,,. Respectively, the restricted

morphism rx,, = 7a,, |1 (x,.)) B(g,;,} (X)) — By, is a bijection. Hence, for

any irreducible component B’ of B(g;,;,} (X)), (5.14) yields the inequality
codimB(Zm)B’ < COdimG(Q,VNm)G(Q, Um) = 2Cm. (515)

The projection p,, induces a projection p,, : B(X,,) — Gm. Let

0= Zc,,,L(Um) C ZC7”,1<Um) C...C ZQ(Um) c G,

be the filtration (5.6) of G, by closed subvarieties Z;(Up,) of codimensions in Gm
given by (5.9) where we put ¢ = ¢, k = k. This filtration yields a decomposition
B(g,;, (X)) = o U B;, where By := B(g;} (X)) N p (G \ Zo(Un)), Bi ==

<i<em
B(g;: M (Xm)) N pnH(Ziz1(Um) \ Zi(Uy)), i = 1, ..., . Formula (5.9) implies that
codimps, yBo = 2¢y, codimp(s, )B;i > 2¢,, for i = 1,...,¢p. This together with
(5.15) yields the irreducibility of B(g,,' (X)), hence of B,, as well.
Now let II(G,,) be the family of projective spaces P»~! lying in B(G,,) and
defined by the right-hand side of (4.6). Set

II := limII,,, (5.16)
—

where I1,,, := {P*n—¢m=1 C B,, | Pkm=¢m=1 ig a linear subspace of some Pk¥n~1
II(G)}- )

Fix m and let 7 := pp[, -1 (x 4 (X)) — G be the projection. Consider
the relative grassmannian G := {P* C ¢,,}(X,,) | P! lies linearly in a fibre of the
projection 7} with induced projections p : G, — G, and ¢ : G — B,,. By
definition, the fibre p~!(z) over an arbitrary point x € G is the grassmannian
of projective lines in the projective space 7~ (z). (Note that for a point = € Gy,
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in general position the fibre 771(x) is a projective space PF»~¢m hence p~!(x) ~
G(2,Ckm=em*1) ) Furthermore, the projection ¢, is birational.

By construction, the projective spaces P¥m—¢m=1 ¢ II,, are isomorphic images
under g, of projective spaces P¥m~¢m—1 lying linearly in the fibres of p : Gz — Gyn.
Considering the set G, := {Pkm=¢m C ¢ 1(X,,) | Pk==¢n lies linearly in a fibre
of 1 ¢;'(Xm) — Gm}, we obtain a PF»—¢m_fibration g, : II,, — G, with fibre
q;l(y) = PFn=¢m over a given point y = {P*=~¢n} € G,. Therefore, to check
the irreducibility of II,, it suffices to check the irreducibility of G,,. Note that the
projection 7 induces a projection 7 : G, — G such that the fibre of 7 over a point
Vi, +1 € Gy, coincides with the grassmannian Gk, — ¢y +1, W), where W C Vi, 11
is the subspace defined by the condition P(W) = 7—1(x). As above, (5.9) implies
that, for ¢ > 1, the locally closed subsets 77 (Z;(W)) of G, have dimensions strictly
less than that of the open subset 7=1(Z(W)\ Z;(W)). This proves the irreducibility
of G, hence of II,,.

Next, (4.7) implies that, for any point z = Vj,, € X,, and m > m, the base
By () of the family of projective lines on X, passing through z is a linear section
of the variety P((6-1 © -+ © &) (Ve,,)*) X GO(L, (-1 © . $yn) (Ve )/ (b1 0
0 Gm) (Vi) C BV @ ViE /Vi..) by a projective subspace of codimension ¢,
in P(Vy, @ Vit [V, ). Let by (z) : B (z) — Q) (x) := GO(1, Vit Vi) be the
natural projection. Note that the fibres of b7 (z) are projective spaces of dimension
at least k7 — ¢y — 1, and, for points z of X, and 2z € Q4 (x) in general position the
fibre b, (z)~!(2) is a projective space P*#~¢»~1 by the Bertini Theorem. Moreover,
we have an ind-variety B(z) = liLIle(x), m = m.

In a similar way we obtain that II(z) := {P*> € II | P> > z} is the ind-variety
li_r}nHm(x), m > m, where [l (z) := {Pkn—cn=1 C B, | PFn=¢n~1 lies as a linear
projective subspace in a fibre of the projection b (z)}. Let p(z) : Iz (z) = Qeny(x)
be the induced projection. By construction, for any point z € Qz)(x) the fibre
p(z)71(2) is the grassmannian G(kg — cm,Cdim(bﬁb(w)_l(z))*l). (In particular, this
grassmannian is just a point for 2 € Xy and z € Q) () in general position.) This
implies the property (A.ii) since Q(y)() is an irreducible quadric hypersurface.

