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Abstract

On Homomorphisms of

Diagonal Lie Algebras
by

Siarhei M. Markouski
Doctor of Philosophy in Mathematics

Jacobs University Bremen

Professor Ivan B. Penkov, Chair

Diagonal Lie algebras are defined as direct limits of finite-dimensional Lie alge-
bras under diagonal injective homomorphisms. An explicit description of the isomor-
phism classes of diagonal locally simple Lie algebras is given in the paper [A. A. Bara-
nov, A. G. Zhilinskii, Diagonal direct limits of simple Lie algebras, Comm. Algebra,
27 (1998), 2749-2766]. The three finitary infinite-dimensional Lie algebras sl(c0),
so(00), and sp(oo) are important special cases of diagonal locally simple Lie algebras.
Many classical results have been extended to these three infinite-dimensional Lie al-
gebras. In particular, in the paper [I. Dimitrov, I. Penkov, Locally semisimple and
maximal subalgebras of the finitary Lie algebras gl(oo), sl(o0), so(co), and sp(oo),
J. Algebra 322 (2009), 2069-2081] all locally semisimple subalgebras of g = sl(c0),
so(00), and sp(co) are described, and moreover all injective homomorphisms s — g
are described in terms of the action of s on the natural and the conatural g-modules.
The present dissertation makes a substantial contribution to further extending these

results to the class of diagonal locally simple Lie algebras.

In Chapter 3 all locally simple Lie subalgebras of any diagonal locally simple
Lie algebra are described up to isomorphism. The main result of the dissertation,
Theorem 3.1.11, provides a list of conditions under which there exists an injective
homomorphism s — g of a locally simple Lie algebra s into a diagonal locally simple

Lie algebra g.

In Chapter 4, with Ivan Penkov, we study certain invariants of homomorphisms
of diagonal locally simple Lie algebras. The ideas and partial results presented in

this Chapter may lead to a description of such homomorphisms in the future.
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Chapter 1

Introduction

Infinite-dimensional Lie algebras have been studied over half a century, and it is
an accepted fact that there is no general structure theory of infinite-dimensional
Lie algebras. The reason is that there is a too large variety of types of infinite-
dimensional Lie algebras. In this thesis we study locally finite Lie algebras, i.e.
direct limits of finite-dimensional Lie algebras. These Lie algebras are a very natural
generalization of finite-dimensional Lie algebras, and for a long time their theory
has been overshadowed by the theory of affine or general Kac-Moody Lie algebras.
Only in the last decade the theory of infinite-dimensional locally finite Lie algebras
has started to play a more prominent role within the general subject of infinite-

dimensional Lie algebras and their representations.

The purpose of this thesis is to investigate a most natural class of locally simple
Lie algebras. This class consists of diagonal direct limits of simple Lie algebras,
and includes in particular the three classical locally simple infinite-dimensional Lie

algebras sl(c0), so(00), and sp(o0).

Locally simple Lie algebras has been studied by many authors, in particular
by Y. Bahturin, A. Baranov, G. Benkart, E. Dan-Cohen, I. Dimitrov, K.-H. Neeb,
[.Penkov, H. Strade, N. Stumme, and A. Zhilinskii. A key role in the subject plays
the work of A. Baranov and his collaborators, see [B3], [B4], [BS]. In a series of
important papers Baranov classifies all simple finitary infinite-dimensional locally
finite Lie algebras over C and R. Over C Baranov’s result is extremely simple:
there are just three such Lie algebras sl(co), so(oo), and sp(co). In [Bl], [B2]
Baranov introduces the class of diagonal locally finite Lie algebras and establishes
their general properties. In the important paper [BZ] A. Baranov and A. Zhilinskii

classify up to isomorphism the diagonal locally simple Lie algebras over C. The
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answer here is quite complicated, and the diagonal locally simple Lie algebras provide
a rich class of simple locally finite Lie algebras for which there is a hope for a
deep structure theory. Nevertheless, the classification of Baranov and Zhilinskii is

completely explicit.

There are already many results in the structure theory of the classical infinite-
dimensional Lie algebras sl(c0), so(00), sp(co), as well as of the wider class of root-
reductive Lie algebras. In particular, the Cartan, Borel, and parabolic subalgebras
of these Lie algebras have been described. This is the work of I. Penkov and his
collaborators, see [DP1], [PStr], [NP], [DaPS], [DP2], [Dal, [DaP].

One of the key preliminary results for this thesis, along with the classification
of diagonal locally simple Lie algebras [BZ], is the recent paper of I. Dimitrov and
I[. Penkov [DP3]. In this paper, among the other results, all locally semisimple
subalgebras of g = sl(c0), so(00), sp(00), or gl(co) are described up to isomorphism,
and the action of these subalgebras on the natural and conatural modules of g is
studied. This work is rooted in the classical works of A. Malcev [Mal] and E. Dynkin
[Dy], where all homomorphisms of semisimple finite-dimensional Lie algebras are
described. These latter works deserve a separate discussion, as they supply the

motivation for the work presented in the thesis.

The problem of classifying semisimple subalgebras of semisimple Lie algebras
is known from the beginning of the last century, and the solution of this problem
is one of the main results in the structure theory of finite-dimensional Lie algebras.
This problem is not only interesting by itself, but it has also had important alge-
braic and geometric applications. In particular, it is shown in [Mal] that the more
general problems of classifying semisimple subalgebras of arbitrary Lie algebras and
classifying all finite-dimensional Lie algebras with a given radical, can be reduced
to the above problem. There are also applications in the theory of Lie groups, for
example it was shown by Malcev that the problem of describing compact subgroups
of a real Lie group is equivalent to the problem of describing its complex semisimple

subgroups.

Malcev shows in [Mal] that the problem of classifying semisimple subalgebras
of semisimple Lie algebras reduces to the problem of classifying the semisimple
subalgebras of a simple Lie algebra. The study of semisimple Lie algebras of the
Lie algebra A, is equivalent to the study of linear representations of semisimple Lie
algebras. The main results in this direction were obtained by E. Cartan and H.
Weyl in the first quarter of the last century. Semisimple Lie algebras of the classical

Lie algebras B,,, C,, and D,, have been described by Malcev in [Mal] by studying



orthogonal and symplectic representations of semisimple Lie algebras. Malcev also

described semisimple subalgebras of the exceptional Lie algebras Gy and Fj.

In his work [Dy], E. Dynkin introduced new methods into the subject and was
able to complete the classification. In particular, he was able to list all semisimple
subalgebras of the exceptional Lie algebras Fg, Fr, and EFg. Dynkin also introduced

an important invariant, the index of a simple subalgebra in a simple Lie algebra.

In relation to this present work, let us comment that in the finite-dimensional
case it is relatively easy to describe all pairs (s, g) consisting of a semisimple Lie
algebra s and a simple Lie algebra g such that there is an injective homomorphism
s — g. In their work, Malcev and Dynkin actually did much more: they described all
g-conjugacy classes of semisimple Lie subalgebras s C g. In the infinite-dimensional
case, however, the problem of describing all pairs (s, g) such that s admits an in-
jective homomorphism into g, already presents a challenge. The main result of the
thesis is the solution of the latter problem for diagonal locally simple g and locally
simple s (Theorem 3.1.11).

We now describe the body of the thesis in detail. In Chapter 2 we discuss some
ideas of Malcev’s paper [Mal] and recall the notion of index introduced by E. Dynkin
in [Dy]. We also discuss in detail some results of the two papers [DP3] and [BZ]
mentioned above, together with some general facts about diagonal Lie algebras. We
complete Chapter 2 by presenting two useful branching rules for finite-dimensional

Lie algebras of type A.

Chapter 3 contains the main result of the thesis, namely the classification of
locally simple subalgebras of diagonal locally simple Lie algebras up to isomorphism.
The first notable result (see Proposition 3.1.1 and Corollary 3.1.4) is that any sim-
ple finitary Lie algebra s admits an injective homomorphism into any diagonal Lie
algebra g. For the case when both s and g are non-finitary, the key statements
Proposition 3.1.5 and Proposition 3.1.6, together with some technical lemmas, lead
to the main result, Theorem 3.1.11. In this theorem the final description of all pairs
(s,9), of a locally simple Lie algebra s and a diagonal locally simple Lie algebra g
such that there is an injective homomorphism s — g, is given by a list of “if and only
if” conditions which are easy to check for concrete Lie algebras. In Section 3.2 we
present two further corollaries describing the set of equivalence classes of diagonal

locally simple Lie algebras.

In Chapter 4, jointly with Ivan Penkov, we study homomorphisms of diagonal
locally simple Lie algebras. In particular, the question of the existence of diagonal

and non-diagonal homomorphisms is discussed in Section 4.1. A natural represen-
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tation of a diagonal locally simple Lie algebra is defined in Section 4.2. We also
study the socle filtration of a natural g-module as an s-module for a homomorphism
s — g. A similar study plays a key role in the paper [DP3]. In Section 4.3 we
introduce the level of a homomorphism s — g; this is a new invariant which is used

in the proofs of Proposition 3.1.6 and Proposition 3.1.8.



Chapter 2

Preliminaries

All vector spaces and Lie algebras are defined over the field of complex numbers
C. We assume that all Lie algebras considered are finite dimensional or countable

dimensional.

2.1 Semisimple subalgebras of finite-dimensional Lie alge-

bras

Let s; and s, be two subalgebras of a given Lie algebra g. The subalgebras s; and s,
are called Aut g-conjugate, or simply g-conjugate if there exists an automorphism f
of g for which 1 = f(s3). Clearly, two g-conjugate subalgebras of g are isomorphic.
The problem, solved by A. Malcev and E. Dynkin, is to describe all g-conjugacy
classes of semisimple subalgebras s C g for an arbitrary finite-dimensional Lie alge-

bra g.

An essential result from [Mal| states that if g’ is a maximal semisimple sub-
algebra of a finite-dimensional Lie algebra g, and s; and s, are two g-conjugated
semisimple subalgebras of g, then s; and s, are also g’-conjugated. This result
reduces the problem of classifying semisimple subalgebras of an arbitrary finite-
dimensional Lie algebra to the study of maximal semisimple subalgebras of a Lie
algebra and the study of semisimple subalgebras of semisimple Lie algebras. Both

of the latter two problems are solved in [Mal], [Dy].

Furthermore, let € : § — g be an injective homomorphism of semisimple finite-
dimensional Lie algebras. Then g is isomorphic to a direct sum of simple Lie algebras,
SO g =g P D g, with all g; being simple. The homomorphism ¢ is recovered

by the homomorphisms 7; o € : § — g;, where 7; are the corresponding projections.

5
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Therefore the problem of classifying the homomorphisms of semisimple Lie algebras
reduces to the problem of describing the homomorphisms of semisimple Lie algebras

into a simple Lie algebra.

The study of semisimple Lie algebras of the Lie algebra A, is equivalent to
the study of linear representations of semisimple Lie algebras. The main results in
this direction were obtained by E. Cartan and H. Weyl in the first quarter of the
last century. Let g be a simple classical Lie algebra of type other than A, and s
be a semisimple Lie algebra. Malcev shows that to describe g-conjugacy classes of
s in g one needs the following two steps. First one finds all representations of s
which yield a homomorphism s — g: this is equivalent to finding all orthogonal or
symplectic representations of s of dimension equal to the dimension of the natural
representation of g, up to isomorphism. As a second step one describes all obtained
representations up to g-equivalence, where g-equivalent representations are the ones
which are conjugate by an outer automorphism of g. It is moreover shown in [Mal]
that if g is of type B or C, then the first step is sufficient, i.e. the isomorphism classes
of orthogonal or symplectic representations of s of a given dimension correspond
exactly to the g-conjugacy classes of s. Malcev further describes all symplectic and
orthogonal representations of semisimple subalgebras up to isomorphism, and in this
way solves the problem of classifying all semisimple subalgebras of simple classical
Lie algebras. He also studies the case when g is one of the exceptional Lie algebras
G9 and Fy.

We now recall the definition of index of a simple subalgebra in a simple Lie
algebra introduced by Dynkin in [Dy]. For a simple finite-dimensional Lie algebra
g we denote by ( , )y the invariant non-degenerate symmetric bilinear form on g
normalized so that (a, )y = 2 for any long root a of g. If ¢ : s — g is an injective
homomorphism of simple Lie algebras, then (z,y), := (¢(x), ¢(y))4 is an invariant

non-degenerate symmetric bilinear form on s. Consequently,

(. y)e = I()(7,1)s

for some scalar I8(yp). By definition I8(y) is the Dynkin indez (or simply the indez)
of s in g. If ¢ is clear from the context, we will simply write /8. If U is any finite-
dimensional s-module, then the indexr I,(U) of U is defined as IEI(U), where s is
mapped into sl(U) through the module U. The following properties of the index are
established in [Dy].

Proposition 2.1.1. (i) I8 € Z>.

(ii) IS = I8,
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(/I/ZZ) .[5(U1 @ st @ Un) - ]5(U1> + tte + Ig(Un).

(iv) If U is an s-module with highest weight \ (with respect to some Borel subalge-
bra), then I,(U) = SU(X X+ 2p),, where 2p is the sum of all positive roots of

5.

2.2 Diagonal infinite-dimensional Lie algebras

A Lie algebra g is called locally finite if any finite subset S of g is contained in
a finite-dimensional Lie subalgebra g(S) of g. If, for any S, g(S5) can be chosen
simple (semisimple, reductive), g is called locally simple (semisimple, reductive). An
ezhaustion

g1 CgoC -

of a locally finite Lie algebra g is a direct system of finite-dimensional Lie subalgebras

of g such that the direct limit Lie algebra lim g,, is isomorphic to g.

