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Abstract

The main purpose of this Bachelor’s thesis is to understand and simplify certain combinatorial results in
the study of tensor representations of the locally finite Lie algebras sp . and so.,. We focus on the socle
filtrations of injective tensor sp. —,50.,—modules and on minimal injective resolutions of simple tensor
5P, —, 5000 —modules. In particular, we give direct formulas for the lengths of such filtrations and resolutions.
We also describe the top socle layer and the last injective resolution term, with statements that do not depend
on the algorithmically-computed Littlewood-Richardson coefficients.
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1 Introduction

For the finite-dimensional complex Lie algebras sp(2n) and so(n), all finite-dimensional representations form
a semisimple category according to Hermann Weyl’s semisimplicity theorem. However, in the case of the clas-
sical infinite-dimensional locally finite Lie algebras sp_ and so.., there are no non-trivial finite-dimensional
representations. Natural analogues of finite-dimensional representations are the tensor representations and,
as shown in [PS11], these do not form semisimple categories.

Indecomposable injective objects, as well as injective resolutions of simple objects in the respective categories
of tensor sp,,— and s0,,—modules have been studied in detail ([PS1I], [DCPS], [SS15]). The published ex-
plicit formulas for the layers of the socle filtrations of injective objects and for terms of injective resolutions
involve Littlewood-Richardson coefficients. These coefficients are computed algorithmically and require sev-
eral steps for checking whether or not they are nonzero. Hence the socle layers of injective tensor modules,
as well as the terms of injective resolutions, are difficult to study without the usage of a computer program
with an implemented Littlewood-Richardson coefficient calculator.

In this Bachelor’s thesis, we are simplifying some aspects of the already known theory, by producing direct
descriptions of modules appearing in the top layers of the socle filtrations of injective sp_,—, §0.c —modules,
and in the last terms of minimal injective resolutions of sp_.,—,s0.,—modules. Additionally, we provide
explicit formulas for the length of the socle filtrations and the length of minimal injective resolutions of such
modules. These formulas do not depend on Littlewood-Richardson coefficients and are written directly in
terms of the partition A that determines the respective sp. —, 50, —module I'y (as defined in section 2).

On an organizational note, this thesis starts with introducing the necessary background in combinatorics and
algebra, using [FH91] and [PSTI] as main references for the theory. Section 3 includes a discussion of socle
filtrations, using the theorem describing the socle layers of an injective tensor sp_ —module ([PS11]) as a key
starting point. We provide a more explicit version of this theorem by finding the length of the socle filtration,
and then describe some direct summands of the last socle layer, that are guaranteed to appear. Section 4
presents an algorithm for computing injective resolutions, a combinatorial result involving column-quasi-
symmetric partitions, and some consequences of the description of the terms of minimal injective resolutions
of simple tensor sp.,—modules given by [SS15]. In Section 5, we showcase the analogous results for the Lie
algebra so0,,. We complete the thesis by a brief conclusion and a possible future research question.

As an appendix we present computer-generated examples of minimal injective resolutions of simple tensor
5P, —modules.

2 Preliminaries

2.1 Partitions, Young diagrams, and Littlewood-Richardson coefficients

This thesis studies combinatorial aspects of injective tensor sp.,—, 50, —modules, and we start with some
necessary background for understanding the Littlewood-Richardson rule for semistandard skew tableaux. In
this section, we make use of [FH91] and [And9§| for the theory, and present it in a similar manner to the
Bachelor’s theses [Zok| and [Wei].

Definition 2.1 (Partition). A partition A\ of n is a finite non-increasing sequence of positive integers
T —_
A1y A2y ooy Ay such that > A = n. We use the notation A = (A1, A, ..., \), and say that the \;, fori=1,r,
i=1
are the parts of the partition A.

A useful way to compare partitions is by the lexicographic order (more details in [wika]).

Definition 2.2 (Lexicographic order on partitions). Let A = (A1, s, ...) and p = (u1, p2,...) be two
partitions. We say that A\ precedes p or pu succeeds A in the lexicographic order, and write X <jep W or
W >1ex A, if A £ poand for the smallest k where A\ # pup we have Mg < pig.



Each partition A can be represented graphically via a Young diagram. Such diagram consists of finitely
many boxes, organized in succeeding rows. For A = (A1, Ag, ..., \;), the i*® row has \; boxes.

Row 1 | A1boxes
Row 2 N A2boxes

Row r I:l I:l Arboxes

Figure 1: Young diagram of A = (A1, A2, ..., Ar).

Example 2.3. Let us look at A = (4,4,2,1) which is a partition of 11. The Young diagram of X\ has two
rows with 4 boxes, a row with 2 boxes, and a final row with 1 boz.

Figure 2: Young diagram of the partition (4,4,2,1).

A Young tableau is a Young diagram with boxes filled with numbers from 1 to the degree of the

”
partition [A| := > A,.
i=1

Definition 2.4 (Subpartition). Let A = (A1, \a,...,\.) be a partition. We say that a partition p =
(11, 2, -y pis) @8 @ subpartition of X if s <r and p; < A, for 1 <i<s.

Remark. If p is a subpartition of A, then the Young diagram of p is graphically included in the Young
diagram of X so that the top left boxes of both diagrams coincide.

Example 2.5. Let us draw the Young diagrams of A = (4,4,2,1) and p = (4,2,1,1) (one of the subpartitions
of \) according to our graphical convention. The highlighted bozes are part of both Young diagrams.

Figure 3: The Young diagram of (4,4,2,1) and the Young diagram of (4,2, 1,1) with highlighted boxes for
emphasising the subpartition property.

Given a Young diagram corresponding to partition A = (A1, Aa, ..., A;-), we can transpose it (reflect it by the
main diagonal) to obtain the transposed Young diagram - this corresponds to the conjugate partition
AT. Moreover, |A| = |[AT| and

M =(rroor, r=1r—1,..,r—1,..., 1,1,...1 ).
N—— N——
Ar times Ar—1 — A times A1 — A2 times



Example 2.6. Given A = (4,3,1,1,1), we draw its Young diagram and then transpose it as in the figure ,

transpose

Figure 4: The Young diagrams of the partition (4,3,1,1,1) and its conjugate

The transposed diagram is the Young diagram of the partition

M =(5,2,2,1)=( 5 7 2,2 : 1 ),
~ ~— ~

As = 1 time A2 — A3 = 2 times A1 — Ao =1 time

and |\ = |A\T] = 10.

Another operation we can do on partitions is multiplication by a positive integer. For A = (A1, A, ..., \,.)
and some natural number k, we define kX as the partition (kAi, kXg, ..., kA,).

Lemma 2.7. Given a partition \ and its conjugate \T', the Young diagram of (kA)T is obtained from the
Young diagram of A\ by repeating each row of NI k times: if AT = ((A\T)1, AT)a, ..., AT ), then

ENT = (AT, A1, o, AL A2, A2, o, ATy oy AT YA ) s ooy W) ).

k times k times k times
Proof. Straightforward. QED
Example 2.8. Given A = (4,3,1,1,1), we have 2)\ = (8,6,2,2,2). Hence, by computing the conjugate par-
titions, we obtain AT = (5,2,2,1) and 2\T = (5,5,2,2,2,2,1,1). See ﬁgure@

Figure 5: Young diagrams for AT = (5,2,2,1) and 2AT = (5,5,2,2,2,2,1,1).

Next, we introduce some special types of partitions, which will be particularly useful in section 4 of this
thesis when discussing injective resolutions of sp_—modules. We define them according to the description
in [SST5], and give examples in figure [6]



Definition 2.9 (Column-quasi-symmetric partitions. Row-quasi-symmetric partitions). Let \ be
a partition. We say that X is a column-quasi-symmetric (CQS) partition if for each box b along the
main diagonal of the Young diagram of A, the number of boxes below b in the same column minus 1 equals
the number of boxes to the right of b in the same Tow.

In a similar manner, X is a row-quasi-symmetric (RQS) partition if for each main diagonal box b, the
number of boxzes to the right of b on the same row minus 1 equals the number of boxes below b in the same
column.

Figure 6: Young diagrams for a CQS partition (left) and a RQS partition (right). The boxes on the main
diagonal are highlighted.

Before introducing the Littlewood-Richardson rule, we introduce Schur polynomials. These form a basis
of the vector space of homogeneous symmetric polynomials of degree n in k variables xz1,xo,...,xx. The
Schur polynomials are used in the theory of symmetric functions and in representation theory - more details
can be found in [FH9I] (Appendix A, and chapter 1.4). However, we will focus on the fact that they are
indexed by partitions, and will provide explanations and relevant examples to showcase the connection with
Young diagrams.