The property (A.iii) is evident. As for the property (A.iv), let Y be a fixed
variety and f : Iz (x) — Y be a morphism. For m — oo the fibres of p(x) are
either points or are grassmannians whose dimensions tend to infinity. Therefore f
maps each fibre of p(z) to a point, i.e. f factors through the induced morphism
9 Quny(x) = Y. As Qewy(x) is a smooth quadric hypersurface whose dimension
tends to infinity as m — oo, it follows that for large enough m the morphism g is a
constant map. Hence, f is constant too, and (A.iv) is proved.

Theorem 1 yields now the following.

THEOREM 4. A wvector bundle on a linear section X of small codimension of
G(00), GO(00,00), GS(00, 0) is isomorphic to a direct sum of line bundles Ox (a;)
for a; € Z.
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§ 6. Ind-products and their subvarieties
satisfying the properties L, A, T

6.1. Finite or countable ind-products satisfying the properties L, A,
T. Let X¢ = limX§,, £ € Z, be a countable collection of ind-varieties. We assume
—

that for each ¢ € = and each m > 1 we have a fixed inclusion X§, C an—i—l' On
every X¢ we fix a point xg. Without loss of generality we assume that mg € Xf.

Fix a bijection v : N = Z and denote m := {1,2,...,m}. Set

v Xm = x X&,
£ev(m)

and consider the embeddings
X =y Xomi1 =y X x XU g (2,2 ™) mo> 1

We call the ind-variety X := lim, X,, an ind-product of the ind-varieties {XE}§63
—

and denote it as
X = x X&. (6.1)
£EE
Note that X does not depend, up to an isomorphism of ind-varieties, on the
choice of the bijection v : N = =, and thus the notation (6.1) is consistent. Indeed,
let v/ : N 5 = be another bijection, and let ¢ := v/~ o v : N 5 N be the induced
bijection. An isomorphism f : lim , X,,, = lim v X,,, £ = {f 1 L X0 — o w(m) b
and its inverse g = f~! : lim ,» X,,, = lim, X, 8 = {gm : v Xon — vX(m)}, for
m(m) = %pi%{m/ | ¥(m) C m'}, are given by the formulas

mivXm = X an—>,/Xmm: x XS X X X¢ ,
fm v Xim gev(m) ) (EEV(m) () (fe»%m(m))\u(m) ()
¢
@ = (2, {25 beew (mim)\v(m) ) »
Gm v Xm = X Xe =, Xy =( X XS )% ( x X5 )
gev/(m) gev’(m) gev(m(m))\v'(m)

@ (2, {25 eer(mim)\v(m))-

Note in addition that in principle X depends on the choice of points xg, however
we suppress this dependence in the notation (6.1).

The reason we call X an ind-product rather than a product is that X is not a
direct product in the category of ind-varieties. Of course, there are well-defined
projections of ind-varieties pg : X — X&, pe = limpg,n, where pep, 1 X, — X§, is

—
the projection onto the ¢-factor for £ € v(m), and the constant map pep, : . X, —
I’g(m) for £ ¢ v(m). However, X fails to satisfy the universality property of a
product.

If = is finite, we define the ind-product x X¢ as the set-theoretic direct product
ce=

of the X¢’s. Then x X& = lim( x X§,) is an ind-variety, and x X¢ clearly satisfies
ge€E - g€z g€z

the universality property of a direct product in the category of ind-varieties.
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Now let = be finite or countable and let the ind-varieties X¢ = lim X§, satisfy the
—

properties L, A and T. This means that on each X¢ there exists a collection Lé :=
{Lg | 6 € ©xe} of line bundles and a collection B¢ := {Bg = limBgm | 0 € Oxe}
—

of ind-varieties of projective lines such that X¢ satisfies the properties L, A and T.
The collections {Lé}¢cz yield the following countable collection of line bundles on
X

L ={p;Lj | 0 € Ox¢, £ € Z}. (6.2)
Moreover, any projective line P! on X¢ determines a projective line Py on X such
that pe(Pk) = P! and pe (Pk) = {25 } for & # ¢. Therefore each ind-variety B
of projective lines on X¢ "lifts"to an ind-variety of projective lines on X. In this
way we obtain a collection B of ind-varieties of projective lines on X. Since each
X¢ satisfies the properties L, A and T, it is easy to check that X satisfies the same
properties with respect to the collections L and B.
This, together with Theorem 1, leads to the following theorem.
THEOREM 5. A vector bundle on X = x X&, where each ind-variety X¢ satisfies

€=
the properties L, A and T, is isomorphic to a direct sum of line bundles.