The classical locally finite infinite-dimensional Lie algebras sl(c0), so(oc), and
sp(oco) are defined as the unions U;ez_,sl(7), Ujez.,0(4), and Ujez.,sp(2i), respec-
tively, for any inclusions sl(z) C sl(i + 1), o(i) C o(i + 1), and sp(2i) C sp(2i + 2),
1 > 1. It is easy to show that each of the above Lie algebras does not depend up
to isomorphism on the particular exhaustions chosen for its definition. In particu-
lar, the union of even orthogonal Lie algebras and the union of odd orthogonal Lie
algebras are isomorphic Lie algebras. We therefore do not distinguish the types B
and D in the infinite-dimensional case, and when considering classical simple Lie
algebras, we consider three types A, C, and O, where O stands for both types B
and D.

A locally reductive Lie algebra gl(co) is defined as the union U,z gl(i) for
the standard left-hand corner inclusions gl(i) C gl(i + 1). A Lie algebra isomorphic
to a subalgebra of gl(co) is called finitary. As it was shown by A. Baranov, up
to isomorphism, the Lie algebras sl(c0), so(oo), and sp(co) are the only countable-

dimensional finitary locally simple Lie algebras, see [B2], [B3], [B4], [BS].

The notion of a diagonal locally finite Lie algebra is closely related to the notion
of a diagonal injective homomorphism of two finite-dimensional Lie algebras. Let

g1 and go be two finite-dimensional perfect Lie algebras (i.e. [gi, 8] = @i, @ =

ng

1,2). Let 5; = s} @ --- @ s be a Levi subalgebra of g;, where s},..., 5" are the

g
simple constituents of s;, and let V;k be the natural ﬁf-module, 1 = 1,2. Since s;

is perfect, there exists a unique irreducible s;-module W} such that the restriction
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Wk | s¥ is isomorphic to V¥, i = 1,2. An injective homomorphism g; — g, is
called diagonal if all the simple constituents of the s;-module W! | s; belong to
the set {W{, ..., W (WhH* ..., (W)* Ty}, 1 < 1 < ny, where T is the trivial
one-dimensional s;-module, and (W§)* is the dual module to W§. A locally finite
Lie algebra g is called diagonal if it admits an exhaustion by perfect subalgebras g;

such that all inclusions g; C g;1+1 are diagonal homomorphisms.

In the papers [B1], [B2] some general properties of diagonal locally finite Lie
algebras are established. For instance, a criterion proved in [B1] which claims that
a simple locally finite Lie algebra is diagonal if and only if it admits an injective
homomorphism into a Lie algebra associated with some locally finite associative

algebra.

In this thesis we will be interested in the more restrictive class of diagonal
locally simple Lie algebras. The definition of these Lie algebras can be rewritten in
a simpler way. Indeed, if g; C go are simple classical Lie algebras, the definition of

a diagonal inclusion is equivalent to the requirement that

wiag=Vie..eVieVre..eVelia... e,

-~ -~
r

l z

where V; is the natural g,-module (i = 1,2), V|* is the dual of Vi, and T is the
one-dimensional trivial g;-module. The triple (I, r, z) is called the signature of g; in

g2. The signature of € : g1 — g9 is by definition the signature of £(g;) in gs.

It is a result of Baranov (Corollary 5.9 in [B1]) that for any exhaustion g; C go C
- of a diagonal locally finite Lie algebra g, all injective homomorphisms g; C g;11
are diagonal for large enough 7. As a consequence, a diagonal locally simple Lie

algebra can be defined as a diagonal Lie algebra which admits an exhaustion

g1 C g C--- (2.1)

by classical simple finite-dimensional Lie algebras, or equivalently as the direct limit
of a sequence of diagonal inclusions (2.1) of classical simple finite-dimensional Lie

algebras.

The class of diagonal locally simple Lie algebras contains the three finitary Lie
algebras sl(00), so(00), sp(o0). It makes sense to consider finitary and non-finitary
Lie algebras separately, as in the finitary case many more advanced results are
available. In particular, the result of Malcev and Dynkin mentioned above is partly
generalized in [DP3]. The ideas of the paper [DP3] play a key role in Chapter 4 of

the present thesis.
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We now recall an alternative definition of the Lie algebras sl(c0), so(00), sp(c0),
and gl(oco). Let V' be a fixed countable-dimensional vector space with basis vy, vg, . ..
and V. is the restricted dual of V, i.e. the span of the dual set vj,v3,... (vi(v;) =
d;;). The space V ® V, has an obvious structure of an associative algebra, and by
definition gl(V, V) (or gl(c0)) is the Lie algebra associated with this associative alge-
bra. The Lie algebra sl(V, V) (sl(o0)) is the commutator algebra [gl(V, Vi), gl(V, V4)].
Given a symmetric non-degenerate form V' x V' — C, we denote by so(V') (so(c0))
the subalgebra A\*(V) C sl(V,V,) (the form V x V — C induces an identification of
V with V, which allows to consider A*(V) as a subspace of V ® V). Similarly, given
an antisymmetric non-degenerate form V' x V' — C, we denote by sp(V') (sp(c0)) the
subalgebra S%(V) C sl(V,V,). Following these notations, the vector spaces V and
V. are by definition the natural and the conatural g-modules for g = sl(c0), so(c0),
sp(00), or gl(co). These modules can be defined alternatively: V' (respectively, V) is
(up to isomorphism) the only simple g-module which, for any exhaustion g = U;g;,
restricts to a direct sum of the natural (respectively, its dual) representation of g;
and a trivial module. Notice that for g = so(oo) or sp(co) the natural g-module V'

is isomorphic to the conatural g-module V.

Let g = gl(00), sl(c0), so(o0), or sp(co). It is shown in [DP3] that a locally
semisimple subalgebra of g is isomorphic to a direct sum of simple Lie algebras and,
moreover, that each of these simple constituents is either finite-dimensional or is
itself isomorphic to sl(00), so(co), or sp(co). In the framework of extending Malcev’s
approach to homomorphisms of infinite-dimensional Lie algebras, it is furthermore
shown that the structures of the natural g-module V' and the conatural g-module
V. as modules over any locally semisimple subalgebra s C g can be described as

follows:

e the socle filtration of V' (respectively, V.) has depth at most 2;

e the non-trivial simple direct summands of the socle V' of V' (resp., (Vi) of Vi)
are just natural and conatural modules over infinite-dimensional simple ideals
of s, as well as finite-dimensional modules over finite-dimensional ideals of s;
each non-trivial simple constituent of V' (resp., V.) as a module over a simple

ideal of s occurs with finite multiplicity;
e the s-modules V/V" and V,/(V,)" are trivial.
In contrast with the finite-dimensional case, V' and V, are not necessarily

semisimple s-modules. Nevertheless, the above three statements show that V' and

V. have very ‘“rigid” and completely explicit structures as s-modules.
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As we already mentioned in the first section, it has been shown by A. Malcev
in [Mal] that a homomorphism of finite-dimensional Lie algebras s — g can be
characterized by the induced structure of the natural g-module V' as an s-module.
It is not known whether this is the case for infinite-dimensional Lie algebras as
the problem of determining g-conjugacy classes of locally semisimple subalgebras
s C g remains open for g = gl(oo), sl(c0), so(co), or sp(co). However, the study
of the structures of the natural and the conatural g-modules as an s-module is an
important step as essential invariants of a homomorphism s — g are encoded in

these s-module structures.

We now go back to discussing general diagonal locally simple Lie algebras.
These Lie algebras are described by A. Baranov and A. Zhilinskii in [BZ]. Let us
recall some notions of this paper and state its main result, namely the classification
of diagonal locally simple Lie algebras up to isomorphism. This classification plays

a key role in the present thesis.

Let p1 = 2,py = 3,... be the increasing sequence of all prime numbers. A map
from the set {p1,p2, ...} into the set {0,1,2,...} |[J{oo} is called a Steinitz number.
The Steinitz number which has value a; at p;, as at po, etc. will be denoted by
pitps? . Let Il = p*ps?--- and II' = p(f,lpgé -+ be two Steinitz numbers. We
put IIII" = pi”ﬂ’/l]ogﬁa/2 .-+, and we say that IT divides IT' (or TI|II') if and only

if a; < o), ay < af, .... In the latter case we write < (I, II) = py* “'py> *% .-,

o0—00

where by convention p; = 1 for any <. We also define the greatest common
divisor GCD(II, IT") as pflmn(al,al)p;nm(a%%) o

Let ¢ € Q. We write IT = ¢II’ (or ¢ € %) if there exists n € N such that ng € N
and nll = ngIl’. If there exists 0 # ¢ € Q such that II = ¢II’, then we say that II

and II" are Q-equivalent and denote this relation by II R Suppose q € % for

some 0 # ¢ € Q. If p* divides II, then p™ also divides II" and so II = gp*II’ for all
I
g
hand, if there is no prime p with p* dividing II, then the set % consists of the only

k € Z. Hence in this case {qp*}rcz is a subset of &, in our notation. On the other

element ¢q. If S = (s1, s2,...) is a sequence of positive integers, Stz(S) denotes the
o

infinite product H s; considered as a Steinitz number.
i=1
Let s be an infinite-dimensional diagonal locally simple Lie algebra, so there is
an exhaustion s = U;s; with all inclusions s; C s,,1 being diagonal. Without loss
of generality we may assume that all s; are of the same type X (X = A, C, or O),
and we say that s is of type X. Note that a diagonal Lie algebra can be of more

than one type. The triple (I;,7;,2;) denotes the signature of the homomorphism
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s; — ;.1 and n; denotes the dimension of the natural s;-module. We assume
that 7, = 0 if X is not A (for all classical Lie algebras of type other than A the
natural representation is isomorphic to its dual). We also assume that [; > r; for
all i for type A algebras. (This does not restrict generality as one can apply outer
automorphisms to a suitable subexhaustion if necessary.) Finally, if not stated
otherwise, we assume that ny = 1, [{ = no, 11 = z; = 0. Denote by 7 the sequence
of all such triples {(I;, 7, z;) }ien. We will write s = X(7) as a manifestation of the

fact that 7 determines s up to isomorphism.

Set S; = ll + T, C; = lz —T; (Z Z 1), S = (Si)i€N7 C = (Ci)ieN- Put (51 = M

ng

Then §;,, = &=2n = 51"'5”‘1) < 6;. The limit 6 = lim 9; is called the density index

N4l ni+(zi/si i—00

of 7 and is denoted by §(7). Since dy = s1/ny =1, we have 0 <6 < 1. If § =0
then the sequence of triples 7 is called sparse. If there exists 7 such that 6; = 6; # 0

for all 7 > 4, the sequence is called pure. We say that 7 is dense if 0 < § < §; for

all 7.

If there exists ¢ such that ¢; = s; for all j > 4, then 7 is called one-sided
(in which case we can and will assume that ¢; = s; for all 7 > 1). Otherwise it
is called two-sided. If, for each 4, there exists j > 7 such that ¢; = 0, then 7 is
called symmetric. Otherwise it is called non-symmetric. In the latter case we will
assume that ¢; > 0 for alli > 1. Set g; = 2—2 The limit o = ZILI?O o; is called the
symmetry index of 7 and is denoted by (7). Observe that 0 < o < 1. Two-sided
non-symmetric sequences 7 with ¢(7) = 0 are called weakly non-symmetric, and

those with o(7") # 0 are called strongly non-symmetric.

The classification of the infinite-dimensional diagonal locally simple Lie algebras

is given by the following two theorems.

Theorem 2.2.1. [BZ] Let X = A, C, or O. Let T = {(l;,ri,21)} and T' =
{7}, z0)}, wherery =1, =04if X # A. Set 6 = 6(T), 0 = o(T), & = (7",

1?71 ™

o' =0o(T"). Then X(T) = X(T") if and only if the following conditions hold.

(A1) The sequences T and T’ have the same density type.
(As) Stz(S) R Stz(S').

(As) % € SS;ZZ((;)) for dense and pure sequences.
(B1) The sequences T and T' have the same symmetry type.
(B;) Stz(C) 8 Stz(C') for two-sided non-symmetric sequences.

(Bs) There exists a € SSEZZ((;)) such that o € SS;ZZ((S,)) for two-sided strongly non-

symmetric sequences. Moreover, o = g iof in addition the triple sequences are



12 CHAPTER 2. PRELIMINARIES

dense or pure.

Theorem 2.2.2. [BZ] LetT = {(l;,ri,2)}, T' = {(l,0,2)}, and T" = {(I!,0,2])}.

(i) A(T) = O(T") (resp., A(T) = C(T")) if and only if T is two-sided symmetric,
2% divides Stz(S"), and the conditions (A;), (As), (As) of Theorem 2.2.1 hold.

(i) O(T") = C(T") if and only if 2°° divides both Stz(S'), and Stz(S"), and the
conditions (A1), (Asz), (As) of Theorem 2.2.1 hold.

It is easy to see from Theorem 2.2.1 that a diagonal locally simple Lie algebra
X(T) is finitary (i.e. isomorphic to sl(c0), so(c0), or sp(c0)) if and only if Stz(S) is
finite.

As we see from the above classification, the density type and the symmetry
type are well-defined invariants of a diagonal locally simple Lie algebra. We will
call such an algebra pure, dense, or sparse if its sequence of triples 7 can be chosen
pure, dense, or sparse, respectively. We will also call an algebra one-sided, two-sided
symmetric, two-sided strongly non-symmetric, or two-sided weakly non-symmetric if

its sequence of triples 7" can be chosen with that respective property.

For an arbitrary sequence S = {s;};>1 by sl(Stz(S)) (respectively, so(Stz(S)),
sp(Stz(S))) we will denote the pure Lie algebra A({(s;,0,0)};>1) (resp., O({(:,0,0)}i>1),

C({(54,0,0)}i1))-

The following result is due to A. Baranov.

Proposition 2.2.3. Any simple subalgebra of a diagonal simple Lie algebra is di-

agonal.