Definition 2.10 (Schur polynomial). Let A = (A1, A2, ..., \.) be a partition of n. Fiz a posilive integer
k> n and set \py1 = Apy2 = ... = Ay = 0. The Schur polynomial corresponding to A and in variables
T1,T2, ..., Tk 1S _

(@3 1<ij<n)|

k_
Sy = A ;
MAk—1  Ai+k—1 A+k—1
2 - 2 - 2 -
N x] x5 o,
where |((z}* Ji<ij<k)| = det and A= ] (2 —xj).
. : . : 1<i<j<k
Ak Ak Ak
x] x5 xy,

Remark. Note that deg S¥ = n.

Example 2.11. Let us look at the Schur polynomials of degree 2 in 4 variables x1,x2,x3,x4. The partition
set we are interested in is {(2), (1,1)}. Our Schur polynomials are:

G4 . 2 2 2 2
(2) "= 77 + x5+ 23+ ) +21T2 + T1T3 + 1204 + T2x3 + T2y + T3y,
521171) = X1To + X1X3 + T1X4 + o3z + ToXy + T324.

Next, we explain how the product of two Schur polynomials is expressed as a linear combination of Schur
polynomials. First, we take a basic example of multiplying the polynomials above by Sé), and then we

present the Pieri formula for multiplying a Schur polynomial with another Schur polynomial corresponding
to a partition of length one (row-partition).

Example 2.12. We multiply the Schur polynomials of degree 2 in 4 variables (from example by the
Schur polynomial of degree 1 in 4 variables Sé) =11 + xo + x3 + 4. The result is:



Sé) ~Szll) = (3 +as+ad+ad) +2(aivotatrstatoytade oy tairstain, Fadvatadestaie Faivetaiasaias)

+3(z12923 + T1T2x4 + T123T4 + TaT3xy) = 5?3) + 5?271),

Séll,l) . S?l) = (2320 + 2ix3 + 23wy + 2301 + 2drs + viry + viey + adve + advg + 2ivy + 2ivg + 2ig)

+3(x12223 + T1X2Xs + T1T3L4 + T2T3T4) = 521271) + S?1,1,1)~

Theorem 2.13 (Pieri’s formula). Let A = (A1, A2, ..., \.) be a partition, let (m) be a row-partition, and
let k > |\|. Then, by multiplying the Schur polynomials in k variables S§ and Séfm) we obtain

k ak k
Sx +Sm) = ZSH’
w

where the sum is over all partitions p of length v and of length v+ 1 such that, respectively, 1 > A1 > pg >
Ao > > e > A 0r i > A > o > Ao > 2> e > A > ey and |p] = [A] +m.

Equivalently, the theorem shows how the Young diagrams of the resulting partitions p are obtained by
attaching the m boxes from the Young diagram of (m) to the Young diagram of A so that no two attached
boxes are on the same column of the resulting Young diagrams. We will refer to this as Pieri’s rule on
Young diagrams.

Example 2.14. Let A = (3,2,2,1). We want to attach the three boxes from the Young diagram of (3) the
Young diagram of \. According to the Pieri formula,

S22,1) S5 = Sle22) T 9(5,321) + 55222+ SGa211) T 81522 FS(us211) S22 T 5(522,1):

which leads to the resulting set of partitions {(6,2,2,1),(5,3,2,1),(5,2,2,2),(5,2,2,1,1), (4,3,2,2),
(4,3,2,1,1),(4,2,2,2,1),(3,3,2,2,1)}. The resulting Young diagrams are the ones in figure m where the
attached boxes are highlighted.

[ [ =

E

Figure 7

While Pieri’s formula is a useful tool to multiply any Schur polynomial by a special Schur polynomial
indexed by a row-partition, we need a generalized version for multiplying arbitrary Schur polynomials. We
can express the product as a linear combination of Schur polynomials with coefficients N’;, s @S follows:

Sy SE =Y "Ni_sk. (1)
I

Remark. When 7 is a row-partition, then N¥ , = Ni ) equal either 0 or 1.



The coefficients N \ are called Littlewood-Richardson coefficients and they can be computed either
from the expansion of the product of Schur polynomials, or with a combinatorial method involving Young
diagrams ([FH9I] Appendix A). The combinatorial definition of the partitions u which appear in the right-
hand-side of the expression , is as follows:

Definition 2.15 (A—expansion of a Young diagram). Let A = (A1, Ag, ..., \.) be a partition considered
as a Young diagram. A A\—expansion is a Young diagram (or a partition) p partially filled with numbers,
obtained by following the steps:

e add A1 boxes to the Young diagram of p according to Pieri’s rule, and write number 1 in these boxes;

e add Xy bozes to the Young diagram obtained in the previous step, following Pieri’s rule. Then write 2
in those bozes;

e continue until the final A, bozes filled with number r are added to the Young diagram, according to
Pieri’s rule.

Let t be any number in {1,2,...,|\|}. We say that the expansion is strict if, among the first t entries from
right to left, and from the top row to the last row, each integer k between 1 and r — 1 appears at least as
many times as the number k + 1.

Example 2.16. In this example, we will look at all strict (2,1)—expansions of the partition (4,3). They
appear in the right-hand-side of the following product of Schur polynomials:

Stis) Sta1) = Sleay + S(63.1) + S(s.5) T 285,40 T S(.3.2) T S50 T Saaz) T Sty TSz

In terms of expansions of Young diagrams, we obtain the same results, as all possible strict (2,1)— expansions
of (4,3) are in figure[§

1]1] [1]1] 1 1 1

[1] [1]

112 1 112 1 101

2] 2] 2

Figure 8: The strict (2, 1)—expansions of (4,3). The 2 boxes with number 1 highlighted in yellow, and the
box with number 2 in grey, for emphasis of the Pieri rule.

Theorem 2.17 (Littlewood-Richardson combinatorial rule, [FHO1]). Given three partitions u, A, 7,
the Littlewood-Richardson coefficients N' ., represent the number of ways the Young diagram for u can be
obtained by a strict y—expansion of the Young diagram of .

We notice that the theorem helps us find all partitions p that can be obtained by attaching v to A - these are
all partitions with nonzero Littlewood-Richardson coefficient, i.e. with N ”7 # 0. However, we can state the
Littlewood-Richardson combinatorial rule in another manner, too. For this, we follow the outline presented
in the Bachelor’s theses [Zok| and [Wei].

Let A be a partition and p be an expansion. We can look at the set-theoretic difference of these Young
diagrams. The remaining skeleton of boxes is called a skew diagram of shape p/\.



Definition 2.18 (Semistandard skew tableau). Let A, v, u be partitions such that A is a subpartition of
wand |y| = |u| — |A]. A semistandard skew tableau of shape p/X\ and weight 7 is a skew diagram filled
with numbers such that:

e cach positive integer k < |y| occurs exactly i, times,
e cach column’s entries are strictly increasing (left to right),
e each row’s entries are weakly increasing (top to bottom row).

Moreover, if after removal of one or more leftmost column we still have a semistandard skew tableau, then
our semistandard skew tableau of shape /N and weight v is called a Littlewood-Richardson tableau.

Then, all partitions y for which N} ,, 7 0 can be found through Littlewood-Richardson tableaux. Addition-
ally, we can rephrase the combmatorlal rule as follows:

Theorem 2.19 (Littlewood-Richardson combinatorial rule, [wikc]). Given three partitions u, \,~, the
Littlewood- Richardson coefficient N)\“ﬁ is equal to the number of Littlewood- Richardson tableauz of shape pu/\
and weight ~.

Corollary 2.20. The conditions for a strict y—expansion of a Young diagram of A to the Young diagram
of u are equivalent to the conditions in the definition of a Littlewood-Richardson tableau of shape pu/\ and
weight 7.

2.2 Modules and socle filtrations of modules

In order to introduce the notions of socle filtrations, we need to discuss some algebraic background. We will
follow the structure of the early preliminaries sections in [Zok] and [Weil.

Definition 2.21 (Module over a Lie algebra). Let g be a Lie algebra. A g—module M is a vector space
equipped with a bilinear map g X M — M, (x,m) — - m satisfying

[,y m=z-(y-m)—y-(xz-m), Vr,y€g,Vme M.

Let us take an R-module M, where R is a ring or a Lie algebra.