6.2. Linear sections of ind-products. In this subsection we assume that =

is finite, = = {1,2,...,1}, and that the ind-varieties X’ = limX} , i € Z, are copies
—

of the standard ind-grassmannians G(o0), GO(00, 0), GS(00,0). By the above,

x X' is a direct limit hm( x X!). Each X! is a (possibly isotropic) grassmannian
S €=

which we consider as lying Via the Pliicker embedding in PVim ~ (VNI ), and the
embeddings x X! — >< X! ., are induced by standard extensions X < X!
S €S

We also assume that x an lies in PV ~1 via the Segre embedding x IP’NW’ —

1€ES €2
]P)N'm_l

For each m > 1 and i € = set
vi . vl i—1 i+1 l
X; =X, X x X x XoT o x Lo x X,

and for X!, = G(kim, V., ) (respectively, X GO(k‘lm, Vi )or Xi = GS(kim, Vi),
set Xi T = Gkim + 1,V,,,, ) (respectively, Xi © = GO (ki +1,V,,, ) or Xi " =
GS(kim + 1,V,,, ). Consider the flag variety % = {(Vi.,., Viyt1) € X2, X
X: " | Vi, C Vi, 41} with natural projections X! "« %, — Xi . There are
induced projections

-~

+ im i i R
XiTx X R s, x X X < XD o~ X, i€ B, (6.3)

m m

and we put

_ I TR
Tim = pimlq;r{(x : qini (Xm) — X! xX,, i €E. (6.4)

m)

Now let {¢p, }m>1 be a nondecreasing sequence of integers satisfying the conditions

kim - 1 . —_
1<en < min{'T | i € 2}, (6.5)
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where X! = G(kim, Va,,,.), GO(kim, V), GS(kim, Vi, ). For each m > 1 consider
a linear section X, of x X! ,
i€E

X o= (X Xp,) NPNm=em=1,
i€=

where PNm—¢n=1 = P(U,,) for Uy, € G(Nyy, —cm, Va,,). We call X,,, a linear section
of x X! of codimension cp,.

i€=

PROPOSITION 5. For a given m > 1 such that ki, > 2 for all i € =, fix an
integer c,, satisfying (6.5). Then for a projective subspace PNm—m=1 = P(U,,) of
general position in PN=—1 U, € G(N,, —¢m, VN, ), and any i € = the following
statements hold:

(i) the varieties X,, and q;,*(X,n) are smooth;

(i1) codlm X, Xm = codimzmxiaqi;;(Xm) =Cm, Wim*(’)q;i(xm) = OXi,ﬁx)?;‘n’

and, for a pomt x = (r1,22) € Xjn+ X )?}n in general position, the projective
subspace PFim = g, 071 (x) of X1, x {2} satisfies the condition

codimpe,,, (IP”“’" N IE”Nm_Cm_l) = Cp,

so that Zi,(Up) :={z € Xi," x X1 | dimm, ' (2) > kim — ¢} is a proper closed
subset of X1 " x X :
(iii) let B}, (Un) = 770, (Z3,(Un)); then codim -1 . 1B}, (Un) > 2, codimy; +, i Zp(Un

m

3;
() the projection Tim : ¢t (Xm) \ Bi(Un) — an+ x Xi\ ZE(Un) is a
projective PFim=cm _bundle.

PROOF. Similar to the proof of Proposition 2.

COROLLARY 2. Under the assumptions of Proposition 5, let i € Z and let € be a
vector bundle on q[m1 (Xon) trivial along the fibres of the morphism mwy, : qi;;(Xm) —
an+ X )A(}n Then the sheaf Tim«& is locally free and the canonical morphism
v T TimsE — € is an isomorphism.

PROOF. Proposition 5 implies that the data X = X! " x X1 |V = ¢, (X,),
B = B! (Up), Z = Z!,(Uy), E = & satisfy the conditions of Proposition 6 from
the appendix. Therefore this latter proposition yields the corollary.

Below we will need the following lemma, the proof of which is similar to that of
Lemma 5.1.

LEMMA 6.1. Fori = 1,2, let X; = G(k;, Vi), GO(k;, V;), GS(k;,V;) and let X
be a linear section of codimension ¢ of X1 X Xo, where 1 < ¢ < min{%, %}
Then for any projective line P} C X; there exists a projective line P! such that

prilpr is an isomorphism of P! and P}. Here pr; stands for the natural projection
X1 x X9 = X;.

Consider an ind-variety X = limX,, such that, for each m > 1, X,, is a
—

smooth linear section of codimension ¢, of x X, where ¢, satisfies (6.5), and
i€x
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the embeddings ¢,, : X,, = X,,41 are induced by the corresponding embeddings

X Xi < x X! .. In what follows we call X a linear section of x X' of small
ie= i€ ie=
codimension. The existence of linear sections X of x X’ of small codimension
ie=

follows immediately from the Bertini Theorem.

THEOREM 6. Let X be a linear section of x X' of small codimension. Then a

ieE

vector bundle on X is a direct sum of line bundles.

PROOF. We give a proof for the case when all X are isomorphic to GO (oo, c0).
The case when some X’ are isomorphic to G(co) or GS(00,00) is treated similarly.

First we construct families B;, i € =, on X. For each m > 1 and each i, 1 <1 <,
consider the natural projection p;,, : X, — X? , and for a varying point y € X!
set X% (y) := p;,}(y). By definition, X7 (y) is a linear section of the grassmannian
GO(kim, Vp,,,). Let B;(m)(y) be the family of projective lines in GO(kipm, Vn,,,)
lying on X! (y), and set B;(m) := U B;(m)(y). Then B; := limB;(m), i €

yeXi, -

=Z. Furthermore, the ind-varieties II;, ¢ € Z, parametrizing certain families of
ind-projective spaces P> in B;, are defined in the same way as the ind-variety IT
in subsection 5.2 — see (5.16).