Proof. Let s be a simple subalgebra of a diagonal Lie algebra s’. Corollary 5.11
in [B1] claims that a simple locally finite Lie algebra is diagonal if and only if it
admits an injective homomorphism into a Lie algebra associated with some locally
finite associative algebra. Hence s’ admits an injective homomorphism into a Lie
algebra g associated with a locally finite associative algebra. Since s is locally finite,
the existence of the injective homomorphism s — s’ — g implies that s is diagonal
too. [

Proposition 2.2.3 reduces the study of locally simple subalgebras of diagonal
Lie algebras to the study of diagonal locally simple subalgebras.

As we have seen from the classification theorems, the isomorphism class of a

diagonal locally simple Lie algebra s can be characterized in terms of the sequence
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T of signatures of a fixed simple exhaustion s = U;s;. The following corollary of
Proposition 2.1.1 expresses the Dynkin index of a diagonal inclusion of classical

simple finite-dimensional Lie algebras in terms of the signature of the inclusion.

Corollary 2.2.4. Let s C g be a diagonal inclusion of signature (I,r,z), s and g
being finite-dimensional classical simple Lie algebras of the same type (A, C, or O).
Then I8 =1+r.

Proof. Indeed, if V' is the natural s-module then clearly I4(V) = I4(V*), and (iii)
implies the result for type A algebras. If s and g are of type O or C' then the result
follows from the observation in [DP3] that PO = I,(U) and 12O = +1,(U) when
U admits a corresponding invariant form. This latter observation follows easily from
[Dy]. O

If s and g are two diagonal locally simple Lie algebras, then constructing a

homomorphism 6 : s — g is equivalent to constructing commutative diagram

51L52£>... (22)

ell egi
P1 P2

for some exhaustions s; 2 s, = ... and g K g2 Y2 of s and g respectively.
An injective homomorphism @ is called diagonal if all §; can be chosen diagonal for

sufficiently large 1.

To deal with diagonal homomorphisms we will need the following result.

Lemma 2.2.5. Let €1 : 51 — 8§5 and 5 : 51 — g be diagonal injective homo-
morphisms of finite-dimensional simple classical Lie algebras of signatures (1,71, z)
and (p,q,u) respectively. Let a triple of non-negative integers (p', ¢, u’) satisfy the

following conditions:

pra=0+r)@' +d),p—ag=010-7)P' —¢), n=n(p) +¢) + 2,

where n and ny are the dimensions of the natural g- and so-modules respectively.
Then, under the assumption that so and g are of the same type X, there exists
a diagonal injective homomorphism 0 : s5 — g of signature (p',q,u’) such that
€9 =0oeq1. If 55 and g are of different types X and Y, the statement holds under
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the following additional conditions on the triple (p', ¢, u'):

V=d1i (X,Y) =(4,0) or (X,Y) = (4,C);
p'is even if (X,Y) = (0,C) or (X,Y) = (C,0).

Proof. Lemma 2.6 in [BZ] states the same result in case all Lie algebras s;, so,
g are of the same type. The proof of Lemma 2.6 in [BZ] works also when the
three algebras are not of the same type, but only if s, can be mapped into g by
an injective homomorphism of signature (p',¢’,u’). It is easy to check that the

additional conditions guarantee the existence of such a homomorphism. ]

Consider the diagram in (2.2) without the commutativity assumption. Lemma
2.2.5 implies that if each 6; is a diagonal injective homomorphism and, for any ¢ > 1,
the two diagonal injective homomorphisms ¢;06; and 6,1 0¢; of s; into g;, 1 have the
same signature, then there are diagonal injective homomorphisms 6, with the same
property making the diagram commutative. Later on in the thesis when constructing
diagrams as in (2.2) in concrete situations, we will check commutativity by showing
only that the signatures of v; 0 6; and 6,1 o ¢; coincide for all + > 1. It will then be
assumed that 6; are replaced by corresponding diagonal injective homomorphisms

0! making the diagram commute.

We conclude this section by the result which can be found in [BZ] (see also all

references in there, for instance [B2]).

Lemma 2.2.6. Let h C g C s be finite-dimensional classical simple Lie algebras,
rkh > 10. Assume that the inclusion ) C s is diagonal. Then the inclusions b C g

and g C s are also diagonal.

Corollary 2.2.7. Let h C g C s be infinite-dimensional diagonal locally simple Lie
algebras. Assume that the inclusion h C s is diagonal. Then the inclusions h C g

and g C s are also diagonal.

2.3 Branching rules

For a given injective homomorphism ¢ : §; — s of Lie algebras, a branching rule is a
rule which allows to decompose an arbitrary s,-module as a s;-module through the
homomorphism €. In this thesis we use branching rules for two types of homomor-
phisms. The first one is the so-called standard homomorphisms, i.e. homomorphisms

of signature (1,0,1) which are used to define the classical infinite-dimensional Lie
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algebras. The second type are the homomorphisms of signature (k,0,0) (”proper”
diagonal homomorphisms). We now present these two branching rules for Lie alge-

bras of type A.

Throughout the thesis F* denotes an irreducible sl(n)-module with highest
weight A = (A1,...,\), \i € Zso. Note that the isomorphism class of F is
determined by the differences \; — Ao, ..., Ay 1 — Ay

Theorem 2.3.1. (Gelfand-Tsetlin rule [Z]) Consider a subalgebra sl(n) C sl(n + 1)

of signature (1,0,1). Then, there is an isomorphism of sl(n)-modules

Fpy Lsl(n GBF#, (2.3)

where the summation runs over all integral weights = (y1, ..., fin) satisfying A\ >
1> A > e 2 > Apg

Consider the sl(n) @ sl(n)-module F¥ ® F*. By Theorem 2.1.1 of [HTW] its
restriction to sl(n) := {x @ z, € sl(n)} decomposes as @ ¢ F?, where ¢, is the

v no

Littlewood-Richardson coefficient. One can iterate this branchlng rule to obtain the
decomposition for higher tensor products. Let c;\“m ., denote the coefficient obtained

in this manner, so,

Fi'@--@F |slin) =2 @e), . Fo, (2.4)
A

where the summation runs over all integral dominant weights A with \; > 0. We

. )\ . . . .
will call the numbers ¢, .~ generalized Littlewood-Richardson coefficients.

The following branching rule was communicated to us by J. Willenbring.

Proposition 2.3.2. Consider a diagonal subalgebra sl(n) C sl(kn) of signature
(k,0,0). Then, there is an isomorphism of sl(n)-modules

F) | sl(n @ Z oo ) EY (2.5)
where one summation runs over all integral dominant weights v with v; > 0 for all i
and the other summation runs over all sets of integral dominant weights 1, . . ., pig
with (pj); > 0 for all i, 7.

Proof. Consider the block-diagonal subalgebra sl(l) & sl(m) C sl(n) (n = [ + m).
By Theorem 2.2.1 of [HTW] EF2 | sl(l) @ sl(m) decomposes as @c’\ Fl'® F. Let

pv



16 CHAPTER 2. PRELIMINARIES

now the direct sum of k copies of sl(n) be a subalgebra sl(kn) with block diagonal
inclusion. By iteration of this branching rule we see that the decomposition of
F) | sl(n) @ --- @ sl(n) is determined by the generalized Littlewood-Richardson
coefficients:

F lsln)®---@sln)= @ ¢, Fir @ F, (2.6)

M1 g™ T
Pk
where sl(n) @ - - - @sl(n) is the block-diagonal subalgebra of sl(kn), and the summa-

tion runs over all integral dominant weights fi1, ..., p, with (p;); > 0.

Consider now a subalgebra sl(n) C sl(kn) of signature (k,0,0). One can obtain
(2.5) as a combination of the two branching rules (2.4) and (2.6). O

In Proposition 2.3.2 the sum is taken over all integral dominant weights v with
v; € Z>o for all i. In order for F” to have a non-zero coefficient in (2.5) both

Littlewood-Richardson coefficients Cu e and ¢, . must be non-zero for some

W1, ..., k. But for that we must have Z A= Z v;. Therefore the summation
i=1 i=1

in (2.5) may be taken to run over only those weights v with fixed Z v;. Hence
i=1
all modules F which are present in (2.5) with non-zero coefficients are pairwise

non-isomorphic. Indeed, if F¥" = F¥ both have non-zero coefficients in (2. 5) then

the weight v/ can be obtained by shifting the weight v by an integer, so Z v; =

i=1
n

Zl/; implies v/ = v. This argument allows us to refer to a non-zero coefficient
i=1

( Z i o) as the multiplicity of FY in (2.5).

M1y ke

Corollary 2.3.3. For a diagonal subalgebra sl(n) C sl(kn) of signature (k,0,0) the

restriction I, | sl(n) has a submodule with highest weight
(Vlv"'7yn) = (/\1+"'+>\k7)\k+l+"'+)\2k’7"'7)\k:n—k?+1+"'+)\kn)-

Proof. Indeed, if we set p; = (N, Msy -+ - Men—kri) for @ € {1,...,k}, then it easy

to check that both coefficients Cu o and ¢ - are non-zero, and therefore the

highest weight module F” is present in (2.5) with non-zero multiplicity. [



Chapter 3

Locally simple subalgebras of

diagonal Lie algebras

In this chapter we classify up to isomorphism the locally simple subalgebras of
diagonal locally simple Lie algebra. These results are presented in the article [Mar].
Throughout the rest of the dissertation all diagonal Lie algebras considered will be

assumed to be infinite dimensional diagonal locally simple.

3.1 The main classification

We begin the classification by asking whether sl(co) admits an injective homomor-
phism into any non-finitary diagonal Lie algebra. The answer turns out to be posi-

tive, and the following construction was suggested to us by I. Dimitrov.

Let F,, be the natural representation of sl(n). Note that under the injective
homomorphism sl(n) — sl(n+1) of signature (1,0, 1), the exterior algebra A (£,+1)
decomposes as two copies of A'(F},) as an sl(n)-module. Fix a map 6, : sl(n) —
sl(2™) such that the natural representation of sl(2") decomposes as A '(F,) as an
sl(n)-module. Then there exists a map 6,1 : sl(n + 1) — sl(2"™!) such that the
natural representation of s1(2"™!) decomposes as A (F,;1) as an sl(n + 1)-module

and the following diagram commutes:

sl(2) e slin) ——=sln+1) ——--- (3.1)

L e

Sl<22) _— s — 51(2”) —_— Sl(2"+1) - ...

17
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Here the lower row is assumed to consist of injective homomorphisms of signature
(2,0,0). By induction, the diagram in (3.1) yields an injective homomorphism of
sl(c0) into sl1(2%).

We will prove now that similar injective homomorphisms exist in a more general
setting. The following result will be used later to prove that any finitary diagonal

Lie algebra admits an injective homomorphism into any diagonal Lie algebra.

Proposition 3.1.1. sl(co) admits an injective homomorphism into any pure one-

sided Lie algebra s of type A.

Proof. By Theorem 2.2.1 s is isomorphic to sl(II) for some infinite Steinitz number

I1. Therefore it is sufficient to show the existence of a commutative diagram

sl(2) ———sl(3) e sl(k) sl(k+1)

| o

sl(ning) ——=sl(nyngng) —— -+ ——=sl(ny -~ -ng) —=sl(ny - ngyq) — -+
(3.2)

for suitable {n;}, where 6; are injective homomorphisms and ny,ns,... are chosen

so that H n; = II. Indeed, the diagram in (3.2) yields an injective homomorphism
i=1
sl(oc0) — sl(nyng - - - ), and sl(nyngy - - - ) is isomorphic to s by Theorem 2.2.1. We will

choose the homomorphisms 6, so that there is an isomorphism of sl(k)-modules

0 1 k
Vi Lsl(k) = ag \(Fy) @ af \(F) @ - @ af /\(F).

Here V} stands for the natural sl(n; - - - ng)-module, Fj, is the natural sl(k)-module
and the coefficients a¥, i = 0,. .., k, are non-negative integers. The above injective
homomorphism of sl(co) into sl(2°°) corresponds to the particular case ny = 2 and
aF=1forallk >2i=0,... k.

We see that if the numbers {af} satisfy the conditions a¥ + af,; = nyal™", k >
3,1 =0,...,k — 1 and a2 + 2a? + a3 = nyny, then the homomorphisms 6, can be
chosen so that the diagram in (3.2) commutes.

We will add numbers aj, al,a) to the set of coefficients {aF} and will require

2 2 _ o o1 o2 2 o 1 1 1 _ 0 _ k
ag + ay = naay, aj + a3 = neay, ay + a; = nq, and ag = 1. Then the numbers {a;}
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will form an infinite triangle

1.1
Qg a3

2 2 .2

such that

af +afy =mnpaf™' k> 1and aj = 1. (3.3)

It is enough to prove that a triangle of non-negative integers satisfying (3.3)
ag_,

exists for a suitable choice of n;. Set by := T for £ > 1. A simple calculation
shows that af = ny - - - ng(ad—by—by—- - -—by.). Notice that since a) = 1, the numbers
bi, by, ... uniquely determine the entire triangle, as the [*" “diagonal” {GZH}kzo of

the triangle is determined by the previous diagonal {aﬁ”’l}kzo and the sequence

ny,No,....

Now we will find conditions on b, which ensure that all a¥ are non-negative.

Since af ™ > 0, the numbers by, should be non-negative. In order for af to be non-
k
negative we should have Zbi < a) for all k (since b; are non-negative, we can
i=1
o0

rewrite these conditions as Zbi < 1). The entries of the diagonal {a{™}>0 can
i=1

be found from (3.3): a’]z” = ny - Ngro(bpr1 — bry2) for £ > 0. This requires the

sequence {by — bx,1} to be non-negative. If we set b,(:) = b, — by for k > 1,

then in a similar way we obtain aj™® = n, - -nk+3(b,(€1jzl — b,(:lQ). This requires the

sequence {b,(f) = bg) - bgﬁl} to be non-negative. Continuing this procedure, we
get ai“ =ng-- -nkHb,(f;ll) for all [ > 3, where by definition bgﬂ) = b,(fl) — b,(fll.