Definition 2.22 (Simple module. Semisimple module). Let M be a nonzero R—module. We say that
M is a simple module if it does not have any proper submodules.

We call M a semistmple module if one of the following equivalent conditions is satisfied:
o M is a direct sum of simple submodules, or
o M is the sum of all its simple submodules, or

o Any submodule My C M admits a direct complement My C M (i.e. M = My ® M ).
The equivalence of the conditions in the definition above is proven in [Lan02] (chapter XVII).

Definition 2.23 (Indecomposable modules. Decomposable modules). Let M be a nonzero R—module.
If M cannot be written as a direct sum of two nonzero submodules, then it is called indecomposable. Oth-
erwise, it is decomposable.

10



Definition 2.24 (Filtration of a module). Let M be an R—module. A filtration of module M is a
sequence of nested submodules of M

..CM;_1CM;C Mi+1 C ...

If the filtration is strict, i.e. if M;_1 # M;, for all i, then the number of indices is the length of the
filtration.

For the rest of this section, we will be concerned about a particular type of filtration: the socle filtration.
We will use the theory and notation in [PS11] for these concepts.

Definition 2.25 (Socle of a module). We call the mazimal semisimple submodule of an R-module M the
socle of M, and write soc M. By the above equivalence condition, the socle of M is equal to the sum of all
simple submodules of M.

Definition 2.26 (Socle filtration). We define the socle filtration of module M inductively, as follows:
e socV) M = soc M,
e Fori>2, socM = p~(soc(M/soc""VM)), where p is the natural projection.

We say that the socle filtration of M is exhaustive if | J; socW M = M.

Remark. Note that soc M does not need to exist. (e.g. C[z] as a C[z]—module does not have any simple

submodules, hence its socle does not exist.)

Definition 2.27 (Socle layers). Let M be an R—module with finite and exhaustive socle filtration
socVM c ... € soc™ M = M.

We call the quotients of consecutive terms socle layers. They are denoted by

506 M = socV M/soc"=V M.

Example 2.28. Let A be an arbitrary but fized n X n matriz such that its Jordan normal form has Jordan
blocks only of size k. Let Clx] act on C™ by left multiplication with A:

U1 U1

V2 V2
T — A

Un Un,

Let us compute the socle filtration of C". First, we denote the eigenvalue corresponding to the i-th Jordan
block by A\;, where 1 <1i < & =: m. We notice that each eigenspace will be a semisimple submodule, and that
the eigenspace ker(A— \I) is spanned by one or more linearly independent eigenvectors of \;. Hence, using
the inductive construction and denoting by Cy the copy of C corresponding to eigenvalue X\, we obtain:

50cDC" = Cy, & Cy, @ ... & Cs..,
socPC" = CX 00, 0. 003,

socFC™ = C’;l ® (Clﬁ\2 .0 (C’f\ =C".
The socle layers will be
50¢C" = s0cVC" /s0c"VC" = Cy, ®Cr, @ ... & Cy,,

and we can represent all of them in the following table:

11



Cr,®Cyr,®...8C,y,

(C>\1 D (C)\Z D...D (C)\m
Cr,®Cy,®...8C,y,,

2.3 Injective resolutions

Next, we present some concepts from homological algebra that will be used in section 4 of the thesis. As
reference we use [Wei94], [Pha), and [wikb].

Let C be a full subcategory of the category of left R—modules, where R is a ring or a Lie algebra. All
modules in this section are assumed to be objects of C.

Definition 2.29 (Injective object in a category of modules). A module M in C is injective in C if it
satisfies one of the following equivalent conditions:

o if M is a submodule of the left R—module N, then there exists a submodule P of N such that M@ P = N
e any short exact sequence 0 — M — N — P — 0 of left R—modules splits

o If X,Y are left R-modules, f: X — Y is an injective module homomorphism and g : X — M is an
arbitrary module homomorphism, then there exists a module homomorphism h :'Y — M such that the

following diagram commutes:

0*>XL>Y

b

e Hom(—, M), is an exact contravariant functor from the category of left R-modules to the category of
abelian groups.

Definition 2.30 (Injective hull). An injective hull of an R—module M is a minimal injective module
containing M.

Definition 2.31 (Right resolution. Injective resolution). Let M be a left R—module. A right reso-
lution of M is an exact sequence of R—modules

0—M—=T"—T1*— .. = 1"— ..
The resolution is called injective if each I’ is an injective R—module.
Note that if each I’ in the injective resolution is the injective hull of the cokernel of the previous map, then
we say that the injective resolution is minimal.
Injective resolutions help us define the derived functor Ext.
Definition 2.32 (Ext groups). Let B be a left R—module. For an injective resolution
0-B—-I">T'— ... 51— ..,

there exists a corresponding complex

0t Hompg(A, 1) ELEEN Hompg(A, 1Y) LEEN ey

where A is an R—module. For i > 0, the it" Ext-group Exti(A, B), is the it" homology of this complex,

i.e.

Exth(A, B) := ker(h') /im(h*™1).

Proposition 2.33. The Exti(A, B) groups do not depend (up to isomorphism) on the choice of injective
resolution of B.

12



2.4 'Tensor representations of gl sp_, and so,

Next, we introduce the necessary background to understand the tensor representations of the classical locally
finite Lie algebra gl ., 5P, and s0.,. More details can be found in [PS1I] and [DCPS].

Let V.V, be countable dimensional C—vector spaces, and let < -,- >: V ® V, — C be a non-degenarate
pairing. Then, the Lie algebra gl is defined as the vector space V ® V.. equipped with the Lie bracket

[u@u*vRv]=<u",v>uRv'— < v u>vQu’, u,v € V,u*,v* € V,,

and the Lie subalgebra sl of gl is defined as the kernel of the map < -,- >. We can also provide a
coordinate definition of gl by giving its linear basis. It is shown in [Mac| that we can find dual bases
{€itiey and {; }icy of V and Vi, respectively, indexed by J countable, and such that < £,&; >= d; 5, for
i,j € J. Thus, the linear basis of gl is {Ei; = & ® & }ijey and [E; j, Ex ] = 05k Ei 1 — 0i1 By 5.

Assume in addition that V' is equipped with a non-degenerate anti-symmetric bilinear formon Q : V@V — C.
The simple finitary Lie algebra sp.. is the Lie subalgebra of gl for which €2 is invariant. This means by
definition that

spo ={g € 9l | Qgu,v) + Qu,gv) =0, Yu,v € V}.

By [Mac], all non-degenerate symplectic forms on V are equivalent, hence sp_, does not depend up to iso-
morphism on the form 2.

For a coordinate definition of sp., we are able to choose a basis {&;}icz—qoy of V' such that Q(&;,&;) =
sgn(i)d;+j.0, and then a linear basis of sp, given by {sgn(j)E;; — sgn(i)E_; _;}. It follows that

sp., = Sym?V.

Alternatively, assume that V is equipped with a non-degenerate symmetric bilinear form @ : V@ V — C.
The Lie algebra sp is the Lie subalgebra of so., for which @ is invariant, i.e.

S000 = {9 € gl | Q(gu,v) + Q(u,gv) =0, Yu,v € V'}.

Again by [Mac], all such bilinear forms ) on V are equivalent.

We pick a basis {{; }iez—qoy of V such that Q(&;,&;) = dirj0- Then {E; j — E_j _;}; jez—qoy is a linear basis
of s0,. In particular,
2
§050 = /\ V.

Now, we briefly discuss the concept of Schur-Weyl duality following [wikd] and [FH91]. Consider the
vector space V" =V @ V ®...® V for some positive integer n. The symmetric group &,, acts on V®" by
permuting the factors:

c- (11 RV ®...Qu,) = Uop=1(1) @ Vg-1(2) @ ... ® Vg—1(p)-
The Lie algebra gl also acts on V&
- (M1 ®V2®...QUV,) =gV QU2 Q... QVp + V1 B GU2 ® ... AUy + ... + V1 QU2 ® ... ® gUp,.

Denote by V), the irreducible representation of &,, corresponding to a partition A with |A| = n ([FHII]). We
define my to be the dimension of V), and define the simple tensor gl —module I'y as

Ly :=V®"®e, Vi,
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see [wikd]. Additionally, it follows that the semisimple decomposition of V®" as a gl ,—module is

V®n = @m,\l“,\.
A

The irreducible gl,,—module I'y can be considered as an sp.,—module or an so.,—module. In general, it
becomes reducible, but always has simple socle. Those simple socles are denoted respectively by 'y~ for
sp., and I'1y for s0,.. See [PS11] for more details.