Next, recall the collection of line bundles (6.2) on x X% In our case Oxe
i€E

consists of a single point for each ¢, hence we can write simply L = {L;};c=. We

now define a family of line bundles Lx by putting Lx := {L;|x }icz. Then by

the Lefschetz Theorem Lx freely generates PicX; in addition, the relation (2.2) is

clearly satisfied. To see that X satisfies the property L, it remains to notice that

HY(X,,, ® LY"[x,,) = 0for all a;. Indeed, the vanishing of H'( x X}, ® L¥%
1ES 1€ ez

PEE

follows from Kunneth’s and Bott’s formulas. Since ® L%
i€E

x,, admits a Koszul

X)) =

resolution similar to (5.3), this is sufficient to conclude that H'(X,,, ® L?%
i€=

0.

Using Proposition 5 and repeating the argument from subsection 5.2, it is easy
to check that X satisfies the property A. Let us show that X satisfies the property
T. The case |Z| = 1 was treated in the proof of Theorem 4. It is enough to give the
proof for the case |Z| = 2; the proof for |Z| > 3 goes along the same lines. We thus
assume that X, is a linear section of X} x X2. According to (6.3) and (6.4) we
have a commutative diagram

G (X)) —" X, (6.6)

TFIWLl lp

XLt x x2 —— X2,

where [ = 2, i = 1, so that )A(%1 = X2, and X and p are the natural projections.
Let limF,,, be a B;-trivial vector bundle on X = lim.X,,, for ¢ = 1,2. This means
— —

that each vector bundle E,, is a B;(m)-trivial bundle on X,,, i.e. E,,|p is trivial
for any P* € B;(m), i = 1,2. Consider the vector bundle

E,, :=¢,,En.

X X,‘n)
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Since E,, is Bj(m)-trivial, i.e. linearly trivial on the fibres of p, Ey, is trivial by
Proposition 3. It follows that E,, is trivial along the fibres of 7y,,. Therefore, by
Corollary 2 there is an isomorphism

ev : T TimeEm = En.

Moreover, as in the proof of Proposition 3, we obtain that the bundle 7T1m*Em| A-1(y)
is trivial for any y € X2,.

Thus Proposition 6 below and diagram (6.6) imply that E := A1 By, is
a vector bundle on X2, such that E,, ~ m}, A*EX ~ ¢i,.p*E}. Applying again
Proposition 6 we obtain

Em =~ Qe Em = QuunsGimp BN =~ p* B (6.7)

Since E,, is Ba(m)-trivial, it follows from (6.7) and Lemma 6.1 that E), is a linearly
trivial bundle on X?2,. Hence, E)), is trivial by Proposition 9 below, and E,,, is trivial
as well. In this we showed that X satisfies the property T.

6.3. Ind-varieties of generalized flags. We first recall some basic definitions
concerning generalized flags in a vector space, see [16; sections 3-5]. Let V be a
countable-dimensional vector space. A set C of pairwise distinct subspaces of V' is
called a chain if it is linearly ordered by inclusion. A chain F of subspaces of V is
a generalized flag in V if it satisfies the following conditions:

(i) each F' € F has an immediate successor or an immediate predecessor, i.e.
F =F UF", where F' C F (respectively, F”" C F) is the set of subspaces in F
having an immediate successor (respectively, predecessor);

(ii) V\ {0} = Uprer (F" \ F'), where F” € F" is the immediate successor of
F'eF.

We define a flag in V to be a generalized flag in V' which is isomorphic as an
ordered set to a subset of Z. A flag can be equivalently defined as a chain of
subspaces of V' such that NpcrF = 0, UperF = V and there exists a strictly
monotonic map of ordered sets ¢ : F — Z.

If F is a generalized flag in V and {e, }oca is a basis of V' (A being a countable
set), we say that F and {e,}aca are compatible if there exists a strict partial order
< on A such that, for any F' € F', F’ = Span{eg | § < a} for a certain a € A,
and F"" = F' @ Span{e, | 7 is not <-comparable to a}.

For the rest of this section we fix a basis E = {e,,} of V. We call a generalized
flag F weakly compatible with E if F is compatible with a basis L of V' such that
E\ (ENL)is a finite set. Furthermore, we define two generalized flags F and G
in V to be E-commensurable if both F and G are weakly compatible with E and
there exists an inclusion preserving bijection ¢ : F — G and a finite-dimensional
subspace U in V such that, for every F € F,

(i) FCo(F)+ U, ¢(F)C F+U, and

(ii) dim(F NU) = dim(¢(F) N V).