Now we see that the non-negative integers af satisfying (3.3) exist if there exists a

x
non-negative sequence {by}r>; with b, € —-——Z~, and Zbk < 1 such that

ny-ng
k=1
all iterated sequences of differences {b,(f)}kzl are non-negative. (3.4)

Note that the sequence {b; = q%}, q > 1 satisfies (3.4) as b,(gl) = qik(l - %)l >0
for all k,1 > 1. (In the case ny = n for all k, taking ¢ = n yields an injective
homomorphism sl(oc0) < sl(n*).) We will find the desired sequence {b;} as a

convergent infinite linear combination of geometric sequences.

Fix ¢ > 4 and let II = mymy---. Choose a strictly increasing sequence of

2
integers {l;}x>0 so that lp = 0 and mymg---my, > % for k > 1, which
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is possible as II is infinite. Take ny = my,_,41---my, for & > 1. Then clearly

NiNg -+ = H
Let us now construct the sequence {b;} for the chosen ny,ny,.... For i > 1
oo
&j
we denote ¢; = 1+ZL(L_1)...(L_ L) I_ Ly (L_1) where the
]:’L q'L q'L q qi qifl qi qi+1 qi qj
numbers ¢;, satisfying
qg—2
0 S 6] (q . 1)q]2+17 (35)

00 k
1
are to be chosen later, and put b, = E C; <—Z> . We will show that, if the numbers
- q
=1
g; satisfy (3.5), then the series for ¢; converges to a positive number for ¢ > 1, the

series for b converges for £ > 1, and Zbk < 1. Moreover, we will show that by
k=1

varying ¢; inside certain intervals we can make each b, to be of the form mlnk L.

00 1 k 1 l
We will have then bg) = Z ¢ (—) (1 - —,) >0, so {b,(f)} will be a sequence of
A q' q'
i=1
non-negative numbers for any /. Hence the final condition in (3.4) will be satisfied.
Qi(Qi—q1)"‘(Qi_Qi—lj)(Qi—Qi+l)"'(Qi_Qj)

As a matter of convenience we denote ¢; = qi Then let ¢;; =

oo
for i < j. We see that ¢; =1+ Z c;j. Let us prove that this series converges abso-

j=i

lutely. We have

j=i ‘d' ¢
- gjqw - quw gjq’](q — 1)
S gt ey ey e
j=i q q j=i q? j=i
: : = q" 11 1
Then, using (3.5), we obtain |¢; — 1| < # = p + e + £ +-- <
j=i
11 1 , G :
S St = — Thus, the series 1 + Z c;; converges absolutely and its sum
q q q— —
Jj=t

¢; is a number from the interval (g:—f, q_%) (in particular, ¢; is positive) for all i.
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Furthermore,
b, = — + — < — — 4+ — 4 ...
S ! + ! + ! +
Cg—-1\¢g—-1 ¢&-1 ¢¢$-1
q 1 1 ) q 1
+ +... | = ——+-—— <1 because q > 4.
q—l(q—l (¢—1) g—1 q-2

Since every term in these expressions is non-negative, the convergence of each series
) k
1
b, = Z ¢ (E) follows.
i=1
Finally, let us show that the numbers £j, satlsfymg (3. 5) can be chosen so that
- L>o. We know that by = Zcz-ql ZqZ + Z chql. From what

i=1 i=1 j=1
we proved it follows that the latter sum is absolutely convergent. Therefore we can

bkEn

o) oo ]
rewrite it as by = qu + Zz%qf. Note that the numbers ¢;; were defined

i=1 j=1 i=1
G ... 0
. ! i) .
as solutions of the equation - s : =1 using the well-
7—1 7j—1
ql qj Cos 0
i . q Y £j

J
known formula for inverting a Vandermonde matrix. Thus, Z qf“'cij =0fork <y
i=1
J ‘ k=1 j
and Z qlcij = €;. Hence, by, = Z q; —1—2 Z cwa + &g, 80 by, — e, depends only on
=1

=1 j=1 =1

j
€1,...,6k—1. Let us introduce the notation fi(e,...,e5-1) Z q; + Z Z c”ql

7=1 =1
fork:ZQandfl:E g = E _:_1
X q—
i=1

Now we define inductlvely the numbers ;. We choose €7 in such a way that b,
is the smallest number of the form nl Z>o which is not less than f;. Then we have

0<e=b—-fi<i< s (because of the choice of ny), so € lies inside the

(q 1
corresponding mterval of (3.5). Assuming that e,...,e,_1 are already chosen, we
choose ¢;, to make b, the smallest number of the form - 1nk Z>o which is not less than
fk(€17 Ce ,8[671). Then 0 S Er = bk — fk(e’fl, c. ,8}671) < n11nk < (q—g)_q?“ZWLl (agam,

because of the choice of ny,...,ng), so ¢ satisfies (3.5). Therefore the sequence
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{by} satisfies all the required conditions, and the statement follows. O

Remark. Since so(oo) and sp(oo) are subalgebras of sl(co), each of them

admits also an injective homomorphism into any one-sided pure Lie algebra of type

A.

The following two lemmas show that certain conditions guarantee the existence

of injective homomorphisms of non-finitary diagonal Lie algebras.

Lemma 3.1.2. Let s; = X(77) and s5 = X(73) be diagonal Lie algebras of the
same type (X = A, C, or O), neither of them finitary. Set S; = Stz(S;), S =
GCD(S1,S5:), R; = +(S;,9), 6; = 0(7;), C; = Stz(C;), C = GCD(Cy,Cs), B; =
—(C;,O), and o; = o(T;) fori=1,2. We assume that Ry is finite.

(i) Assume that 51 and sy are non-sparse of type A, both Ry and Ry are finite, and
S is not divisible by an infinite power of any prime number. If 2?—11 < ?—22, then
s1 admits an injective homomorphism into so. If 2?—11 = ?—22, then s1 admits an

injective homomorphism into s, unless s1 is pure and sy 1S dense.

(ii) Assume that s, and so are non-sparse, both Ry and Ry are finite, and S is not
divisible by an infinite power of any prime number. In addition, assume that

one of the following is true:

— both 51 and sy are one-sided;

— By s finite, either 51 is one-sided and sy is two-sided non-symmetric or So

18 two-sided weakly non-symmetric and s, 1s two-sided non-symmetric,

— By s finite, both s1 and sy are two-sided strongly non-symmetric, either

By is infinite or C is divisible by an infinite power of some prime number;

— both By and By are finite, both s, and sy are two-sided strongly non-

symmetric, C' is not divisible by an infinite power of a prime number, and

Rioy Raoo
B1 2 By

Under these assumptions ?—11 < ?—22 implies that s, admits an injective homo-

morphism into so. If ?—11 = ?—;, 51 admits an injective homomorphism into so

unless s1 is pure and s9 s dense.

(iii) Assume that s; and so are non-sparse. If Ry is infinite or S is divisible by an in-
finite power of some prime number, then s1 admits an injective homomorphism

mto So.

(iv) If s5 is sparse, then 51 admits an injective homomorphism into ss.
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Proof. The Steinitz numbers S;, C; and the indices d;, o; are in general not well-
defined for a Lie algebra s;: these values characterize a given exhaustion of s;.
However, if 5, is non-sparse and S; is not divisible by an infinite power of any prime
number, then the number L does not depend on the exhaustion of s; (because then

by condition Aj of Theorern 2.2.1 Stzgslg is a set containing exactly one element for

S corresponding to any other exhaustion of s;, and therefore ?11 is well-defined by
condition Aj). Also, under the assumptions made in the last statement of (ii), the
number %11%1 does not depend on the exhaustion of s; (this follows from condition
B3 of Theorem 2.2.1). The finiteness of Ry, R, By, By does not depend on the
exhaustion either, so in the proofs of all four statements we can exhaust s; in any

convenient way. The same applies to ss.

We will assume that X = A and prove all statements for type A Lie algebras.
If s; and sy are of type O or C, then both s; and s, are one-sided and the proof is

analogous to the proof in the type A case when s; and s, are one-sided.

Let us now set up some notations. Let s, be exhausted as sl(ng) C sl(ny) C - - -,
each inclusion sl(n;) — sl(n;y1) being of signature (I;,7,2;), ¢ > 0. By possibly
changing some first terms of the exhaustion, we can choose ng to be divisible by
Ry. Similarly, let sl(mg) C sl(my) C --- be the exhaustion of s,, each inclusion

sl(m;) — sl(m;y1) being of signature (I},7},2!), i > 0. Set s; =l; +r;, ¢; =l; —r

RS Nt

=1l 47, and ¢, =l —r, for i > 0. Then S; = ngsesy---, C1 = ngcocy - -,
/ !/

. NpSo---Si—1 . MoSy -8,

Sy = mypsysy -+, Cy = mocycy --+, 6 = lim , 0y = lim —2 "1
/ /
. Co G Ch >+ C:
o1 = lim , and oy = lim —> ..
1—00 §q - SZ 1—00 S+ - S

Consider a diagram

sl(ng) ——sl(ny) e sl(n;) ——=sl(njt1) —— - (3.6)

o |

Sl(mko) —>Sl(mk1) — ... Hsl(mki) —>sl(mki+1) R

where 0; is a diagonal homomorphism of signature (z;, y;, mg, — (z; + yi)ni), i > 0.
Taking into consideration the argument given after Lemma 2.2.5, we see that to

make such a diagram well-defined and commutative it is enough to have
$i(Tiv1 + Yir1) = (T + Yi) Sk, Shyyy—1s (3.7)

Ci(%’ﬂ - ?Jz’+1) = (xz - yz)dc T C;ml_p (3'8)
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and

for ¢+ > 0. Finally, we set py = and Pi = PoSo - - - Si—1 for i > 1. We are now ready
to prove that there exist numbers xi, i, © > 0 satisfying (3.7) — (3.9) in all four

cases.

(i) The Steinitz number R, is finite in this case. Possibly by changing the
exhaustion of s, we can choose mg to be divisible by Ry. Choose also each k; large

enough so that mos{) - 8),,_1 is divisible by Ryp; (this is possible since p; divides S)

and put ¢; = % for i > 0. Put also x; = y; = ¢;. Then it is easy to verify
that (3.7) and (3.8) hold, and (3.9) is equivalent to 01;27:;"_1 < SR

NoSo * -« * Si—1

Suppose that R—"’ < 2‘57}1. Pick a € (}‘;—22,2‘57}1). Since §; = llirgo o

/

m()S s S moso - . . i

and dy = 1 #WehaveR—“<a<%forz>zo,k > Jo.
1—00 m; 2Mk,

Obviously we can choose each k; greater than jy,. Also we can construct #; only for

i > ip and the diagram in (3.6) will still give us an injective homomorphism of s;

into s,.
7 /
S MOS0 ki1 Sy . 61 o M0SOSio

Let now 2 = 2R . If s5 is pure then Fomee — Rs = 3B = 2Rimy where
the latter inequality holds because the sequence “2*>-*=1 ig non-increasing. Finally,
if both s; and s, are dense, then for each i we have %2 = 2L « 050Sic1 g4 6 make

R, — 2R 2Rin;
£
m056"'5;ci—1 n0S0 " Si—1
o S TR We choose k; sufficiently large.

(ii) Possibly by changing the exhaustions of ; and s, we choose ng to be divisible
by R12" and myq to be divisible by Ry2%, where u is the maximal power of 2 dividing

S (u is finite because 2*° does not divide S). We also choose my large enough so
moshesh

T 120 (k; is chosen large enough to

that 72 > 7. Denote again ¢; =

. . / /
make Rop; divide mosg--- s} ;).

If both s; and sy are one-sided, we put x; = ¢;,5; = 0. In the other three
cases Bj is finite, so cocy -+ divides Mcjc) --- for some finite M. By changing
the exhaustion of s; we can make cocy - -+ divide ¢} - --. For that we replace the
signature (I;,7;, z;) with (({; +r;+1)/2, (l; + r; — 1) /2, z;) for finitely many i (I; + r;

is odd for all i > 0 because sgs; -+ = Rls is not divisible by 2). Now we can choose

cheCh
each k; large enough so that ¢o---¢;_1 d1v1des ch-e -ckrl. Then denote t; = 00—011
.

for i > 1 and t, = 1. Notice that for each ¢ > 0 the numbers ¢; and ¢, have the
same parities as the numbers s; and s, respectively. But all s; and s, are odd, so
¢; and ¢, are odd as well. Hence t; and ¢; are odd, and we put z; = (¢; + ¢;)/2 and
y; = (g — t;)/2. Let us check that y; > 0 (or ¢; > t;). This is obvious for i = 0. For
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/ /

) 0" Cy—1 < Ri . coCi1
/ !
S0 Sg,—1 T M0 80 8i—1"

i > 1 the inequality y; > 0 is equivalent to £2 or

2 (oahi, < (o) (3.10)

where (01); = 2%=L ig a non-increasing sequence which tends to oy and (03); =
50++8i—1

o "Ch1

~—L is a non-increasing sequence which tends to g,. Let us verify the inequality
i—1
(3 10) case by case.

50

If 51 is one-sided, then (oy); = 1 for ¢ > 1 and our inequality is equivalent to

(02)k;, < mofl - Thig holds in case 89 is two-sided non-symmetric because of the
g n0R2

assumption 7% > 7 made at the beginning of the proof. If 55 is two-sided weakly

m0R1 (

ont(01); for large

non-symmetric, then lim (02)g, = 09 = 0, and therefore (o9);, <

enough k; in case s; is two-sided non-symmetric.

Let now both s; and s, be two-sided strongly non-symmetric, By be infinite
or C' be divisible by an infinite power of some prime number. In this case there
exists an infinite Steinitz number C” such that cye; --- divides ,coc1 .. Since

o1 = hm (01) > 0 and the sequence (oy); decreases, to verify (3.10) it suffices to

moR1
noRa2

(02)k; < 1. This clearly holds for large enough k; if o9 < 01. Otherwise we change

prove that (02)k, < o1. We have mo > ”0 , therefore it is enough to prove that
the exhaustion of s, such that the new symmetry index 9 = 09/N is less than oy
for a finite N|C” (we replace I}, r; by (s, +u)/2, (s; —u)/2 respectively, where ¢, = uv
and v|N for finitely many ¢) and repeat the same construction of z;,y;. Then oy
stays the same and in the new construction the inequality (62)x, < o7 holds for large

enough k;.