Next, let T the tensor algebra of the space V. Any finite-length sp.,—module (respectively s0.,—module)
isomorphic to a subquotient of a finite direct sum of copies of 7', is an sp,,— tensor module (respectively
an 50— tensor module). We denote the corresponding categories of tensor modules by Csp . and Cso . It
is shown in [DCPS] that the modules I'y are injective in both categories Csp . and Cs,_ . Moreover, due to
the fact that any tensor module has an exhaustive socle filtration, we know that I'y is indecomposable and
that it is an injective hull of ' x5 in Cgp__, and an injective hull of I'jyj in Cso,,

3 Length and top layer of socle filtrations of injective tensor sp__-
modules

We start by recalling the formula for the socle layers of the injective tensor sp.,—module T'y.

Theorem 3.1. [PS11|], [DCPS] For any partition A, the sp..—module Ty is an injective hull of T <y~ and
s hence indecomposable. The socle layers of 'y are given by

W’H_lr,\ = @ Z NZ\,(Q,Y)T 1—‘<u> fork=1,.., [g} )= |)‘|

o \lvl=k

Example 3.2. The table below shows the socle layers of the sp,,— module I'(321,1):

l—‘<(1)>
21> @lcaan>
I'32)>®Pl221)>PMc@11)> T3>
Ic32.1,1)>

In more detail: the degree of (3,2,1,1) is 7, so according to Theorem we can have at most 1+ [%} =4 socle
layers. We know from section 2 of the thesis that Toch(&z,lJ) =soc'3211) =<@32,1,1)>- In the second
layer we need to use a degree 2 partition of the form (2v)T, and the only one is (1,1). We are interested in find-
ing the subpartitions u of (3,2,1,1) for which there exists at least one Littlewood-Richardson tableau of shape
(3,2,1,1)/(1,1) and weight pu. The only possible such subpartitions are (3,2),(2,2,1),(2,1,1,1),(3,1,1), and
the second socle layer is:

__9 3,2,1,1) 3,2,1,1) 3,2,1,1) 2,1,1) _
50C°I(3,2,1,1) Né?, 2), (1l <(3.2 >@NE2 21),(1,n) <221 >@1\ﬂ(2,1,1,1) RRILEICES! 1)>@N§3,1,1) anl<eiys> =

=T'c32)>®lc221)>®Mc211,0)> ® <@ 1,1)>-

The next two socle layers are computed in a similar fashion:
— 3,2,1, 1 3,2,1,1) 3,2,1,1)
5003F(3,2,1 1) NEQ 1), <(2 1)>@N§2 2),(1,1, 1)F<(1,1,1)>@N<(1)1,1’1 (3’2,1,1)F<(2,1)> =2c2)>®<,1,1)>s

_ 3,2,1
5OC4F(3,271 1) N§2 2.1, 1 (1)F<(1)> =Ty

14



Theorem computes the length of the socle filtration of the injective tensor module I'y only implicitly.
Our first result in this thesis is the following explicit formula (proposition [3.4]) for the length of this socle
filtration. For this, we introduce the notion of even degree of a partition.

Definition 3.3 (Even degree of a partition). Given a partition A = (A1, Aa, ..., A), let |A|€U¢"™ denote
the sum of the entries on even positions \a, A4, g, ..., and call it the even degree of \.

The following is our first result:

Proposition 3.4. For any partition A, the last nonzero socle layer in the socle filtration of the sp . -module
F)\ 18:

5o =D | Do Nar | Tans Jor k=17
#o \l=k

Moreover, the module T' < ()~ with s = [A| — 2|A\|*"*™ is always a simple constituent of the last nonzero socle
layer and appears with multiplicity one.

Proof. We divide the proof into two steps: showing that §6¢**1Ty is indeed nonzero for k = |\|***", and
proving that 5oc* 1Ty = 0 for any k > |A|*’*™. For both steps we need to find the maximal (2v)” subparti-
tion of A = (Ah )\2, ceny )‘7")

Let r = 2m or r = 2m+1 for some positive integer m. Then the even degree of A is |A|¢7¢™ = Ao+ Ag+...+ Ao
We claim that the unique maximal subpartition of A of type (2v)T has degree 2|\|*V*" and is

(27)?nax = (>\27 )\23 A47 )\47 ) )\Qma )‘2m)~
We first show the maximality and uniqueness of the partition (2v)Z .. Suppose that n = (27)T is a
subpartition of A, for some partition v. Then 7 has even length 2p and 19,1 = m2; < Ag; for any ¢ <
min(m,p). Thus

min(m,p) m
|77| =2 Z 24 S 22)\21 = 2|>\|even.
i=1 =1

Equality holds only when all inequalities 72; 1 = 72; < Ag; are equalities and m = p. Therefore, 12,1 =
72; = Ag; for 1 <4 < m is the only situation which leads to a subpartition of the form (27)T of \ of maximal
degree, hence (27)T . = (A2, A2, Mgy Ad, oy A2, Ao ) is indeed the only such subpartition of .

max

Since (27)L ., has degree 2|\|¢**", we conclude that N2,(27)T = 0 for any partition p of degree less than

I\ = 2|A[¢ve™, i.e. that any (k + 1) socle layer of 'y is zero for k > |\[evem,

Next, we need to prove that soc* 1Ty = P ( > N27(27)T> I, is nonzero for k = [A[**". For this, we
mo\Ivl=k

only need to show the existence of a partition p for which N

(27 ha
(s) for s := [A] =2 |A]ve™ = |A| — [(27)L,.|- Then we can conclude from Pieri’s rule on Young diagrams

that N(AS)’ (2y)r. =1, since we are attaching the boxes from p only on the odd-numbered rows of the Young
diagram with no overlap on the columns. This means that I'<(s)> appears in the top layer of the socle
filtration with multiplicity 1.

> 0. We take p to be the row-partition

QED

We now prove a stronger result concerning the last socle layer of I'y.
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Proposition 3.5. Let A = (A1, A2, ..., \.) be a partition. If r = 2m for some positive integer m, we pick
the nonzero values among the set of differences {\1 — Ao, A3 — Ag, ..., Aam—1 — Aam }. If r =2m + 1 for some
positive integer m, we pick the nonzero values from { 1 — A2, A3 — Agy .oy Aam—1 — Aam, Aam+1}. Rearranging
these nonzero values in a descending order, we obtain a partition (y1,ys,...,y1). Then for any partition u
with b >1ee (Y1,Y2, - U1), 11l = [(y1,92, ... y)|, and of length at most |, the simple sp . —module T' <>
appears in the last term of the socle filtration of T'y.

1
Proof. The case where = (> ;) is described in the last proposition. For the general case, we need
i=1
to show that we can find at least one Littlewood-Richardson tableau of size A/(27)%
H = (/1'17/1'27 "'7/1/t) Zlex (y17y23 ey yl)7 t < I. The skew diagram of size )\/(2’Y)T
length 1, so the Littlewood-Richardson rule is easier to check.

mae a0d of weight

mae contains only columns of

We construct such a Littlewood-Richardson tableau of size A\/(2y)T . and of weight (1,2, ..., ) by
placing the numbers 1,1, ...,1,2,2,...,2,...,t,t,...,t in a step-by-step manner. In the procedure we describe
——— —— ——
(1 times  po times py times
below, we count the rows from the bottom row to the top row of the skew diagram, and say that a row is
incomplete if it has at least one box with no number written inside it.

1. This is a recursive procedure. In the rightmost empty box of the first incomplete row, we write the
greatest number z from the unplaced numbers of the multiset 1,1,...,1,2,2,...,2,...,t,t,...,t corre-
——— —— ——
p1 times  po times e times
sponding to the weight p. In the rightmost empty box from the next incomplete row above, we write
x — 1, and so on until placing 1. We repeat this step until all the boxes of the tableau are filled. Note
that the total number of steps we need to place all numbers is p, and the number i € {1,2,...,t} is
fully placed in the boxes of the tableau exactly when performing the first p; steps.

2. After all numbers are placed, some rows may may not be monotonous. We rearrange the boxes of
those rows so that each row’s entries are in a non-strict increasing order from left to right.

After applying this algorithm, one can immediately observe that the equivalent conditions from definitions
and are satisfied, and the statement follows.
QED

We conjecture that, apart from the modules described in the proposition above, there are no other modules
in the last socle layer. While we do not have a proof for this, it is confirmed by multiple examples done via
programming.