Let FI(F, E) be the set of all generalized flags in V' that are F-commensurable
with F. Following [16; Prop. 5.2]) we endow FI(F,E) with a structure of an
ind-variety in the following way. For any m > 1 denote E,, := {eq}tagm, Vi =
Span(E.,), ES, == {eata>m, V.5 := Span(E¢,). Next, for any G € FI(F, E) choose
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a positive integer mg such that 7 and G are compatible with bases containing

Er,,. and Vi, contains a finite-dimensional subspace U which together with the
corresponding inclusion preserving bijection ¢¢g : F — G makes F and G E-commensurable.
We can pick nx so that nx < mg for every G € FI(F, E). Set

Gm ={GNV,, | GeG}, m=mg.
The type of the flag F,, yields a sequence of integers

0<dmi<..<dms, ,<dn

mM,S8m m,

and let Fl(d,,V,,) be the usual flag variety of type dn, = (dm.1,...;dm,s,, ;) I
V. Notice that s,;,+1 = sm Or Sypy1 = Sm + 1. Furthermore, in both cases an
integer jy, is determined as follows: in the former case dy,41,; = dm,,; for 0 <i < g,
and dy41,; = dm,i + 1 for j,, < i < s, and in the latter case dypt1,; = dpy; for
0<i<gmand dpy1; =dmi—1+1for jp, <i < spp.

Now we define a map tp, : Fl(dm, Vin) = Fl(dmt1, Vint1) for every m > mg.

Given a flag G, = {0 = Gy C G* C ... € G = V,,} € Fl(dm, V), put
(@) = s = {0 = GIHL € GPH € € G™FL = V1), where
G if 0<i<jm
G =S Gl @ kepy1 i jim <0< Smy1 and Spg1 = S,
G @ kepmyr i jm <i<spmy1 and spp1 =S, + 1.

The maps i,, are closed embeddings of algebraic varieties, and hence limF{(d,,, V;,,)
—

is an ind-variety. A bijection between FI(F, E) and ligl]-" U(dm, Vinmm) is given by
7 FUF, B) S B Fl(dy, V), G+ Gy,

— see [16; Prop. 5.2|.

Assume now that F is a flag of subspaces in V. Then F = {... C F; C Fj41 C
...}ico, where O is one of the four linearly ordered sets {1,...,n}, Z, Zso, Z<o.
Assume in addition that

dim(F"/F') = (6.8)

for all i € © for which i +1 € ©. Denote by F(i) the flag F\ {F;} = {... C
Fi_1 C Fiy1 C ..}. There is natural projection m; : FI(F, E) — FI(F(i), E).
Let G = {.. C Gi_1 C Giy1 C .. }e]-'l(}'(), )andg—{ C Gi-1 C G; C
Gis1 C ..} € 77 5(G). Then the fibre 7, 1(G) equals FI(G;/Gi_1, E(i)) wher
E(i) = (ENGiy1) \ (ENG,;—1). Note that the ind-variety FI(G;/G;_1, E(i)) is
isomorphic to the ind-grassmannian G(co).

Moreover, there is a well-defined line bundle L; := O, (1) := liinOmm(l) on

FU(F,E), where m;pm, : Fl(dm, Vi) — ]-'l(cfm(i),Vm) is the natural projection and
dp (1) is defined in the same way as d,,, using the flag F(i) instead of F. The fact
that the line bundles O, (1) yield a well-defined bundle O, (1) is established by
a straightforward checking using the explicit form of the embeddings ¢y,.

By B;(G) we denote the ind-variety of projective lines on FI(F,FE) passing
through a point G € FI(F, E) and lying in the fibre of 7; which contains G. Finally,

o

@
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we define the ind-variety II;(G) as the ind-variety II(G) for the ind-grassmannian
Fl(G;/Gi-1,E(i)) ~ G(c0) as defined in subsection 4.3.
It is easy to check that FI(F, E) satisfies the properties L, A and T with respect

to the data @J:l(]-',E) =0, L;, B, := QG}'IL(J]-' E)Bl(g), II, = ge]—'lL(J]-' E)H,L(g) As a

result, Theorem 1 implies the following theorem.

THEOREM 7. Let V' be a countable-dimensional vector space with basis E. Let
F be a flag in'V satisfying (6.8) weakly compatible with E. Then any vector bundle
on FI(F, E) is isomorphic to a direct sum of line bundles.

It is an interesting question whether the BVTS Theorem holds on any ind-variety
of generalized flags FI(F, E) under the assumption that the generalized flag F
satisfies (6.8) for all F’ € F’ and their respective successors F"”.

§ 7. Appendix

In this appendix we collect some general facts about coherent sheaves on projective
varieties and their behaviour under flat projective morphisms, which are used throughout
the paper.

PROPOSITION 6. Letp:Y — X be a smooth flat projective morphism of projective
varieties with irreducible fibres.

1) If E is a vector bundle on'Y, trivial on the fibres of p, then the evaluation
morphism ev : p*p. . — E is an isomorphism.

2) If F be a vector bundle on X, then the canonical morphism F = p,.p*F is an
isomorphism.