Finally, let both By and B, be finite, both s; and s, be two-sided strongly non-

symmetric, C' be not divisible by an infinite power of a prime number, and Ré—‘l’l >

R”? . Then ¢{c} - -+ = Ncyey - - - for an odd number N, and by possibly changing the
exhaustlon of 55 we can make ¢} - -+ = cycy - - - and repeat the same construction.

B _ no Rioy Bi _ no : _ moRy '
Then 7L = 22, and therefore 312 > 1 = 2. Then Z-EI&("?)M =09 < ol (1)

for all ¢, since (01); is a non-increasing sequence which does not stabilize. Now

clearly (3.10) holds for large enough k;.

So far we have proven that in all cases we can choose exhaustions of s; and s,
such that z; = %(ql +t;) and y; = %(ql — ;) are non-negative integers (in the first
case, where both s; and s, are one-sided, we just put ¢; = ¢;, so x; = ¢;, y; = 0).

Since we have z; + y; = ¢; and x; — y; = t;, it is easy to check (3.7) and (3.8). The
mOS{)"'S;ci—l < N0s0Si-1
Romy,. — Rin;

2

condition in (3.9) is equivalent to , and under the assumption
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7 < 7 or & = 7= its proof is analogous to that in (i).

(iii) Let us fix an exhaustion of s; and choose myq in the exhaustion of s5 such
that Rjpo|me and Tg—gs{)s’l .-+ is divisible by S for some finite R). Moreover, we
can choose Rj to be arbitrary large (if Ry is infinite, then RY, can be any divisor of
Ry; if p®|S, then R, can be pY for any N > 1). Denote ¢; = %
x; =y = q (r; = 2q;, y; = 0 for types O and C). Similar to the proof of (i), the

and put

conditions in (3.7) and (3.8) are satisfied, and (3.9) is equivalent to the inequality
mOSE)"'S;ci—l < Mososi-i
Rymp, — 2R1n;

Since the exhaustion of s; is fixed, the right-hand side is

mosh---sh
bounded by 257}1 from below. But RO,T:’I < ﬁ,
2 i 2

choose R} to be greater than 2.
1

and therefore it is enough to

(iv) Choose each k; large enough so that mgsj--- s, is divisible by p; and

/ /
mosg Sy, 1

denote ¢; = - , 0 > 0. Then put z; = y; = ¢ (v; = 2¢;, y; = 0 for
types O and C). The conditions in (3.7) and (3.8) are again satisfied, and (3.9)

! !
mosSg S, 1 n0S0**Si—1

— 2R1n;

is equivalent to the inequality But s, is sparse, therefore

m0$6..-8/

lim L — 0, so the inequality holds for large enough ;. ]

1—00 m;

Lemma 3.1.3. Let 51 = X (71) and s5 = X3(73) be diagonal Lie algebras, neither
of them finitary. Set S; = Stz(S;), S = GCD(Sy, 52), R; = +(5;,9), and 6; = 6(7;)
fori=1,2. We assume that Ry s finite.

(i) Assume that s, and ss are non-sparse, both Ry and Ry are finite, and S

is mot divisible by an infinite power of any prime number. In addition, let

(X1,Xs) = (A,0), (A,0), (0,C), or (C,0). If 2?—11 < 1}—22, then s, admits
an injective homomorphism into so. If 2?—11 = ?—22, then s1 admits an injective

homomorphism into s9 unless s1 is pure and s9 1S dense.

(ii) Assume that s, and sy are non-sparse, both Ry and Ry are finite, and S is

not divisible by an infinite power of any prime number. In addition, assume

that (X1,X2) = (C,A) or (O,A). If ?—11 < ?—22, then s1 admits an injective
homomorphism into ss. If?—ll = ?—22, then s, admits an injective homomorphism

into 59 unless s1 is pure and s9 1S dense.

(7ii) Assume that s; and so are non-sparse. If Ry is infinite or S is divisible by an in-
finite power of some prime number, then s1 admits an injective homomorphism

mto So.

(iv) If s5 is sparse, then 51 admits an injective homomorphism into ss.
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Proof. The proofs of all four statements in the lemma are analogous to the corre-

sponding proofs of Lemma 3.1.2. We will point out only the essential differences.

(i) If (X1,X2) = (A,C) or (A4,0), we put z; = y; = ¢; as in the proof of
Lemma 3.1.2 (i). If (X1,X5) = (O,C) or (C,0), we put z; = 2¢;, y; = 0. Since
we are dealing with Lie algebras of different types we have to pay attention to
the additional conditions of Lemma 2.2.5. These conditions are obviously satisfied.
The rest of the proof is the same and the diagram in (3.6) (with Lie algebras of

corresponding types) yields an injective homomorphism of s; into s.

(ii) Since s is of type O or C, s; is one-sided. The Lie algebra s, is not two-
sided symmetric because 2*° does not divide S;. Thus s, is either one-sided or
two-sided non-symmetric. Both cases were considered in Lemma 3.1.2 (ii) for type
A Lie algebras. The construction of an injective homomorphism of s; into ss is the

same in the case we now consider.

(iii), (iv) If (X1, Xs) = (A,C) or (A, O), we put z; = y; = ¢;, and if (X1, Xs) =
(C,A), (0,A), (0,C), or (C,0), we put x; = 2¢;, y; = 0. The proofs of (iii) and

(iv) are completed in a way similar to the proofs of Lemma 3.1.2 (iii) and (iv). O

Corollary 3.1.4. The three finitary Lie algebras sl(co), so(oo), and sp(co) admit

an ingjective homomorphism into any diagonal Lie algebra.

Proof. Let s be a diagonal Lie algebra. If s is finitary, then s is isomorphic to one
of the three Lie algebras sl(c0), so(c0), sp(co). Hence sl(c0), so(o0), admit sp(co)
admit an injective homomorphism into s. If s is not finitary, then (by an easy
corollary from Lemma 3.1.3 (iii), (iv)) there exists a pure one-sided Lie algebra s’
of type A which admits an injective homomorphism into s. Then each of the Lie
algebras sl(00), so(o0), sp(co) can be mapped by an injective homomorphism into

s’ by Proposition 3.1.1, and the statement follows. [

Proposition 3.1.5. Let 51 = X1(77) be a subalgebra of so = X5(7T3). Set S; =
Stz(8S1), Se = Stz(Ss). Then S1|SaN for some N € Zy.

Proof. We take s := s, and g := s, in order to use the notation s; for an exhaustion
of 5. Since s admits an injective homomorphism into g there is a commutative
diagram

51 ... 5;

[

Ok . Ok,
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Set M = I (01) Then, by Proposition 2.1.1 (ii), we have ]g,fiM = I’”]gki (0;)
ki1

for ¢ > 1. Then H15’+1|M H IgJH for @ > 1. Thus, S1|SoMny, where n; is the

Jj=1 Jj=k1
dimension of the natural representation of s;. [

Proposition 3.1.6. Let s be a sparse one-sided Lie algebra of type A not isomorphic
to sl(co). Then s admits no non-trivial homomorphism into a pure one-sided Lie

algebra of type A.

Proof. Assume for the sake of a contradiction that there is an injective homomor-

phism of s into some pure one-sided Lie algebra of type A. Let s be exhausted as

sl(n1) C sl(ng) C -+, each inclusion sl(n;) — sl(n;y1) being of signature (I;,0, z;).
Iy« -l
Recall that by the definition of a sparse Lie algebra, lim i L = 0. Then
1—00 ’]’LZ

there is a commutative diagram

sl(nq) e sl(n;) (1:,0,2i)

| i

sl(my) —— - ——>sl(my - - - m;)

sl(njgq) ——- - (3.11)

6i+1l

Ms}(ml--~mi+1>*>""

The lower row constitutes an exhaustion of the pure Lie algebra sl(mymsg---).

Denote by V; the natural sl(m - - - m;)-module for i > 1. Note that 6; makes V;

into an sl(n;)-module. Let

Vi lsl(n) = @ The F), (3.12)
AEH;

be the decomposition into a direct sum of isotypic components. Here T\ = Homg,,)(
sl(n;)) is a trivial sl(n;)-module, and H; is the set of all highest weights appearing

in this decomposition. We can rewrite (3.12) (non-canonically) as

Vi | sl(n;) @ Fo @ &F), (3.13)

AEH;

t,\

where ¢, = dim 7). Since all weights A\ € H; are dominant, for each A = (A1,..., \,,),
A1 — A, is a non-negative integer. Set d; = {\nagx()\l —An,). We define H(y) and d(yp)
€H;

in a similar way for an arbitrary injective homomorphism ¢ of finite-dimensional
classical simple Lie algebras of type A, so that H(#;) = H; and d(6;) = d;.

Let us show that d; > d;;; for « > 1. By ¢; we denote the injective ho-

momorphism sl(m;y - --m;) (m41.00) sl(my---m;41) as in (3.11). Notice first that

Fo Vil
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H(QOZ @) 091) = H((91> = Hz and dim Homsl(m)(Fy’L\i, ‘/i—i-l) = Mji+1 dim Homsl(ni)(}%\i, ‘/z)
for all A € H;. Furthermore, d(y; 0 6;) = d(0;) = d;.

Let A\ € H;y1 be a weight such that Ay — A,,,, = d;;1. Since (1;,0, %) is
the signature of the diagonal injective homomorphism sl(n;) — sl(n;41), there is a
chain of inclusions sl(n;) C sl(i;n;) C sl(lin; +1) C -+ C sl(ln; + z;) = sl(ni1)
such that their composition is the original map in (3.11). Applying the Gelfand-
Tsetlin rule (see Theorem 2.3.1) repeatedly, we obtain that F,i‘i“ Lsl(limg + 2 — 7)
has a submodule with highest weight (A1, Ao, ..., Minitz—i—2s Minitzi—j—1s An,.,) for
j =1,...,2z;. We then apply Corollary 2.3.3 to the submodule of F;L\i+1 1 sl(ling)
with highest weight (A, ..., A1, An,py) and see X i= (A 4+ 4+ Xy, A1 + - +
Aoty s Ayng—tit1 F oo+ Ngng—1 + Anyyy) € H(pi 0 6;), ie. the sl(n;)-module with
highest weight ) is a constituent of E) .. L sl(ng). Hence, d(@; 0 6;) > (A= An,) =
(AL 4+ Ay) = M=t + -+ Nin—1 + Anyy) = A1 — Ay = diy1, where the
latter inequality holds because A is dominant. Since d(¢; o ;) = d;, we have the
desired inequality d; > d;11.

Since {d;} is a non-increasing sequence of positive integers, it stabilizes, so there

exists d € Z such that d; = d for all i > J. Pick K such that l;---lx_1 > d (thisis

possible since s is not isomorphic to sl(oo), and therefore H l; is infinite). Consider
i=1
now the following part of the diagram in (3.11):

sl(ny) e sl(ng)

. .

slimy -+ my) —— -+ ——=sl(my - - mg).

The injective homomorphism sl(n;) — sl(ng) is diagonal of signature (I, 0, z), where
l=1;---lg_1 and z = ng — Iny. Using similar arguments as above we obtain that
A=A+ F XA+ 4 A dmis1 -+ A1 + Ay ) € Hy for any
A € Hy. This shows that Ay +- -+ XN — (App—ip1 + -+ Ag) < de If Ag1 # Mje—as
then A\gy1 > Ay—q + 1, in which case Ay + -+ + X — (A1 + -+ Ay) 2
M+ + A1) —Nng—d+- -+ Ay ) >d+1asl>d Hence, \jy1 = A\ —q which
yields A\g11 = Agy2 = -+ = A\ —q. We thus conclude that for ¢ > K each integral
dominant weight appearing in H; has the property that all its marks apart from the

first d and the last d must be equal.

Let us calculate the index I°\" "™ of the corresponding composition of homo-

sl(n1)
morphisms in (3.11). Using Proposition 2.1.1 (ii) and Corollary 2.2.4, we compute

[Sl(ml"'mi) — 7

A(m) (01)mg - --m; by following down 6; and to the right; similarly we
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compute [Sll((:“) ™) — J, ... 1,_,I(6;) by going to the right and then down 6;. By

Proposition 2.1.1 (iii), (iv) we have

1
=Y WI(F) = T D tadim E) (A A+ 2p)ai(n) (3.14)

AEH,; ? \NeH;

where 2p is the sum of all the positive roots of sl(n;).

Note that (A, A + 2p)am, = (M +2p), where \; = \j — —Z)\k for j =
U =1
,...,n, 2p=(n; —1,n; —3,...,—(n; — 1)), and (, ) is the usual scalar product
on C™,

Fix ¢ > K, using the notation from above, so that \; — A,, < d and A\g; =
Aip1 = = An,a- Set a@ = Mgy, so that [\; —a| =0for j =d+1,d+2,...,n;—d.
Then [Aj—a| = [A\j=Aa| < dforall j. Since » "X =0and Ay =X, = A=A, < d,

j=1
we have |\;| < d for all j. Hence,

ZS\j(S\j +n,; —2j+ 1)

=1

>

|<>‘7)‘+2:0>81(m)| - |( 75‘+20)| -

5\ i —a—2j)+ (n,-+1+oz)25\j

1 j=1

Mz_

J

3

7

= Z(Aj—cx+oz)(5\j—a—2j)

j=

n;

1
:Z)\—a 22)\—aj+z (\j — @) — 2aj)

j=1
:Z)\—a —22)\—04]—2 Z )\—a]—nloz —n;(n; + o
7=1 j=n;—d+1

§2d2+22jd+2 Z jd 4+ n;a* + ny(n; + 1)|a

j=1 Jj=1 j=n;—d+1

= 2n;d® 4 2(n; + 1)d* + n;a® + ni(n; + 1)|al.