Example 3.6. Let us use the step-by-step construction described in the proof of Proposition[3.5 to fill in the
bozes of the skew diagram of shape (18,16,16,12,12,10,10,4,4)/(16,16,12,12,10,10,4,4), where the parti-
tion of nonzero differences is (6,4,4,2,2). We will look at a particular example of tableau with weight given
by partition p = (10,6,2) >, (6,4,4,2,2). The length of the partition p is 3, so the boxes will only contain
the numbers 1,2, and 3.

Recall that we are counting the rows from the bottom row to the top row. Applying step 1 for the first time,
we place 3 in the rightmost box of the first (lowest) row, then we place 2 in the rightmost box of the row
above, and 1 in the rightmost box of the third row. Then, we repeat the process with the rightmost free boxes
of these incomplete rows. Note that we are done placing the number 3, after exactly us = 2 algorithm steps,

as in figure[9
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Figure 9

Next, we consider the remaining empty boxes and start writing the unplaced numbers

pn1—p3=8 times po2—pusz=4 times

In the next two steps, we place 2 twice in the first incomplete row, and 1 twice in the row above. The row
where 2 was placed now has no more empty boxes. The next two steps place the last appearances of 2 in the
bozxes of the new first incomplete row (here, row 2) - its entries end up being 2,2,1,1,2,2, making the row
non-increasing. The two placements of the number 1 which correspond to the last 2 entries will be in the
bozes from the above incomplete row (here, row 4). These last 4 steps can be understood through the figure
below.

[T1 L[]

;;7J
Figure 10

After this, we have to place 1 in the remaining four boxes. We rearrange the boxes of the non-monotonous row
of the tableau such that they are in an ascending order, and obtain the desired Littlewood-Richardson tableau.

IE 1

1] ]

HEIEEE

2[21[1]2]2

1[1‘2|2‘2‘2

HHBE ]z []5
Figure 11

One can see that, even with the rearrangement of the entries of a row, the strict p—expansion rule is still
satisfied, as each number has all its predecessors written in upper rows. This shows that counting any set
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of bozxes (from top to bottom, right to left), 1 appears at least as many times as 2 and 2 appears at least as
many times as 3. The property is emphasized in the colour-coordinated figure below.

;

11

1]1[2]2]2]2

Figure 12

Corollary 3.7. For any partition X\, the trivial representation I' g~ is a simple constituent of the last
nonzero socle layer in the socle filtration of the sp_, -module Ty if and only if X\ = (27)T for some partition
~. Furthermore, I' c¢~ is the only term in the last socle layer of Ty and appears with multiplicity 1.

Proof. Straightforward. QED

Corollary 3.8. Let A be a partition such that the partition of nonzero differences as defined in Proposition
has length one, i.e. has the form (y1). Then the last nonzero socle layer in the socle filtration of the
5P -module Iy equals T'(,,)~. Moreover, these modules Iy are the only ones with simple last socle layer.

Proof. Let (2y)T .. be the unique maximal subpartition of A of form (2v)”. Then the semistandard skew
tableau of shape \/(27)% ., will be a row with y; boxes. The only Littlewood-Richardson tableau of this
shape islthe one with weight (y1), and N?Qv)ﬁ,a,@,(yl) =1 b-y Pieri’s. rolo on Young diagrams. So, I'c(y,)>
appears in the last socle layer of the socle filtration of I'y with multiplicity 1.

Suppose there exists a partition 7 such that the partition of nonzero differences (y1,v5, ...,y;), defined as
in Proposition has length at least 2. Then from the same proposition, we know that L ewwy)>
appears in the last socle layer. By Proposition @ Pyt 4y)> 18 a simple constituent of the last socle
layer too, and F<(y/17yé7__”yl/)> and F<(yi+yé+-~+yi)> are nonisomorphic. Therefore, if the partition of nonzero
differences has length strictly greater than 1, then the last layer of the socle filtration of I';, has at least two
direct summands. QED

4 Length and last term of the minimal injective resolutions of
simple tensor sp_—modules

In this section, we are concerned with minimal injective resolutions of sp_ — modules. In particular, we want
to find the length and explicitly describe the last term of such resolutions.

We start by describing an algorithm for computing minimal injective resolutions of simple tensor sp_,, —modules.
Let us denote by F’}\ the k-th term in the injective resolution

Qg

0> Tons =50 =T 25T, 25 25 T5 — 0.
To calculate F’f\, we follow the steps below:

1. T'} equals the injective hull @ T, of all constituents I'< s of 50¢2T'y, and
o

S0c T,
SocoL
50c°T )y,

im oq =
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2. The next resolution term I‘i equals the injective hull T, of all simple constituents I'<, (with
n
possible repetitions) of (50¢°T'})/a1(s06¢°T'y). The image of as is the composition of the surjection
'l — I'}/ imay with the injection of I'\/ ima; into its injective hull. This injective hull coincides
with the injective hull of (s6¢2T})/(50¢°Ty).
3. By repeating the method described above, one can compute all the next resolution terms F’;\H as the
injective hull of all the modules of (56¢2T'})/ay (50e°T5 ).

The fact that the so described algorithm is valid follows from the results of [DCPS] and [SS15].

Given this algorithm, let us take an actual example, showcasing the steps.

Example 4.1. In this example, we show that the injective resolution of I'<(31,1,1)> s
0= Teaian> = Peay =2 Ten © ey =2 Dey @ Taa) = To =5 0.
We start by writing the 0-term of the injective resolution of I'<(3.1,1,1)> :

F(()3,171,1) =T'3,1,1,1);

with socle filtration

11<(2)>
Fean>®Tlc@ins |
I'c@in>

In step 1, we find the injective hull of T <(31)> ® T'<(2,1,1)>, and we obtain F%S 111) = L1 ® e and

I‘<(2)> A
F'c31)>®lc@1>

m oy =

Step 2 claims that, since

['c(2)> o I'ce>®T'c11)>
I‘<(3,1)> 1—‘<(2,1,1)>

F%3,1,1,1) =Ty ®le1 =

we obtain 1"%3’171’1) =T ®I'q,1) and

imas =] Te@)s ®Tcaa)> |

Repeating the instructions from the algorithm we get that T'S s the injective hull of all simple con-
g g g (3,1,1,1) J

stituents of WzF%S 11 1)/a2(W3F%3 11 1)). Hence, F‘Z’3 111) = 'y, which is the last term in the minimal

injective resolution.

If we continue to compute the resolution terms for a general case, we can notice certain patterns in the
partitions parametrizing the terms of F’f\. The key result is that the resolution terms contain only modules
I', with partitions u such that N;}’é # 0 for column-quasi-symmetric (CQS) partitions §. This is implied by
[SS15] (page 45) In other words, we have the following:

Theorem 4.2. For any partition A and the corresponding sp.,—module I'y, the terms of a minimal injective
resolution of ' x> are

F’;:@ Z Nﬁ,a r., forkzl,...,{g} n= |\

o \|6|=2k,6CQS
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Example 4.3. Let us compare the claim in theorem[{.4 with the result in the above example [{.1}
The verification for the 0" term is straightforward.

Neat, we look for CQS-subpartitions 6 of (3,1,1,1) of degree 2. There is only one such partition: 6; = (1,1).
We have F%&LM) =T'(3,1) ®(2,1,1), and both Young diagrams of (3,1) and (2,1,1) lead to the Young dia-
gram of (3,1,1,1) through a strict (1,1)—expansion, hence the needed Littlewood-Richardson coefficients are
positive.

Similarly, for the second resolution term, the only CQS—subpartition of degree 4 of (3,1,1,1) is 62 = (2,1,1).
We want to check if F%:,’l 11) = L@y @ T'q,1y. By the Littlewood-Richardson rule, we can obtain one

tableau of shape (3,1,1,1)/(2,1,1) and weight (2) (Pieri rule on Young diagrams), and one tableau of shape
(3,1,1,1)/(2,1,1) and weight (1,1).

For the last term, F?S 111) = Iy, we have that N((Z)SE:I),,H)U =1 since (3,1,1,1) is a CQS-partition. Moreover,

it is the maximal CQS-subpartition of (3,1,1,1).

In a fashion similar to the previous section, we now want to have an explicit formula for the length of the
minimal injective resolution, as well as for the modules in the last term of the resolution. In section 2,
we looked for the maximal subpartition of the form (2)”; now we have to search for the unique maximal
CQS-subpartition of A and for a formula for its degree.