PRrROOF. 1) This follows easily from the Base-change Theorem [H, Ch. III, Cor. 12.9].

2) Consider the Stein factorization f : Y L x' % X of f, where X' =

Spec(f.Oy) and f.Oy = Ox: (see [13; Ch. III, Cor.12.9]). Since f,Oy is an
invertible sheaf by 1), it follows that g is an isomorphism. Therefore f,Oy = Ox.
This, together with the projection formula [13; Ch. III, Exc. 8.3|, gives the desired
assertion.

PROPOSITION 7. Let m:Y — X be a surjective morphism of smooth irreducible
projective varieties such that:

(i) the fibres of ™ are projective spaces;

(ii) the variety Z := {x € X | dimn~!(z) > dimY — dim X} has codimension
at least 3 in X, and the variety B := w=1(Z) has codimension at least 2 in Y ;

(i) there exists a vector bundle F' on X\ Z such that m : Y\ B ~P(F) > X\ Z
is the structure map of the projectivized vector bundle F'.

Next, let E be a vector bundle on Y, trivial along the fibres of m. Then the
Ox -sheaf m.FE is locally free and the evaluation morphism ev : 7*m.E — E is an
isomorphism.
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Proor. We first show that ev : n*w,F — FE is an isomorphism. For this,
consider an arbitrary open subvariety U C X and its closed subvariety A C U such
that

codimp A > 2. (7.1)

Since X is smooth and Z has codimension > 3 in X, it follows that codimy (ZNA) >
3 and codim—1(ym 1 (ZNA) > 2. Next, (iii) and (7.1) imply codim,—1ym = (Z\
Z N A) > 2. Hence

codim—1nm ' (A) > 2. (7.2)

Let s € HO(U \ A, m.E|in 4) and let § := ¢(s), where ¢ : HO(U \ A, m . E|p 4) =
H(m=Y(U\ A), E|z-1(17\ 4)) is the canonical isomorphism. Since E is a locally free
sheaf on a smooth variety Y, E is normal by [17; Prop. 1.6(ii)], i.e. (7.2) implies
that § extends uniquely to a section 5’ € Ho(wfl(U),E|ﬂ_1(U)). Then s extends
to the section s’ = (§') € H(U,m.E|y), where v : HO(n~Y(U), E|r-1(1)) —
H°(U,m.E|y) is the canonical isomorphism. In view of (7.1) this means that the
sheaf 7, F is normal.

Note that 7, F is torsion-free. Indeed, if the torsion subsheaf Tors(m,E) were
nonzero, then since F is locally free, by (iii) any section 0 # s € H(Y, Tors(m.E))
would be supported in Z. Then the section 0 # 3§ := ¢~1(s) would be supported in
B, i.e. Tors(E) # 0. This contradicts the assumptions that F is locally free and Y
is smooth and irreducible.

Hence, 7, F is reflexive by [17; Prop. 1.6]. Set

E := n*n,E/Tors(n*m,.E).
Proposition 6, together with (iii), implies the existence of an isomorphism
OLIE‘Y\B E).E|y\B. (73)

Now by [17; Prop. 1.1] the sheaf 7, FE can, locally on X, be included in an exact
sequence
0— mE — L; — Lo, (7.4)

with locally free sheaves Ly and Ly. Applying to (7.4) the functor 7* we obtain the
sequence
0—FE—=7n"L; — "Ly

which is exact when restricted onto Y\ B. Hence, this sequence is itself exact as E
is torsion free and the sheaves 7*L; and 7* Ly are locally free. By [17; Prop. 1.1]
this implies that E is reflexive. Therefore, denoting by i the inclusion ¥ \B—=Y
and using the isomorphism (7.3) and [17; Prop. 1.6(iii)] we obtain an isomorphism

B = E2i,(E|y\p) f iv(Ely\p) = E.

This isomorphism is nothing but the evaluation morphism ewv.

It remains to show that 7w, F is locally free. The isomorphism ev implies that
m*m E is locally free. Therefore, for any y € Y, 7 := dimc(y)(7*m.E ® C(y)) does
not depend on y, and consequently, dimg(,) (7. £ ® C(x)) = 7. According to [18; §5,
Lemma 1|, since X is smooth, the fact that dimc(,)(7.E ® C(x)) does not depend
on x € X implies that 7, E is locally free.
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PROPOSITION 8. Let Q,, be a nonsingular n-dimensional quadric in P"T1 for
n =2, and let E be a linearly trivial vector bundle on Q,. Then E is trivial.

PROOF. We argue by induction on n. For n = 2 the proof is easy and is the
same as for a projective space as given in [14; Ch. I, Thm. 3.2.1]. Thus we may
assume that n > 3. Consider a codimension-2 subspace P*~! in P**! such that
Qn_2 = Q, NP" ! is a smooth quadric of dimension n — 2. If n > 4 then E|; is
trivial for any projective line I C @Q,—2, hence E|q, , is trivial by the induction
assumption. For n = 3 the quadric @),,—» is a smooth conic C'. By Bertini’s Theorem
there exists a smooth quadric surface Q2 on Q3 passing through the conic C. Since
E|q, is trivial (being linearly trivial), E|¢ is also trivial, i.e. our claim holds for
n=3.