Since \; +- - ~+5\d+a(ni —2d) +5\ni—d+1 + - -—i—S\ = 0 (which implies |a| < 72d)

we obtain the following inequality:

(AL A+ 20)s1(nn)| < 2d%n; + 2d*(n; + 1) + < con;
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for all i > K, where ¢ is some positive constant. Then from (3.14) we have I(6;) <

Con; . A Gy . e pslimaeems)
1 /\EZH tadim F; = v TR Hence, I(6y)mg---m; = Isl(m) =
ll cee l,_ll(Ql) S ll e li_ligﬁaml TNy, This 1mphes % S ll cee li—l%; SO
lln# > ¢ for some positive constant ¢;. The last inequality contradicts the fact

naly -l
that lim At Tl 0, so the proposition follows. [
71— 00 nl

Corollary 3.1.7. Let s1, 5o be non-finitary diagonal Lie algebras. Assume that s;
is sparse and there is an injective homomorphism of s into s5. Then s, must be

sparse as well.

Proof. Suppose, on the contrary, that s, is pure or dense. Lemma 3.1.3 (iv) implies
that there exists a sparse one-sided Lie algebra s of type A which admits an injective
homomorphism into s;. By Lemma 3.1.3 (iii) there exists a pure one-sided Lie
algebra s, of type A such that s, admits an injective homomorphism into ;. If s,
would admit an injective homomorphism into s,, then s} would admit an injective
homomorphism into s through the chain ) C s; C 55 C s, which would contradict
Proposition 3.1.6. Hence the statement holds. [

Proposition 3.1.8. Let s, = A(7y) and so = A(7Tz) be pure one-sided Lie algebras,
neither of them finitary. Set S; = Stz(S;) for i = 1,2, and S = GCD(S, Ss).
Assume that both Steinitz numbers +(S1,S) and +(S3,S) are finite and S is not
divisible by an infinite power of any prime number. An injective homomorphism of

51 1nto 9 is necessarily diagonal.

Proof. Let S = plfpé2 -+~ for the increasing sequence {p;} of all prime numbers
dividing S. Denote n; = 2L(p;)"t -+ (py;)'¥+¢ for i > 0, where the integer N is to
be fixed later. Suppose that there is an injective homomorphism 6 : s; — s,. Then

it is given by a commutative diagram

sl(ng) — -+ ——=sl(n;) ——=sl(n41) —— - (3.15)

o

Sl(mg) s s Sl(mz) — Sl(mi+1> R

where m; = %2 (p1)"* -+ (pyig,) ¥ for i > 0 for some ko, ki,.... By possibly
shifting the bottom row of the diagram we may assume that k; > ¢ + 1 for each
1> 0.

Denote by W; the natural sl(m;)-module. Let H(y¢) and d(p) be as in the proof

of Proposition 3.1.5 for an arbitrary injective homomorphism ¢ of finite-dimensional
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classical simple Lie algebras of type A. Set H; = H(6;) and d; = d(6;) for i > 0.
Similarly to (3.13) we then have

Wi | sl(n;) = EBFA RN

AEH; ~~

where t); = dim Homsl(ni)(Fé_, W; | sl(ny)).

As in the proof of Proposition 3.1.5, {d;} is a non-increasing sequence, and
therefore d; = d for ¢ > iy. By choosing N large enough we make d; = d and
pnii > d~+ 1 for all i > 0. Take now 0 < i < 5 < k; and consider the following piece
of the diagram in (3.15):

sl(n;) e sl(n;) (3.16)

[

sl(m;) — - ——sl(m;).

Here the injective homomorphism sl(n;) — sl(n;) is of signature (¢,0,0), where
q = (pnyiv1)™N+i1 - (pyyj)N+i. Take an arbitrary non-zero highest weight \ in

H;, yielding the sl(n;)-module Fﬁ‘j. Since n; = gn;, by Proposition 2.3.2 we have

lSl n; g@ Z Cm -Hq M1 Mq>F”z

Vo M1 lq

. . A .
Since the coefficients ¢, , and ¢, are independent of the order of pu1, ..., ug,

we can rewrite this as

E) L) =@ Y corey e OFY. (3.17)

A TS

Here [p1,. .., pg] stands for the multiset with elements 1, ..., 1y, and ¢,..., ¢, is
the set of multiplicities of [u1, ..., 1y]. Note that ¢; +--- 4+ ¢ = ¢.

Fix a highest weight v such that F} has non-zero multiplicity in (3.17) and
fix a multiset of integral dominant weights [u1,..., 1] making both generalized

Littlewood-Richardson coefficients ¢} and ¢, non-zero. We will show that ¢

B fhg Hg
divides C#*~% (and hence the contribution from [p, ..., ] to the multiplicity of

FY ) if the module F}! is non-trivial. Suppose that p; divides all g1, ..., ¢, for some
N+i+1<1<N+j. Note that the sl(n;)- module F,’l’i/ for v/ = py + -+ +

also has non-zero multiplicity in (3.17) because ¢*, # 0. Since all ¢y, ...,q, are

fi1...piq
divisible by p;, we have v/ = p;u’ for some integral dominant weight p/. Furthermore,
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using the path along 6; in (3.16), we see that Fﬁ; has non-zero multiplicity in Wj,
and since W; | sl(m;) is a direct sum of copies of W;, it must be that F,Z has
non-zero multiplicity in W; | sl(n;), i.e. v/ € H;. Since d; = d < p; — 1 we have
p > vy — vy, = pi(ph — py,,) which possible only if pf = p;, (equivalently, v] = v, ).
Therefore v/ is the zero highest weight, and hence all y, ..., u, are zero as well.
Then the coefficient ¢, , is non-zero only if the weight v is zero, so F}/, is a trivial
module.

Suppose now that p; does not divide at least one of ¢, ...,q, for each [ such
that N +7 <[ < N 4 j. A combinatorial argument shows that C’gl""’qT = q1+!-<1T!
is divisible by ¢ if each prime divisor of ¢ fails to divide at least one of ¢q,...,q..
We thus conclude that each non-trivial sl(n;)-module F}/ with non-zero multiplicity
in (3.17), has multiplicity divisible by ¢. As a corollary, any non-trivial simple

constituent of W; | sl(n;) appears with multiplicity divisible by g.

By following the diagram in (3.16) down §; and then to the right, we get W; |
m .
sl(n;) & — @ t,iFY . Since ¢ = (pnyip1)V+i+1 - (pn,)V+ s relatively prime to
my; ‘
veH;
D = (DN k1) VR (pN+kj)lN+’“J‘ (as j < k;), the commutativity of the diagram

in (3.16) implies that t,; is divisible by ¢ for any non-zero v in H;.

Let us introduce a new notation. For an arbitrary injective homomorphism
@ : g1 — g of finite-dimensional classical simple Lie algebras of type A we denote
by N(p) the number (counting multiplicities) of simple non-trivial constituents of
the natural representation of g, considered as a gi-module via ¢. Then N; := N(6;)
is divisible by ¢ = (pnyir1) N1+« (pyy;)¥+ by the above argument. Taking
j = k; we obtain that N; is divisible by (px 1) ™N++1 -+ - (pngr; ) N+

Fix now j = ¢ 4+ 1 in the diagram in (3.16), and let ¢ : sl(n;) — sl(m;y1)
denote the map produced by this diagram. As shown above, each non-zero weight
A € H; 1, yields a non-zero weight in H (1)) = H; with non-zero multiplicity divisible
by (pyiir1)¥+i+1, and hence at least (pyyip1)¥++1. Therefore by following the
diagram to the right and then down 6;,1, we obtain N(¥)) > (pnjit1)V+i+1 Niy1.
Note also that equality holds here only if for each non-zero A € H;,; we have F qu_ l
sl(n;) = qF), ©T for a non-zero v € H;, where T'is a trivial (possibly 0-dimensional)
module. Meanwhile, by following the diagram down #; and to the right we have
N(Y) = (pnyhy41) N Hrett - - (pN+ki+1)lN+ki+1 N;. As a result we obtain the inequality

l ) l ) Inis .
(DN hy 1) NHFH e (DN, ) VNG > (PN i) VNG, des o > ap, where
._ N;
Qi = IN4it1
(PNtit1) N+l (pNyk,)
sequence of positive integers it stabilizes, and by choosing N sufficiently large we

o are integers for ¢ > 0. Since {;} is a non-increasing
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can assume that g = a3 =g =+ -.

Now take an arbitrary non-zero A € H;,,. Since a; = a1, the decomposition
in (3.17) becomes F, | sl(n;) = qFY &T for some non-zero v € H;, where T is some
trivial (possibly 0-dimensional) module. Since the contribution from each multiset
411, - - ., f1q) to the multiplicity of F)Y in (3.17) is divisible by ¢, there exists exactly
one multiset [u1, ..., i,] making a non-zero contribution to the multiplicity of F)!.

Moreover, the fact that C’gl"“’q’“cﬁl._uq Cry.ng = 4 together with the fact that ¢ divides
q

Cgr-- implies CF-% = ¢q. It is easy to check that F’_q! = q only if » = 2 and

{q1,42} = {1,q — 1}. Then we safely can assume that pu; = po = -+ = p,_1. Since

V' = + -+ p, is a non-zero weight satisfying czll_”“q # 0, the module F;; also

has non-zero multiplicity in (3.17), and therefore v = /. Hence v = (¢ — 1)p11 + ptg,

and since vy — v,, < d < (pyyip1) ¥+t — 1 = ¢ — 1, we immediately get that p,

A
H1...Hq

q — 1 zero weights. One can check that this is only possible if A is either of the

is the zero weight. Then the only multiset [y, ..., i,] making ¢ non-zero has
form (c+1,¢,...,¢,¢) or (¢,c,...,c,c+1). Thus, all non-zero highest weights from
H; ., are either those of the natural or of the conatural representation. This means

precisely that all homomorphisms 6; are diagonal. ]

Corollary 3.1.9. Let 51 = X1(71) and so = X3(73) be non-sparse Lie algebras,
neither of them finitary. Set S; = Stz(S;), S = GCD(S, S2), and R; = +=(S;, S) for
1= 1,2. Assume that S is not divisible by an infinite power of any prime number,
and that both Ry and Ry are finite. An injective homomorphism of s, into sg is

necessary diagonal.

Proof. Set 6; = §(7;), i = 1,2. Denote s} = sl(=-(S1, R})), where R} > 20, is some
finite divisor of S1, and s, = sl(S2R)), where Rj is finite and R}, > %. Then, by
Lemma 3.1.2 (i) and Lemma 3.1.3 (i), (ii), §7 admits an injective homomorphism
into §; and s, admits an injective homomorphism into s;. Then there exists an
injective homomorphism of &} into s} through the chain s C s, C so C s}, and
this homomorphism is diagonal because the Lie algebras s} and s/, satisfy the condi-
tions of Proposition 3.1.8. Finally, it follows from Corollary 2.2.7 that the injective

homomorphism of s; into s, has to be diagonal as well. O

Lemma 3.1.10. Lets; = X1(73) and sy = X(73) be non-sparse Lie algebras, neither
of them finitary. Set S; = Stz(S;), S = GCD(S4,52), R = +(5;,95), 6; = 6(T),
C; = Stz(C;), C = GCD(Cy,Cy), B; = +(C;,C), and o; = o(T;) fori = 1,2.
Assume that S is not divisible by an infinite power of any prime, and both Ry and

Ry are finite. If 1 admits a diagonal injective homomorphism into ss, then the
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following holds.

(i) ?—11 < ?—;. The inequality is strict if 51 is pure and sy is dense.

(1) 2?—11 < ?—; when one of the following additional hypotheses holds:

- (X1,X5) =(A,0), (A,0), (0,C), or (C,0);

— (X1,Xs) = (A, A), By is infinite;

— (X1,Xs) = (A, A), By is finite, 81 is two-sided weakly non-symmetric, s,
15 either one-sided or two-sided strongly non-symmetric;

— (X1,Xs) = (A, A), both By and By are finite, C is not divisible by an
infinite power of a prime number, both s1, s are two-sided strongly non-

; Rioy Rooo
symmetric, and B < B,

Again the inequality is strict if s, is pure and s9 is dense.

Proof. (i) Assume that (X7, X5) = (A, A) (the other cases are analogous). Let s;
be exhausted as sl(ng) C sl(ny) C ---, each inclusion sl(n;) — sl(n;y1) being of
signature (l;,7;,2;), ¢ > 0 and 89 as sl(mg) C sl(my) C --- with sl(m;) — sl(m;41)
being of signature (I}, 7%, 2!), i > 0. Moreover, we choose ng to be divisible by R,

[ EEE S Nad

and mg to be divisible by R,.

There is a commutative diagram

sl(ng) —— sl(n1) - sl(n;) ——> - (3.18)

) .

sl(my, ) —sl(my,) — -+ ——=sl(my,) —-- >

where each injective homomorphism 6; is diagonal of signature (z;, y;, mg, — (z; +

y;)n;). Denote ¢; = z; + y;. Then, using Corollary 2.5 [BZ], we get
QiShy *** Sg;—1 = Si+ - 8j-1¢; for all j >4 > 0. (3.19)

Hence s;s;41 - - - divides ¢;s, s}, - -+ fori > 0, s0 Simosg - - - s),,_; divides g;Sangso - - - 54-1.
Since S is not divisible by an infinite power of a prime number, the Steinitz num-
ber +(S1mosg -+ sp,_1,9) divides +(g;Sanoso - - - 8i-1,5). Therefore we have that

+(qiRanoso - - - 551, Rimos( - - - 8, 1) is a Steinitz number which is moreover finite,

and thus it is a positive integer. So TO%0" ki1 < mosoSizy Taking the limit of both

Rzmki — Rin;
sides for 1 — oo we get 2—22 < 162_11' Moreover, if s; is pure and s, is dense, then

. . . . mosy Sy,
< 1‘;—11 for large enough i. Since the non-increasing sequence Biol

does not stabilize, we obtain the strict inequality 1‘;—2’2 < 16%_11'

my,
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(ii) We keep the notations from (i). The injective homomorphism of s; into sy
is given again by (3.18). If the pair (X, X5) is one of (A,C), (4,0), (O,C), and
(C, O), then, by Proposition 2.3 [BZ], for any diagonal injective homomorphism of a
type X algebra into a type Xy algebra of signature ([, r, z) the integer [ + r is even.
Therefore g; is divisible by 2 for any j and it follows from (3.19) that g;s), 53 ;-
is divisible by 2s;s;,1---. The rest of the proof is analogous to (i).