In the proof below, we will refer to a CQS partition with only one row and one column as a corner
column-quasi-symmetric (CCQS) partition.

Proposition 4.4. Any partition \ contains a unique mazximal column-quasi-symmetric subpartition dmqaq-
m

Moreover, |6maz| =2 Y. min(\; —i + 1,(AT); — i), where m is the number of boxes on the main diagonal of
i=1

the Young diagram ofj.

Proof. Let us start by recalling that the number of boxes on column 4 of the Young diagram of any partition
§ is equal to the number of boxes on the i*" row of the Young diagram of §7, i.e. (67);. Then, by definition
§ is a CQS—partition if for any index 7 of main diagonal boxes,

(67 —i=08 —i+1.

Next, given a partition A = (A1, Ag, ..., A.) with m boxes on the main diagonal (hence, \; > i for 1 < i < m,
and \; < i for m < i <r), we will construct the maximal C'QS—subpartition §,,4, of A. The construction
algorithm will lead to the uniqueness of §,,q2.

Denote by b; the it" box on the main diagonal with 1 < 4 < m. For each b; we want to find a maximal
CCQS—partition §(i) whose Young diagram has b; as its top left box, its row boxes fit in the i*" row of
the Young diagram of A (to the right of the main diagonal), and its column boxes fit in the i*" column
of the Young diagram of A (below the main diagonal). This way, we find the maximal CQS subpartition
by describing its Young diagram as the union of the Young diagrams of corner column-quasi-symmetric
partitions with top left boxes on the main diagonal §(i) for 1 <i < m:

e We start by considering the Young diagram of §(1) (the “outer corner” Young diagram), which has
the maximal possible number of boxes from row 1 and column 1.

e Then, the first “inner corner” Young diagram of the CCQS—partition §(2) consists of boxes from row
2 and column 2 of the Young diagram of .

e We continue in this manner until §(m) is constructed.

The Young diagram of &4, i.e. the union of the Young diagrams of §(1),§(2), ..., 4(m), is maximal because
each §(¢) is maximal and m is the last main diagonal box. The partition d,,q, is CQS since the necessary
condition (6%,.)i —i = (maz)i — i + 1, for 1 < i < m, follows directly from the CCQS property of each
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§(@): (6(1)T)1 =63i) +1,for 1 <i<m.
Hence, it is enough to obtain an explicit formula for each §(¢) in terms of A to show the existence.
From the Young diagram of 4(¢), the CCQS—partition’s row has

0(i)1 < A\ — i+ 1 boxes (including the box b;),

and its column has
(61 < (AT); —i + 1 boxes (including the box b;).

The partition 6(i) is CCQS, hence it must satisfy (6(i)7); = 6(i); + 1. This leads to the inequalities:
8(i)y <N —i+1and 6(i); < (W) —i = 0(i)y < min(\; —i+1,(\T); —i).

Therefore, by choosing 6(i); = min(\;—i+1, (AT); —i), we have found the unique maximal CCQS—partition
() that fits in the i*" row and column, to the right and, respectively, below the box b; on the main diagonal
of the Young diagram of A. Explicitly, the partition is

0(i) = (6(i)1, 1,1,...,1), with degree [0(¢)] = 25(4);.
———
6(2)1 times
The above implies that §,,4,, exists and is unique, and its degree is
Omaz| = Y _16(0)| =2 [6(i)1| =2 min(\; —i+1,(AT); —i).
i=1 i=1 i=1

QED

Example 4.5. In this ezample, we find the mazimal CQS—subpartition of X = (6,5,4,4,2,1,1). We start by
drawing its Young diagram, as seen in ﬁgure and computing the conjugate partition \T = (7,5,4,4,2,1).
There are four bozes on the main diagonal of the Young diagrams of both A and AT, therefore we need to
find four partitions §(i), 1 < i < 4. We compute each 6(i)1 and obtain the CCQS—partitions:

5(1)1 = min(A, A1)y — 1) = min(6,6) =6 = §(1) = (6,1,1,1,1,1,1),
5(2)1 = min(ha —1,(\T)y —2) =min(4,3) =3 = 6(2)=(3,1,1,1),
§(3)1 =min(As —2,(A\T)3 —3) =min(2,1) =1 = §(3)=(1,1),
5(4)y = min(\g — 3, A1)y —4) = min(1,0) =0 = §(4)is the empty partition.
Their Young diagrams can be seen in figure [T}

Figure 13: Young diagram of A\ = (6,5,4,4,2,1,1)
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Figure 14: Highlighted, from left to right: 6(1),4(2),4(3),0(4) drawn on top of the Young diagram of A, for
emphasis on their maximality. Boxes on the main diagonal are marked with an x.

The mazimal CQS—subpartition dpmay s (6,4,3,3,2,1,1), its Young diagram is graphical union of the Young
diagrams of 6(1),9(2),4(3),(4), and its degree is 20.

Figure 15: The Young diagram of the maximal CQS subpartition, inside the Young diagram of .

Proposition 4.6. For any partition A, let 0pqq be its mazimal CQS-subpartition. Denote byl the number of
bozes in the longest column of the skew diagram \/Omas. Then the last nonzero term of a minimal injective
resolution of the sp_,—module I' <5~ has the form T',, & (T',) for some partition p of length | and possibly

n
further partitions n of length at least | such that |p| = |n| = |\ — |6mazl|, and not necessarily distinct to p.

Proof. We define the partition p as (¢1, c2, ¢s, ..., ¢;), where ¢; is the number of columns of the skew diagram
A/Omax With at least ¢ boxes, for all ¢ = 1,...,I. To show that Ng‘max’# > 1, we construct a Littlewood-
Richardson tableau of shape A/dmax and weight u. For this, we fill the boxes of the skew diagram A\/dmax
column by column, by placing 1 in the top box of each column, then 2 in the box below, 3 in the next one,
and so on, until the [—th box in the longest columns. This yields a Littlewood-Richardson tableau of A/dyax
and weight p, and by attaching the Young diagram of d,,4, to this skew tableau, we realize A\ as a strict
p—expansion of the Young diagram of d,,4,.. Hence, N(’;\mx’ u > 1by Theorem

Any other module I';, appearing in the last nonzero term of the resolution must satisfy N(’;\max’n > 1, therefore
there must exist at least one Littlewood-Richardson tableau of shape A/dmax and weight 7. Since the
skew diagram A/dpnax contains at least a column of length I, when filling its boxes to obtain a Littlewood-
Richardson tableau of weight 7, we are not allowed to place the same number twice in the same column.
Hence the maximal columns need to contain [ distinct numbers, i.e. 17 has length at least [. Therefore, there
is no sp_,—module I';, with length less than [ in the last term of the injective resolution of I'y.

QED

Example 4.7. Let A = (4,3,3,2,2,2,2) be a partition with unique mazimal CQS-subpartition dmar =
(4,3,2,2,1). We draw the Young diagram of Spq. inside the Young diagram of X (figure 16 ) and see that
the semistandard skew tableau of shape A/0mar contains a column of length 1, one of length 2, and one of
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length 3.

Figure 16: The Young diagram of the partition (4, 3,3,2,2,2,2), with the Young diagram of its maximal
C@QS-subpartition (4, 3,2,2, 1) highlighted inside.

When numbering the boxes of the tableau according to the parts of a weight p, we must have a strictly

increasing order on each column, so the length of u is at least 3. We see in figure that the partition

w = (3,2,1) defined as in the proof of Proposition can serve as a weight for a Littlewood-Richardson

tableau of shape (4,3,3,2,2,2,2)/(4,3,2,2,1). Additionally, there exist other partitions p of length at least

3 such that Ng\mm’u # 0. Two of them are (2,2,2) and (2,2,1,1). These all satisfy the claim that the

last nonzero term of a minimal injective resolution of I'<(43.3.2.2,2,2))> has the form I'g 21y © (PT), with
n

(3,2,1) of length 3, and where the partitions n are of length at least 3 and |n| = {(3,2,1)| = 6.

Bl il 1]

1 1 2
112 22 113
23 313 214

Figure 17: Littlewood-Richardson tableaux of shape (4,3,3,2,2,2,2)/(4,3,2,2,1) and weight (3,2,1) (left),
(2,2,2) (middle), and (2,2,1,1) (right).

Corollary 4.8. For any partition X, let dpar be its maximal column-quasi-symmetric subpartition. Then
the length of a minimal injective resolution of the corresponding sp.—module I' <y~ is equal to @ + 1.