We will now use the triviality of E|g, , for n > 4 to show that E is trivial. Let
0Q: Q,, — Q,, be the blow-up of Q,, with center at Q,_», and let D := Jél(Qn,g)
be the exceptional divisor. Clearly, D ~ @Q,_o x P! and there is a flat surjective
morphism 7 : Qn — P! fitting in the commutative diagram

D=Qn_oxPlC*sQ, (7.5)

S|

]le

where 7 is the embedding of the exceptional divisor. By construction, there exist two
distinct points 1, ¢y € P! such that the fibre Q,,_1(t) = 7~1(¢) is a smooth quadric
fort € U := P\ {t; Uta}, and Q,—1(¢;) := 7~ 1(t;) for j = 1,2 are quadratic cones
whose vertices are points.

Consider the vector bundle E := ook on Qn By construction, E is trivial
on any projective line | C @Q,_1(t), t € U. Hence, by the induction assumption,
Elg,_.(t), t €U, is trivial. Consequently,

HZ(Qn—l(t)7E(_D)|Qn71(t)) =0,120, dimHl(Qn—l(t)vE
(7.6)
Next, for j = 1,2, let 0 : K; — Q,—1(t;) be the blow-up of the cone Q,_1(t;)
with center at the singular point. Let f; : K; — Qn—2 be the induced P'-bundle,
the fibres of which map to projective lines on @,—_1(¢;) under the morphism o.
Since Et]. = E|Qﬂ,_1(t_,) is trivial along the projective lines on @Q,—1(¢;), it follows
that the bundle EKJ. = U*Et]. is trivial along the fibers of f;. Therefore, for an
arbitrary point z € Q,,—2 we obtain

HY (Qn-2,Ex, ®Cy) = H'(P*,70m) =0, i> 1,
H(Qu_2,Ex,(—0"D) ® C,) = H'(P',rOp (~1)) =0, i > 0.

This, together with the Base-change Theorem for f;, shows that R’ fj*EKj =0 for
i > 1, and Rifj*(EKj (—0*D)) =0 for ¢ > 0. Hence the Leray spectral sequence for
the projection f; yields

HY(Kj, Ex,)=0, i>1, H(K;jEx,(—0"D))=0, i>0, j=1,2. (7.7)

r, if i =0,
Q@) =\ 0, ifix1

)

t e
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Next, one uses the blow-up of the embedded in P™ cone @,—1(t;) C.Ps show
that 0.0k, = Oq,_,;) and RO'*OK = 0, ¢ > 1. Therefore, setting Et =
E|Qn 1(t;)» We have by the projection formula: O'*EK = Et , R O'*EK =0,12>1,
and o*(EKj( 0*D)) = Ey,(—D), R'o.(Ex,(—0*D)) = 0, i > 1. Now the Leray
spectral sequence applied to o shows in view of (7.7) that

(Qn 1( ) th):Hi(Kja;E‘Kj):(L 2217
Hi{(Qn-1(t;), Etj( D)) = H'(Kj, Ex,(—0*D)) =0, i=20, j=1,2.
(7.8)
The equalities (7.6) and (7.8) yield via base change for the flat morphism 7
Rim,E=0,i>1, R'm(E(-D))=0, i>0. (7.9)
The same argument yields base change isomorphisms
by: mE®Cy = H(Quo1(t), Elg, @), teP. (7.10)

Consider the divisor D = Q,_oxP! on Q,, (see diagram (7.5)) and the projections
Qn_2 & Q,_y x Pt 22 P!, By definition, E|p = pri(E|q,_,), hence, since Elg, _,
is trivial, the base change for the flat morphism pro gives the isomorphisms

V' pry.(Elp) = H(Qn-2,Elq, ) ® Ot = C" @ Op, (7.11)
by : pra.(Elp) © Cr = H'(Qu-2,Elg, ,) ~C', teP. (7.12)
Now consider the exact triple
0— E(-D) - E— E|p =0 (7.13)
and its restriction
0— E(-D)lg, &) = Elg. ) = (Elg,_,) ®Cy =0 (7.14)

onto a fibre @,,_1(t) of the projection 7 over an arbitrary point ¢t € P*. Applying
the functor Rim, to (7.13) and using (7.9) and (7.11) we obtain the isomorphism of
sheaves

rp: mE 5 pry, (E|lp) ~ C" @ Opr. (7.15)

In particular, 7. E is a trivial bundle. Respectively, passing to cohomology of the
exact sequence (7.14) and using (7.6), (7.8) and (7.12), we obtain the isomorphisms

rest : H(Qn-1(t), Elg, 1)) = H*(Qn-2,Elq,_,), teP. (7.16)

By construction, the isomorphisms (7.10), (7.12), (7.15) and (7.16) constitute the
commutative diagram