In the other three cases both s; and s, are of type A. Notice that neither s;
nor s, is two-sided symmetric (otherwise S would be divisible by 2°°). Thus we can
assume that ¢; > 0 and ¢, > 0 for all ¢ > 0. Denote t; = x; — y;. It is enough to
prove that t; = 0 for infinitely many 7 ( because then ¢; is even for infinitely many i
and the statement can be proven similarly to the first case). Assume the contrary,
i.e. let t; > 0 for i > 75. Without loss of generality we can assume that ¢; > 0 for all
1 > 0. Let us show that this contradicts the assumptions of the lemma in all three

cases.

Let B; be infinite. By Corollary 2.5 in [BZ],
toChy *** Cpym1 = Co -+ Cimaty for i > 1. (3.20)

Then clearly cocq --- divides 750020020 41+, and therefore By divides ngty. This
contradicts B; being infinite.

For the next case, combining (3.19) and (3.20), we obtain 2—‘; N

/ e / .
Sk Sk —1 9i

ey " . GG . : .
% By definition o7 = lim , and since 57 is two-sided weakly non-
1— 1—00 SO . e Si
. . tz Co - C; . 0 ;fo o C;ci—l
symmetric we have lim — = 0. But lim — - ——F— = w0y, where

/ /
=00 (; Sp Sy =00 4o Spytt Sk—1

/ /
toso-~~sk071

u = > (. So 09 = 0, contradicting s, being not two-sided weakly non-

0Ch""Chy 1
Symmetric.

Finally, let both s; and s5 be two-sided strongly non-symmetric. Since ¢; < ¢;

/
Chg " Ch;—1 < Cociza

for i > 0, we have Z—z . Taking the limit we obtain

/ / — - °
ko Sk —1 S0 Si—1

/ /
t_O.SO..'Skofl

0'2<0'1. 3.21
Go Co 2l

Let us go back to (3.19). We know that qos), -~ 53,1 = S0+ si-1¢;- If ¢; is divisible

by some prime number p for infinitely many ¢, then by an argument similar to that

in (i) one derives the inequality p?—ll < ?—22, from which the statement follows. So we

can assume that every p divides at most finitely many ¢;. Then it is easy to see that

. ;o .
the Steinitz numbers gos}, s}, 1 -+ and sos; - -+ have equal values at every prime p,
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so they coincide. Hence,
/ /
Ry mosy- sy

2 (3.22)
Ry 4oMo
From (3.20) coc; - - - divides toc), ¢, 1 - - - » and therefore g—f > % Combining
the latter inequality with (3.21) and (3.22) we obtain 2t > gjg;, which contradicts
an assumption in the statement of the lemma. [

We are now able to prove the main result of the thesis.

Theorem 3.1.11. a) The three finitary Lie algebras sl(00), so(00), sp(co) admit
an injective homomorphism into any infinite-dimensional diagonal locally sim-
ple Lie algebra. An infinite-dimensional non-finitary diagonal locally simple

Lie algebra admits no injective homomorphism into sl(cc), so(co), sp(o0).

b) Let 51 = X1(7Th), so = Xa(7Z2) be infinite-dimensional non-finitary diagonal
locally simple Lie algebras. Set S; = Stz(S;), S = GCD(Sy, S2), Ri = +(S5;,5),
0; = 0(7;), C; = Stz(C;), C = GCD(C4,Cy), B; = +(C;,C), and o; = o(7T;) for
1t =1,2. Then s, admits an injective homomorphism into sy if and only if the

following conditions hold.

1) Ry is finite.
2) sq is sparse if 1 is sparse.

3) If s1 and so are non-sparse, both Ry and Ry are finite, and S is not divisible
by an infinite power of any prime number, then e?—ll < ?—22 for € as specified
below. The inequality is strict if 51 is pure and so is dense. We have € = 2,

except in the cases listed below, in which € = 1:

3.1) (X1,X2) = (C,C), (0,0), (C,A), (0,A), and (X1, Xs) = (A, A) with
both s1 and sy being one-sided;

3.2) (X1,X5) = (A, A), By is finite, either s, is one-sided and sy is two-
sided non-symmetric or s is two-sided weakly non-symmetric and s, is
two-sided non-symmetric;

3.3) (X1,X2) = (A, A), By is finite, both s; and sy are two-sided strongly
non-symmetric, either By is infinite or C' s divisible by an infinite
power of any prime number;

3.4) (X1,X2) = (A, A), both By and By are finite, both s1 and ss are two-

sided strongly non-symmetric, C' is not divisible by an infinite power of

Raog

any prime number, and Ré—‘l’l > B
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Proof. a) The statement follows directly from Corollary 3.1.4 and Proposition 3.1.5.

b) The sufficiency of the conditions follows directly from Lemma 3.1.2 and
Lemma 3.1.3.

The necessity of conditions 1 and 2 follows from Proposition 3.1.5 and Corol-
lary 3.1.7 respectively. Let us prove the necessity of condition 3. Note that the
assumptions of this condition satisfy Corollary 3.1.9. Hence in this case an injective
homomorphism of s; into ss, if it exists, has to be diagonal. Therefore we can apply
Lemma 3.1.10 and this lemma implies the necessity of condition 3 (it is easy to check
that under corresponding assumptions the cases which are not listed in 3.1—3.4 are
exactly the cases listed in Lemma 3.1.10 (ii)). O

3.2 Equivalence classes of diagonal locally simple Lie alge-

bras

We now introduce a notion of equivalence of infinite-dimensional Lie algebras. We
say that gy is equivalent to go (g1 ~ g@o) if there exist injective homomorphisms
g1 — g2 and go — g;. For finite-dimensional Lie algebras, equivalence is the same

as isomorphism, but this is no longer true for infinite-dimensional Lie algebras.

The following corollary gives a description of the so defined equivalence classes

of diagonal locally simple Lie algebras.

Corollary 3.2.1. a) The three finitary Lie algebras sl(cc), so(c0), and sp(co) are
pairwise equivalent. None of them is equivalent to any non-finitary diagonal

locally simple Lie algebra.

b) Let 51 = X1(71) and s9 = X5(73) be infinite-dimensional non-finitary diagonal
locally simple Lie algebras. Set S; = Stz(S;), S = GCD(S1, S2), R = +(S;,5),
6, = 8(T;), C; = Stz(C;), C = GCD(Cy,Cy), B; = +(C;,C), and o; = o(T;) for
1 =1,2. Then sy is equivalent to s if and only if the following conditions hold.

1) S R S,
2) Both s, and sy are either sparse or non-sparse.

3) If 51 and sy are non-sparse and S is not divisible by an infinite power of

any prime number, then:

Rl _ Ry.
3.1)5—11:5—22,

3.2) §1 and sy have the same density type;
3.3) s1 and sy are of the same type (X7 = X3);
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3.4) s1 and sy have the same symmetry type;
3.5) Cy 2 Cs if 51 and so are two-sided non-symmetric;
8.6) =% Rl"l = Ré—? if 81 and sy are two-sided strongly non-symmetric and C

18 not divisible by an infinite power of any prime number.

Proof. a) The statement follows directly from Theorem 3.1.11 a).

b) To prove sufficiency it is easy to check case by case that all the conditions of
Theorem 3.1.11 b) are satisfied for both pairs s; C s and sy C 8.

Let us prove necessity. Assume that there exist injective homomorphisms s; —
5o and s — §7. Conditions 1 and 2 are obviously satisfied. Suppose that s, and s,
are both non-sparse and S is not divisible by an infinite power of any prime number.
Then elRl <3 R2 and €52 R2 § Rl by Theorem 3.1.11 b). Clearly, this is only possible
ife; =6 =1 and ?11 = 52 ) Then s1 and s5 have the same density type (otherwise
one of the inequalities would be strict). Conditions 3.3—3.6 follow from conditions
3.1—-3.4 of Theorem 3.1.11 b) for both pairs (s1, 52) and (s2, §1). O

Remark. Isomorphic Lie algebras are clearly equivalent. If two Lie algebras
satisfy Theorem 2.2.1 (or Theorem 2.2.2), then they satisfy also Corollary 3.2.1.
One can check that conditions A3 and B3 of Theorem 2.2.1 correspond respectively
to conditions 3.1 and 3.6 of Corollary 3.2.1.

Let I denote the set of equivalence classes of infinite-dimensional diagonal lo-
cally simple Lie algebras. If we write s — sy in case there exists an injective
homomorphism from s; into s9, then the relation — induces a partial order on D. It
follows from Theorem 3.1.11 a) that D has a unique minimal element (which also is
the least element) with respect to the partial order —: this is the equivalence class
consisting of the three finitary Lie algebras sl(oco), so(c0), sp(co). The following
statement shows that there exists precisely one maximal element of D (which also

is the greatest element) and describes the corresponding equivalence class.

Corollary 3.2.2. Let s = X(7) be a diagonal locally simple Lie algebra. The

following are equivalent.

1) Any diagonal locally simple Lie algebra admits an injective homomorphism

mto s.

2) s is sparse and Stz(S) = pi°ps°---, where py, pa,... is the increasing se-

quence of all prime numbers.

Proof. 1)=2): Consider a Lie algebra s’ = A(7"), where 7" is sparse and Stz(S’) =
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PP -+, Since §' admits an injective homomorphism into s, the Steinitz number

~(pp3°---,S) is finite and s is sparse by Theorem 3.1.11 b). Then clearly S =
PPy
2)=-1): This follows immediately from Theorem 3.1.11. O

The equivalence class corresponding to the maximal element of D consists of
infinitely many pairwise non-isomorphic Lie algebras. Indeed, by Theorem 2.2.1
there is only one, up to isomorphism, sparse one-sided Lie algebra of type A satis-
fying property 2 of Corollary 3.2.2, but there are infinitely many sparse two-sided
Lie algebras of type A with this property. In addition, by Theorem 2.2.2, any Lie
algebra of type other than A satisfying property 2 of Corollary 3.2.2 is isomorphic
to the sparse two-sided symmetric Lie algebra of type A with Stz(S) = p{°p - - -.



Chapter 4

Homomorphisms of diagonal Lie

algebras

This chapter is joint work with Ivan Penkov. It contains some ideas and partial

results on injective homomorphisms of diagonal locally simple Lie algebras.

4.1 Diagonal and non-diagonal homomorphisms

Let s and g be two diagonal Lie algebras admitting an injective homomorphism

f:s — g. Then 6 is given by a commutative diagram

P AT N LN (4.1)
ell Gni
91 P1 . Pn-1 gn Yn
for some exhaustions s; = s, 25 ... and g, K g2 Y2 of s and g respectively. Di-

agonal homomorphisms (i.e. homomorphisms for which all #,, can be chosen diagonal
for large enough n) seem to be easier to study. Indeed, a diagonal homomorphism
@ can be studied in terms of the signatures (p,,qn,u,) of the respective 6,; only
elementary methods are required to determine necessary and sufficient conditions
on sequences {p,}, {q.}, {un} so that they define a homomorphism 6 : s — g.
Moreover, we believe that for a homomorphism given by a fixed set of signatures
(Pn, qn, Uyn), a study similar to the study of homomorphisms in [DP3] can be carried
out (in particular, it follows from [DP3] that all homomorphisms of finitary Lie al-
gebras are necessarily diagonal). This is why it is natural to ask when there is a

diagonal homomorphism s — g and when there is a non-diagonal homomorphism

41



42 CHAPTER 4. HOMOMORPHISMS OF DIAGONAL LIE ALGEBRAS
s — g. The following proposition partly answers this question.

Proposition 4.1.1. Let (s, g) be a pair of diagonal Lie algebras such that s admits

an injective homomorphism into g.

(a) If both s and g are finitary, then there exists an injective diagonal homomor-

phism s — g and there is no non-zero non-diagonal homomorphisms s — g.

(b) If s is finitary and g is non-finitary, then there exists an injective non-diagonal
homomorphism s — g. Moreover, there exists an injective diagonal homomor-

phism s — g if and only if g is sparse.

(c) If both s = X1(7T1) and g = Xo(Tz) are non-finitary, set S; = Stz(S;), and let A;
be the set of all prime divisors p of S; for which p>° does not divide S;, 1 = 1, 2.
There exists an injective diagonal homomorphism s — g. Moreover, there ezists
an injective non-diagonal homomorphism s — g if at least one of the sets Ay,

Ay is finite, and there exists no non-zero non-diagonal homomorphism s — g
if +(S2, GCS(S4,.52)) is finite and all prime divisors of Sy are contained in A,.

Proof. (a) The statement follows from the results of [DP3].