Corollary 4.9. The sp.,—module I'y appears as the last term of the injective resolution of some sp ., —module
T'cas if and only if the partition X\ is column-quasi-symmetric.

5 The case of tensor so,,—modules

In the papers [DCPS| and [Ser17], it has been proven that the category of tensor sp, —modules is equiva-
lent to the category of tensor so.,—modules. Under this equivalence, the sp. —modules I'c) s~ and I'y are
mapped to the s0o,—modules I')\r and I'yr, respectively. Hence all results transfer to the so.,—case by
simply transposing Young diagrams.

Using the theory in and [SS15] and our results from section 3 and 4, we give the following analogues
of propositions and of corollary
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Proposition 5.1. For any partition A, the last nonzero socle layer in the socle filtration of the s0.,-module

F)\ 18:
Wk+1r)\ = @ Z N;)/\.,Z'y F[M] for k= |>\T|even.
#o\l=k
In particular, the module ' with n = (1,1,...,1) is always a simple constituent of the last nonzero
———

[A]|=2|AT |even times
socle layer, and the module appears with multiplicity one.

Proposition 5.2. Let \ be a partition and AT = (AT)1, (A\T)a, ..., (\T),.) be its conjugate partition. Ifr = 2m
for some positive integer m, we pick the nonzero values among the set of differences {(A\T)1 — (AT)2, (A\T)3 —
AD)gy oo, A D)2t — Ao} If 1 = 2m + 1 for some positive integer m, we pick the nonzero values from
{AT) — (AD)o, ATz — A gy ooy, A a1 — Ao, AT)2my1}. Rearranging these values in descending
order, we obtain a partition (y1,ys,...,y1). Then for any partition p with p >jee (Y1,Y2, -, Y1), || =
|(y1, Y2, -, y1)|, and of length at most I, the $0o—module ',y appears in the last term of the socle filtration
of the s0o-module Ty.

Proposition 5.3. For any partition X\, let a0 be its mazimal RQS-subpartition. Let | be the number of

boxes in the longest column of the semistandard skew tableau of shape \/maz- Then the last nonzero term

of a minimal injective resolution of the 50.,—module I'[y) has the form

I, & (6BT,) for some partition p of length I and possibly further partitions n of length at least I such that
n

|M‘ = |77| = |)‘| - |5maw|'

Corollary 5.4. For any partition X, let §pqz be its mazimal row-quasi-symmetric subpartition. The length

of a minimal injective resolution of the corresponding s0..—module I'[y) is equal to M + 1.

6 Conclusion and outlook

In the previous sections we proposed explicit combinatorial formulas for the last layer of the socle filtration of
an indecomposable injective tensor sp . —module, as well as for the last term of a minimal injective resolution
of a simple tensor sp, —module. Using the equivalence of the categories of tensor sp. — and s0.,—modules,
we applied our results also to tensor so.,—modules.

It makes sense to try to find explicit information about injective tensor sp.,— and s0.,—modules and injec-
tive resolutions. In particular, I. Penkov and V. Tsanov made the following conjecture:

Consider the socle layers of an injective tensor sp. —module Ty, and let s(k + 1) := ‘ ‘X:ka;,(Q,y)T7 ie., let
yl=
s(k+ 1) be the sum of the multiplicities of all simple constituents I'<,,~ of 50¢" 1T, The conjecture claims
that the socle filtration layers have a diamond shape structure, meaning that the inequalities
1=3s(1)<s(2) <s(3) < ... <s(m)>s(m—1)>s(m—2) > ...> s(|A|*"" + 1),

|)\‘even

hold for m = [*“5—] + 1.
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7 Appendix

This appendix displays the minimal injective resolutions of the sp_ —modules T'c)s, with |A\| < 12. Any
resolution
0 @1 1 @2

0—=Tos 25T, =T 251 2% .. 25175 =0

is formatted in a vertical setting, with the bottom row being I'{ = I'y, the next row being I‘i, and so on up
to the top row, which is the last term of a minimal injective resolution of 'y ~:

r}
|
A
|5
0 =T,
Minimal injective resolutions of I'cys with [A\| =1 :
La
Minimal injective resolutions of I'cys with |[A| =2 :
Ly
L) T
Minimal injective resolutions of I'< s with |A| =3 :
T L'y L'y
F(2,1) F(1,1,1)
Minimal injective resolutions of I'cys with [A| =4 :
Ly
L'2) Ta I
L) Trs s T s Teolay T11d
(1) (7) 1—‘(211) (,71)
Minimal injective resolutions of T'<ys with [A\| =5 :
T Ty s L' L'y
L) T e I'3)® I'en® Py
Fan INER
1) (3:2) 311 INCEEN)
) P
Ton® Daan FA_@
T (1,1,1,1,1)
(2,1,1,1)
Minimal injective resolutions of I'<ys with |[A\| =6 :
T T Ty T
L) S e T()® L) o
L5y La2) T L(3,3)
Ly Ly
I'2)® Ca I'2)® Fa
: I'op@T T :
P n®Te2® ey T @ F(l’l) F(%l) Lay® o1 1)® i)
3,0)DP La1,1y (2,1,1)
INEPEN L2211
= INERTRY) L2292 e
L'
) 1—‘ 11,
Fea10® Faaay T 1 1 1 1 ;
INCERBED (1,1,1,1,1)
Minimal injective resolutions of I'c s with [A\| =7 :
T T Ty T
Tery (5) (4,1) Tiy® Dy (3,2)
INCRY: Ls.2) — e o) L(4,3)
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Ly Ly

U3)® e L)
: 'y T : r o T
Fa1)® T 2@ T ) L3298 Loy S T
g ® ' IF31.0® Teeon
L2 L(33,1)
” Cia,1,1) 7 32,2
Ly L'y Ly
I'3)® 2o n® a1 Fen® Faay Fen® Faay
32 T@a1,00 Lo 0® Loy F1n® iy 2@ g1y
F2,1,1) L,1,1,1) F2,21)
Con® T INERE)) 1111
(1,1,1,1,1)
Fo2)® 21,109 1,1, Fo11.0® My N 1 1
T2,1,1,1) T1,1,1,1,0) (11111,1,1)
Minimal injective resolutions of '« )~ with [A\| = 8 :
T
r r S 4 C5 B r
L's) B © 71“(5,1) Le)® ') 7I‘(472)
(7,1) (6.2) o) (5,3)
r 2)
OB NERY) . L)® T
’ iy I , ,
I0® Fu2® luay R S Fu2® 3@ e
I'5,0)® Fw1) [4,4)
Ls.2,1) Lz
INCREEY) ’
L'y
L(g) L@ Ly
: iy I
Fan® ey Fin® 23, 0@ 21 2) (.1)
e n® e
Fa1.0® ey Fu2® u11)® Feen® Feany Ta1n)® Dis,
T4,2,2) Tu211) (4,1,1) (3,1,1,1)
2, 21, INFEREEY
Ly
NN 0)
) T SRR
Fe2® leay '@ Fe2® Feay T F(l’l) 3 Q(FQ) %UI’
L3210 L2,2.9) L3 I'32)® e21) el T
= = ’ = == 3209 I'3,1,1,0P T222)® I'eo11
['3,3,2) [3,3,1,1) T
(3,2,2,1)
Ui)® Py o 10)
Pen® Te2® 2011 oy Fe1n® Taia INCRRY)
F320® I'3,1,1,0P Fe21,)® a1 U310 Do F221.1)
['3,2,1,1,1) Ta,1,1,1,0) 2,222
oy
: T e T
Tond T oT (2,1,1) (1,1,1,1) (1,1,1,1)
(2.2) (2.11) (LLL1) F2210® Fe111,0® a1 o100 Ta11,1,
F222® Te221,0® e, T T
T (2,2,1,1,1,1) (2,1,1,1,1,1,1)
(2,2,2,1,1)
Caa,1,1,0
Caa1,11,10
Minimal injective resolutions of I'cx~ with [A\| =9 :
T T _ e T
1—\(9) F 7 F 6,1 1‘\ . @ 1—\ 6.1 F 5,2
(8,1) (7,2) (6,3)

INTERY)
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r
L@ L) )

La)® s

Li61)® U529 T's,1,1) L5, T Tan Fi520 T3P Ta2,1)
B P e— Te.)® 1) INCRY S P —
(6.:2.1) To1in) (53.1)

'y
L) U@ T .