O s pro(Elp) ®C (7.17)

F

Qn 1 )EQw 1(t)) — HO(QTL 27E|Qn 2):(CT
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for t € P!. Next, since E|q, , is trivial, the evaluation map H%(Q,—2, E|g, ,) ®
0g,._, = Elg,_, is an isomorphism, so that its composition e; with the restriction
H(Qn-2,El|q, ,)®0q, @) = H(Qn-2,F|q,_,)®0Oq,_, is an epimorphism for
any ¢t € P! and fits in the commutative diagram

T res;

HO(Qn_l(t)7 E‘anl(t)) & OQn—l(t) ? HO(Q’I’L—27 E|Qn72) ® Oanl(t) (7'18)

TeSQ,, _o

Elg, Elq,_,-

Here we understand Q,,—_o as lying in @,,—1(¢) as a divisor. In particular, through
any point of Q,,—1(t) \ @, —2 there passes a line, say, [ interesecting Q),,—2 at a point,
say y. Therefore, since FE|; is trivial, we have a commutative diagram of restriction

maps
rest

HO(Qn—l(t)a E|Q7z—1(t)) = H()(Qn—Qv E|Qn—‘2)
! -
H°(l, E|;) ————— H(y, E|,).
Hence, p is an isomorphism, and therefore the evaluation morphism ev; in (7.18) is

an isomorphism of sheaves. Composing it with the isomorphism 7*b; : 7*7, E |Qn_1 ()
HO(Qn_l(t),E|Qn71(t)) ® Oq, _, () arising from the left vertical isomorphism in

(7.17) we obtain the (evaluation) isomorphism ev|g, ) : W*W*E|Qn_l(t) SE
Since this is true for any ¢ € P!, we obtain the isomorphism ev : m*m,E = E which
together with (7.15) leads to the triviality of E. Since clearly 00:05 = Oq, it

follows that £ = 0g.F = 0q«(rOg) = rOq, i. e. we obtain the statement of
Proposition.

=

Qn—l(t) :

PROPOSITION 9. Let E be a linearly trivial vector bundle on GO(k, V') or GS(k,V).

Then E is trivial.

PRrROOF. Consider the case GO(k,V). We give a proof by induction under the
assumption that n := W € Z~¢. The case when dimV is odd can be treated
similarly.

For n = 2 we have GO(1,V) ~ P! x P!, GO(2,V) ~ P!, and for these varieties
our claim clearly holds. Therefore we assume that n > 3 and argue by induction on
k. If k=1, GO(k,V) is a (2n — 2)-dimensional quadric in P2"~! so our statement
holds by Proposition 8. Now let 1 < k < n — 2, and recall the graph of incidence
with natural projections

GOk, V) &£ 2B Go(k+1,V) (7.19)

(see subsection 5.1).

Let E be a linearly trivial vector bundle on GO(k + 1,V’). Then the bundle p*FE
is linearly trivial on the fibres of gq. Since these fibres are quadrics, Proposition 8
implies that p*F is trivial on the fibres of ¢q. Furthermore, Proposition 6 yields an
isomorphism ¢*¢,p*E = p*E. Hence, since p*E is trivial along the fibres of p which
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are mapped by ¢ isomorphically to projective spaces P¥ on GO(k, V), it follows that
¢«p*E is trivial along these projective subspaces P* of GO(k, V). Consequently,
¢«p* E is linearly trivial on GO(k, V). Thus, by the induction assumption, ¢.p*E is
trivial. Hence p*FE and E = p,p*FE are trivial.

It remains to consider GO(n,V). Here we employ induction on n. For n = 3
GO(n,V) ~ P3, hence the statement holds in this case. For n > 4, consider the
graph of incidence II,, := {(V1,V},) € Qan—2 X GO(n,V) | Vi C V,,} with natural
projections

Qan—2 & 11, 5 GO(n, V). (7.20)

Let E be a linearly trivial vector bundle on GO(n,V). Then ¢*E is trivial on
lines lying in the fibres of p which are isomorphic to GO(n — 1,C?"~2). Hence ¢*E
is trivial along the fibres of p by the induction assumption. Next, Proposition 6
yields an isomorphism p*p.¢*E = ¢*E. Since ¢*E is trivial on the fibres of p, it
follows that p.q*E is trivial on the projective subspaces P"~! of the quadric Q2 _o.
Therefore p,q¢*FE is trivial on the lines in Q,_2, so it is trivial by Proposition 8.
Finally, ¢*F ~ p*p.q*FE and E = q,q"E are trivial as well.

Proceed to the case of GS(k, V). Substituting GO by GS in diagram (7.19), we
obtain a diagram GS(k, V) Ly b GS(k+1,V), where p is a P*-bundle and q is
a P?27=2k=Lbundle. Respectively, substituting GO by G'S, and Q,,_» by P(V},) in
diagram (7.20), we obtain a diagram P(V,,) & II’, % G'S,,. This enables us to carry
out an argument very similar to the one for GO(k, V).
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