(b) The existence of an injective non-diagonal homomorphism in this case is
proven in Corollary 3.1.4. If g is sparse, one can prove the existence of a diagonal
homomorphism similarly to the proof of Lemma 3.1.2 (iv). Let now g be pure or
dense and let us prove that there is no non-zero diagonal homomorphisms s — g.
Assume the contrary. By Lemma 3.1.3 (i), (ii), g admits a diagonal homomorphism
into some pure Lie algebra of type A. Since sl(co) can be mapped into s by a
diagonal homomorphism, we have a diagonal homomorphism of sl(co) into a pure

Lie algebra of type A. Then we have a commutative diagram

sl(k) sl(k +1) (4.2)
Gki i9k+1
"HSl(nl"'nk)HS]-(nl"'nknk;—i-l)H"'
for some integers nq,ns, ..., where 65 are diagonal homomorphisms of signatures

(Pk, qr, ug) for all & € N and the lower row consists of homomorphisms of signatures
(ng,0,0). Therefore ny -+ ny, = (P + Gm)Mm + Uy > (P + gm)m for m > 1. By
Proposition 2.1.1 (ii) and Corollary 2.2.4 we also have p,, +Gm = (P + k)1 N
for m > k. Hence, pp + g < == for m > k. The latter inequality implies

pr + qx = 0 since m can be chosen arbitrary large. This contradicts the fact that
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0y is a homomorphism. Therefore there is no diagonal embeddings of sl(co) into a

pure Lie algebra of type A, and the statement follows.

(c) All the injective homomorphisms of diagonal non-finitary Lie algebras con-
structed in Section 3.1 are diagonal, therefore there always exists an injective di-
agonal homomorphism s — g. Corollary 3.1.9 proves the last statement of (c). It
is left to prove that if at least one of the sets A;, A, is finite, then there exists a

non-diagonal injective homomorphism of s into g.

Suppose that the set A; is finite. Then, since the Steinitz number S; is infinite,
there exists at least one prime p for which p™ divides S;. Hence S} = kS7, where k
is finite and, for any prime divisor p of S, p>° divides S]. Then by Lemma 3.1.3 (iii)
there exist injective homomorphisms s — sl(S57) and sl(S]) — g. Therefore to show
the existence of an injective non-diagonal homomorphism of s into g it is enough to
show that there is an injective non-diagonal homomorphism of sl(S}) into itself. Let

us prove the latter fact.

Let S| = nyngy---, where n; are integers. From the definition of S it is clear
that (S7)? = S;. We now construct an injective homomorphism of sl(niny - - -) into
sl((ny)?(ng)?- -+ ). Fix an injective homomorphism 6y of sl(ny - - - ng,) into sl((n1)?- - - (nz)?)
such that the natural sl((n;)? - - - (ng)?)-module decomposes as an sl(n; - - - ng)-module
as the second tensor power of the natural sl(n; - - - ng)-module. One checks that it
is possible to define 05,1 by a similar procedure so that the following diagram is

commutative:

Sl(nl) Sl(nl nk)—>81(n1nknk+1)—>

all 0ni enHi
sl((n1)?) — -+ ——=sl((m)? -+ (m)?)) —=sl((n1)? - -~ () (nge41)?)) — -+
(4.3)
Here the upper row consists of homomorphisms of signatures (ny,0,0), and the
lower rows consist of homomorphisms of signatures ((nx)?,0,0) respectively. By
defining such homomorphisms 6, for every k we obtain an injective homomorphism

sl(S7) — sl(S]), and this homomorphism is clearly not diagonal.

In case A, is infinite we prove the statement in a similar way, only now we
construct an injective non-diagonal homomorphism of sl(5}) into itself, where Sy =
kS! for finite k. O
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4.2 Natural representations of diagonal Lie algebras

In [DP3] the s-module structures of the natural and conatural g-modules are studied
as natural invariants of an injective homomorphism of finitary Lie algebras s — g.
In order to generalize the results of [DP3] to diagonal Lie algebras, we should first
define natural and conatural modules over a diagonal Lie algebra. Let g be a diagonal
Lie algebra and let g; C g2 C --- be an exhaustion of g. By definition, a natural
g-module (respectively, conatural g-module) is any non-zero g-module which can be
constructed as a direct limit V' = limV;, (vespectively, Vi = limV "), where V,, is the
natural g,-module. One can check that this definition agrees with the definition
given in Section 2.2 for g = sl(c0), so(c0), and sp(oo). However, a natural g-module
is not uniquely defined if g is non-finitary, and moreover there exists an infinite family
of non-isomorphic natural representations of g in this case. Consider for example
the simplest case of a non-finitary diagonal Lie algebra: set g = sl1(2°°) = lim(g,, =
sl(2")), where each injective homomorphism s1(2") — sl(2"*1) is of signature (2,0, 0).
Notice that for each choice of nested Cartan subalgebras b, C g,, b, C hn11, there
exists a natural g-module Vj, which is an h-weight module (i.e. V} equals the sum of
its h-eigenspaces; h = U,bh,). On the other hand, there clearly exists a direct limit
V= limV/, such that h does not act on V via weight spaces: to obtain such a direct
limit it suffices to fix a decomposition of g,-modules V1 = V,, @V, such that each
b 1-weight space of V,, 1 lies in one of the two copies of V,,, then map V,, diagonally
into V,,11, and after that pass to the direct limit. As Vj is an h-weight module, while
Vs not, there is no g-isomorphism between Vj, and V. This construction produces
two non-isomorphic natural representations of g, but it is easy to see that in fact
there are infinitely many isomorphism classes of such representations. In a similar
way one shows that there are infinitely many non-isomorphic conatural g-modules
of g =sl(2%).

Let us go back to the study of homomorphisms s — g. Following the ideas
of [DP3], we investigate the socle filtrations of natural representations of g as s-
modules. Consider an injective homomorphism 6 : s — g of non-finitary diagonal

Lie algebras. Then we have the following.

Proposition 4.2.1. Let g be one-sided, and let 6 be an injective diagonal homo-

morphism given by a commutative diagram

51 - Sy, Sn+1 o 5 (4'4)

R

g1 ce 9n In+1 to g,
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where 0, is of signature (1,0, z,) (respectively, (1,1, z,)) for all n. Then any natural
g-module V', considered as an s-module, has a non-zero socle V' which is isomorphic
to a direct sum of a natural (resp., a natural and a conatural) s-module and possibly

a trivial s-module. Moreover, V/V' is a trivial s-module.

Proof. Let V = lii)nVn where V,, is the natural g,-module. Consider first the case
when 6, is of signature (1,0, z,,) for all n. Then we have V,, | s, = F,, ® 2, T,,, where
F,, is the natural s,,-module and 7T,, is the trivial one-dimensional s,-module. Let
v € V be any element on which s acts non-trivially. We have v € V,, for some n. By
acting by s,, on v we obtain F},, the only non-trivial submodule of V,, | s,,. Applying
the same argument to the image of v in V,, 1, V,, 19, etc. we conclude that a natural
s-module F' = lim F}, is a submodule of V' and moreover V/F is a trivial module, so

the statement follows.

It remains to notice that in the case when 0, is of signature (1,1, z,) for all
n, the homomorphism of V,, into V,,;; induced by the diagram in (4.4) maps the
sp-submodule F,, (respectively, F¥) into Fy 4y (resp., Fy;, ;). This is a consequence
of the fact that g is one-sided. Then as above we can show that the simple direct
summands of the socle of V' | s are a natural s-module F = lim £}, and a conatural
s-module F, = lim FJ, and that the module V/(F @ F.) is trivial. O

Consider now a non-diagonal homomorphism s — g. In contrast with the case
of diagonal homomorphisms, the socle filtration of the module V' | s may not be an
adequate tool to study the structure of this module. For instance, if s = sl(co) is
mapped into g = sl(2%°) by the injective homomorphism constructed in the beginning

of Section 3.1, then V' | s has zero socle. Moreover, the following statement holds.

Proposition 4.2.2. Ifs is diagonal finitary and g is one-sided non-finitary with the
property Stz(g) = 2°°, then for any injective homomorphism s — g constructed in
Section 3.1, the socle of any natural representation of g considered as an s-module

18 a trivial s-module.

Proof. Consider first the case s = sl(co) and g = sl(2*°). An injective homomor-
phism 6 : sl(oco) — s1(2%°) is constructed explicitly in the beginning of Section 3.1

and is given by the commutative diagram

s1(2) - sliin) ——=sln+1) —--- sl(oc0) (4.5)

R ei

S1(22) —= -+ ——=s1(27) —Ee gl (27— (2%),
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where ¢, is a diagonal injective homomorphism of signature (2,0, 0) for all n. More-

over, each 6, is chosen so that

Vo lsim) = A(F) e AN @ o \(F). (4.6)

Here F,, stands for the natural sl(n)-module and V}, is the natural sl(2")-module.

For the sake of contradiction assume that a natural representation V' = lim V,,
of g considered as an s-module has non-trivial socle. Then there is a simple s-
submodule V! € V | s. Consider a non-zero element v € V'. We have v €
Vi | sl(n) for some n € Zss, and hence sl(n) - v C V'. Therefore, since in (4.6)
the decomposition of V;, | sl(n) into direct sum of simple sl(n)-modules is given
explicitly, we obtain A"(F,) € V' for some k, 1 < k < n—1. We know that under the
homomorphism of sl(n)-modules V;, — V11 induced by ¢,, /\k(Fn) is being mapped
into the direct sum A"(F,1) & A" (F,.1). However, by our construction, the
image of this map is not contained in A*(F,41) or A" (F,41), and hence generates
N'(Foi) ® NP (F,41) when acted upon by sl(n + 1). Therefore, A*(F.41) &

AN (F,41) € V. Continuing this procedure we get U ( @ /\(Fm)) C

m>n \k<i<m—n+k

V’. One can check that U < @ /\(Fm)> is a proper s-submodule of

m>n+1 \k+1<i<m—n+k
V', which contradicts with the assumption that V"’ is a simple s-module. One can

prove in a similar way that the same holds for any conatural g-module V*, so the

socle of V* | s (if non-zero) must be a trivial s-module.

Let now s be an arbitrary finitary Lie algebra and g be a one-sided non-finitary
Lie algebra with Stz(g) = 2*°. Note that s admits an injective homomorphism
into sl(co0). According to Lemma 3.1.2 and Lemma 3.1.3, there exists an injective
homomorphism sl(2*°) = g’ — g. Moreover, this homomorphism is given by a

commutative diagram

g, O (4.7)

On l On+1 l

e G G

where the diagonal homomorphisms 6, are of signatures (1,0, z,) for g of type A,
and (1,1, z,,) otherwise. Let V' be again a natural module of g. Then by Proposition
4.2.1 we get that the socle of V' | ¢’ is isomorphic to a direct sum of a natural

g’-module and possibly a trivial module for g of type A, and to the direct sum of
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a natural g’-module, a conatural g’-module, and possibly a trivial module for g of
type O or C'. According to Corollary 3.1.4, a homomorphism of s into g is given by
the following chain of inclusions: § — sl(co) — g’ — g. We thus obtain that the
socle of V' | sl(oc0) is necessarily a trivial sl(co)-module, and therefore the socle of

V' | s is a trivial s-module. O

We complete this section by the remark that, in addition to the socle filtration
of V' | s, the radical filtration of V' | s provides also essential information about the
homomorphism s — g. Note that for the injective homomorphism sl(oco) — s1(2°°)
constructed via the diagram in (4.5), the socle of V' | s is a trivial module, but the

radical filtration of V' | s can easily be checked to be exhaustive.

4.3 The level of a homomorphism

In Propositions 3.1.6 and 3.1.8 we used a certain invariant of an injective homomor-

phism s — g. We now recall this invariant and define it in greater generality.

Let s1, so be finite-dimensional classical simple Lie algebras of type A, and

1 1 51 — $9 be an injective homomorphism. Consider the decomposition

Vias= P Wao---alp,
~—_———

AEH () t

where Vj is the natural so-module, V;} is an s;-module with highest weight A\, H (1)

is the set of all weights appearing in this decomposition. Since all the weights

considered are dominant, for each A = (Ay,..., \,), A\ — A, is a non-negative integer.
Set d(vy) = AM—An).
et d(v) Arg}%( 1= )

Let now the homomorphism 6 : s — g be given by the diagram in (4.1). It
was shown in the proof of Proposition 3.1.6, that if s is a sparse one-sided Lie
algebra of type A and g is a pure one-sided Lie algebra of type A, then the sequence
{d,, = d(0,)} is non-increasing. One can check that the same argument works under
the assumption that both s and g are diagonal Lie algebras of type A, and the
sequence {d, = d(6,)} is again non-increasing. We call lim d, the level of the
homomorphism 6. In this way the level of an injective hgg(o)omorphism s — g of
diagonal Lie algebras of type A is defined. A similar invariant exists most likely
when s and/or g are of arbitrary types, and this question needs to be studied in the

future.

The level of an injective homomorphism is a positive integer. Diagonal homo-
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morphisms are of level 1. The homomorphism given in (4.5) is non-diagonal, but it
is also of level 1. The diagram in (4.3) gives an example of a non-diagonal homomor-
phism of level 2. Non-diagonal homomorphisms in general can be of any positive

integer level. Moreover, the following stronger statement holds.

Proposition 4.3.1. If s = sl(co) and g is any diagonal Lie algebra of type A, then

there exist homomorphisms of s into g of any positive integer level.

Proof. In the proof of Proposition 3.1.1, which was later generalized to Corollary
3.1.4, it was shown that there exists a non-diagonal homomorphism of s into g of
level 1. Denote this homomorphism by # and consider the composition s LN g,
where 6" maps any sl(n) into sl(nl) diagonally of signature (,0,0) for a fixed [ > 0.

One can check that this composition is a homomorphism of level [. ]

Note that the same result would hold for any diagonal Lie algebra s of type
A with n®|Stz(s) for some n, under the condition that there exists a non-diagonal
homomorphism of s into g of level 1. Indeed, it would be enough to consider an
endomorphism ¢ of s which maps any sl(z) into sl(nfx) diagonally of signature
(1,0, (n* —1)x) (k is chosen large enough so that n* > ).

It seems reasonable to study separately non-diagonal homomorphisms of differ-
ent levels. The hope is that the study of general non-diagonal homomorphism will
be reduced to the study of homomorphisms of level 1, which appears to be a much

simpler problem.
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