Cyn® L'

L5 ® 24,108 P'e2® Fia)

L@ L2

I'i51,09P D2

P52 U100 T2 ® a1y

Fyn® iy

I'510® Dy

T I
(5,2,2) (5,2,1,1) U111,
Fis INCEN L)@ Ten
s Eégf)3 3,1 P29 F'31)® e Pan® 2628 Dean® Feg
( ll 441( 13,1) La2n® Lasn® D22 Fu3)® Fu21)® Fesn® Fiean
( 2 s ) F(4’3’2) F(4’3$171)
Ty Ly

L0 Ta11)® L

P(g)@ 2]?(271)@ F(l,l,l)

Fun® 'e2® 206,1,10)® Tee,)® ey

Fun® 'ea® 206,0,0% Te2.)® Do

Fu21)® Mu11,0® Fee® Teoiy

Fu2)® Mu11,0® Feea® Peaiy

L2210
- I
F(2,1)@ F(l,l,l) %22;1)
I'31.0)® a1y 2 3,272
1,109 Tea,n ﬁ

L1111

U3)® L'an
I'32® M'e1,0® Fe20® Feany
IF33.0)P I'321,0P T2,
331,11

L'y
2o n® 20111
P390 I'z10® 2208 2000110 Do,
322 M'321,0P 311100 D22 )@ Fesii)
['3,2,2,1,1)

Pia2i,1,1)

Ty
2l ® a1
I'32® I'3,1,0)® 2l 021)® l211,1)

L3300 3220 T'321.1)® Te221)
L(33,2,1)

L'y
Faan® Pe® D
31,0 Te2® i1,
I'32,1.1)® o221

L3222

Fon® a1y

L3109 Peon® 2l011,10® Faaa

F321.0% 3111008 Pe211.)® Do

Caay

P19 Taaaan

Fi311108 a1

L1,1,1,1,1,0)

Fe110® Taaia

L2

FCo2® 21,1,

F2220® o211

2455y

L2221

Li221,1,0)® 111,09 a1

Pai1,1,1)

LG2,1,1,1,1)

Caay
2@ 211,09 a1,
F2220® Fe211.0® D111
T2,2,1,1,1)

Fi221,1,1,1,1)

Fe1111.09 Moy

N IRERERE)

INCRRRRRRRY!

Minimal injective resolutions of I'cxs with |[A| = 10 :

L0

RO

Lz
L(s,2)
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r
Liey® L5 ()

Li5)® T

L@ Lie2® T6,1,1) L©® e Ten F2® U'i53P T'5.2,1)
T 7’2 X = Lz y® T'e,1,1) 6,4 T 6’3 X =
(7.2,1) L7111 (6:3,1)
T
3O Fy® T &

P'y® L
C® Ty
61,0 511,
L,1,1,1,1)

500 11
F6,1,0)P I's2.1
[6,2,2) C6,2,1,1)

I')® 21 Ua2)® T
F'62)® I'6,1,)®P 520 T'51.1.1)

r
L42)® Ls) G:1)

T4 Ly 20 L1090 Tz 2,1
SENCE T5.5® Laa® L ’ L, 2,
NGRS (5.3) (4,4) (451) Ii52,0)P I'a3,0)® g2
Fea L'(5,3,2)
L)

U)® Pay® L'
508 2l 4,2)® D41, T33P Tz,
I'53® Me20® Fusn® Fugiy
Ls,3,1,1)

2].—‘(371)@ ].—‘(271_’1)@ F(4)
Ci5.)® la2)® 241,08 T'32,0)® Tz,
I520® 511,09 Tu2o® Dy

Ls,2,2,1)
Ly
F)® T'a
: Fiy® ' Lo

F(4)€B 21—‘(371)@ F(QQ)@ F(?,l,l) P ( ) F( ) F ( F)

30D L1 33D 1321
Fi50® Fa2® 204.1,1)® T'3,2,0)® I'3,1,1,1) ’ ’ * =
T T T Fu1n® oy Cu3.0)® s
6209 '8 2108 T,
U511, M1 [4,4,2)
Ls,2,1,1,1)
N Us1,1,1,1,1)
Loy I
F(3,1) F(2,1,1) 2) (L.1)

2T 3,1)® 2T (2.29)D 2T (2,1,1)

Fiy0® T'i33® Lo I32.0)® Te22

Fu2®lu1® I'e3® 30620)® 311,08 Te22)® Feo1

3Ly1y

P40 s n® s Fu22® a2

La3)® a2 Ta21.)P 3329 T381.0)P T's220)

T T
(4,4,1,1) (4.3.3) Tiisom)

L) 'o® Lan

Fiy® 2I'3,)® 2P 2,1, Foin® a1 F'e® e n® Teg

Fu2® Fu1)® M@ 2lE21)® I'e1,)® ez Fu11)® 'ee)® Mea1,0® Feeay

Pa3)® Fa211)® L3109 Fe2110) L2109 P22

Ci43,1,1,1) C42,22)

Ly
Fan® T® ay
31 Len® 3le1ny® aay
Fu2® lu11)® M n® Feen® 2lE11,0% Feeo® Feean® Do
Fi4229 T2, Fg1,1,1,0)®P T3.22,0)® Ts2,1,1,1)
[4,2,2,1,1)

L® Ta

L

Fen® l'e2a® 20 1,1)® Daan

Fe1n® Taaa

Pa1)® Ten® 26,1118 Pe2a,n)® Peain

31,1, a1,

Fa2109 P111)® T3211.)® a1

La2,1,1,1,1)

Taa110® Ui,

Piai,1,1,1,0)



Ly
L'® Ly
Fo1n® g n® e
Fi32.0)® I'3,1,,0P Fe2,22P ez,
U330 I'3220® o222

3,322

L'a
Fo® Te1,® Lo,
I'321)® le222® Fe211
['332)® I'322.1)
3331

U@ L'any
I'31)® 2l 029® 2l'01,)D Fa11,)
338 232,00 I'3,,1,00 Te22® 200210 L1111
332 331,00 T2 321108 Neg211)
['3,3,2,1,1)

' I'ay
L1 @ la111)® I'en® ey
I'320)® M'3,11,0%P Fe22® 2l 2210 Fea11
I'3221)® 321,100 D222 Le221,
['3,2,2,2,1)

I'a)® ey
3202 31,10 Deo21,)® Doy
33100 321108 Do)
F'33,1,1,1,1)

EH))
F2® 2l'0,1,1)® 20111,
Fi32.0)® I'3,1,,0P T2,22)P 2T 2,21,0)P 2T 2,1,1,1,)® Taa,1,1,1,1)
32202 321,100 I'6,,1,1,1,0P T2221.0)® D211,

F(S,Q,Q,l,l,l)
Lan® Paaa INERERY) L.2)
I'311,0% Fe21.0® 2011008 Fan11) P18 Pa L2211
P320109 P11 Tee111.09 Deaaaai T3P Tea11,00) L2211
1—‘(3,2,1,1,1,1,1) ]-—‘(3,1,1,1,1,1,1,1) F(2,2,2,2,2)
INCREY) INERBED
L2298 Pe211)® Tei11) Lio21)® Ter1an® Mo
F2222® 221,00 221,11, F2221,090 221,109 Te1,1,1,1,1)
L2221 L2211,
F(Z,l,l,l,l)@ F(l,l,l,l,l,l) F(l,l,l,l,l,l) F 11111111
o211 ® Teananan® Faaaanigy Fea,,0® Mo, T (1,1,11,1,1,1,1)
(1,1,1,1,1,1,1,1,1,1)
F(Q,Q,l,l,l,l,l,l) F(Q,l,l,l,l,l,l,l,l)

Minimal injective resolutions of T'<)s with [A| = 11 :

r r S X r
Pay Taor T Ti0)® Tisy T
( ) ) ( ) ) 1"(9,171) ( ) )
I's
Fn® T ) L6.)® U's.2)
: @[ r 7 ,
Pigy® L'i7,2)® (71,1 F(s%@ Fif:)l) JF(% T72% L6,3® D621
Cs2,1) "F(&l)l’l)’ : ’ L3,
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Ls) I'i5® ' @ Tian)
L6)® D51 Fny® 206,10 Us.2)® s T T Tea
r erl Lizo@ T ol ol (6.1)P 2 (5.1,1) T
(7,1,1) (6,2,1) (7,2) (7,1,1) (6,2,1) (6,1,1,1) (6,5)
Fiza0® T'e1,1,1)
L'(7,2,2) L7211 2= L1,

Lz,
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