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1. NOTATION AND DEFINITIONS

Throughout this thesis g will be a reductive Lie algebra over the
algebraically closed field C of characteristic 0 and ¢ C g will be a
reductive in g subalgebra. Let U() be the universal enveloping algebra
of &, G be the adjoint group of [g, g], K be a connected subgroup of G
with Lie algebra €N g, g] and B be a Borel subgroup of K. We work in
the category of algebraic varieties over C. All Lie algebras considered
are finite-dimensional.

Definition 1.1. A (g, €)-module is a g-module for which action of € is
locally finite, i.e. for which dim (U()m) < oo for any m € M, where
U)m :={m' € M | m' = um for some u €U(£) and m € M }.

Definition 1.2. Let M be a locally finite ¢-module, i.c a (£, £)-module.
We say that M has finite type over £ if all isotypic components of € are
finite-dimensional. We say that a (g, £)-module is of finite type if M
has finite type over &.

Let Z(g) be the center of the universal enveloping algebra U(g).

Definition 1.3. We say that a g-module M affords a central character
if for some homomorphism of algebras x :Z(g) — C we have zm =
X(z)m for all z €Z(g) and m € M.

Definition 1.4. We say that a g-module M affords a generalized cen-
tral character if for some homomorphism

X :Z(g) — C
and some n € Z~ we have
(z=x(2))"m =0
for all m € M and z €Z(g).

Let M be a (g, )-module of finite type and V' be a simple £-module.
We denote by [M : V], the supremum over all finite-dimensional ¢-
submodules M" C M of the Jordan-Holder multiplicities [M" : V];. By
[M : -] we denote the corresponding function from the set of simple
£-modules to Zxo. This is nothing but the £-character of M.

Definition 1.5. A bounded (g, €)-module M is a (g, )-module which is
bounded as a t-module, i.e. for which the function [M : -], is uniformly
bounded by some constant C';.

Definition 1.6. A multiplicity-free (g, €)-module M is a (g, £)-module
which is multiplicity-free as a £-module, i.e. for which the function
[M : -] is uniformly bounded by 1.



For a finitely generated g-module we denote by V(M) the associated
variety of M, by AnnM the annihilator of M in U(g), by GV(M) the
zero set of gr(AnnM) (see Subsection 3.5). We call a G-orbit Gu in g*
nilpotent if 0 € Gu. If g is semi-simple we identify g and g*.

For a variety X we denote by O(X) the structure sheaf of X, by C[X]
the algebra of regular functions on X, by D(X) the sheaf of differential
operators on X, by D(X) the algebra of global sections of D(X). We
denote by TX (respectively, T*X) the total space of the tangent (re-
spectively, cotangent) bundle to X. If M is a coherent D (X )-module,
V(M) CT*X stands for the singular support of M [Bo] (see also Sub-
section 3.4). All D(X)-modules considered are quasicoherent.

For a finite-dimensional vector space W we set ny :=dimIV.

Definition 1.7. We call an ny-tuple A := (A1, ..., A\ny, ), A € C, de-
creasing if \; —\; € Zso for i > j. We call X semi-decreasing if it is not
decreasing but becomes decreasing when we remove one coordinate (cf.
with O. Mathieu’s [M] definitions of ordered/semi-ordered tuples).

Assume ny > 3. Let A = (A, .., A1), Aj € C, be a decreasing
tuple and ¢ € C. By adding an additional coordinate ¢ to A (at any
position) we obtain a semi-decreasing ny -tuple A*.

Definition 1.8. The monodromy m(A*) of A* is the number e?7(*=*1),

Definition 1.9. We call an ny-tuple A := (A1,..., A\ny, ), A € C, in-
tegral if \; — \; € Z for any i,j. We call X\ semi-integral if it is not
integral but becomes integral when we remove one term. We call a
tuple A reqular if \; # \; for all pairs i # j.

Any semi-decreasing ny-tuple \is regular integral, singular integral,
or semi-integral. If A is integral then m(\) = 1; if A is not integral then
m(\) # 1.

Definition 1.10. We call an ny-tuple a Shale- Weil tuple if p; > p;
for i > j, pny—1 > |tny | and p; € 5+ Z for all i € {1,...,nw}.

For a K-variety X and a point x € X we denote by K, the stabilizer
of x in K and by €, the Lie algebra of K. If there exists a subgroup
H C K such that H is conjugate to K, for all x from some open
subset X C X, we call H a generic stabilizer of K on X; we call the
Lie algebra of H a generic isotropy subalgebra. By definition, X is a
K-spherical variety if X is irreducible and has an open B-orbit.

By SL,,, SO,,, SP,, we denote respectively the special linear, orthogo-
nal and symplectic groups of n-dimensional vector space (SP,, is defined
only when n = 2k). By sl,, s0,,sp, we denote the corresponding Lie
algebras.



2. INTRODUCTION AND BRIEF STATEMENTS OF RESULTS

There are two well-known categories of (g, £)-modules: the category
of Harish-Chandra modules and the category O. In the first case ¢ is
a symmetric subalgebra of g (i.e. ¢ coincides with the fixed points of
an involution of g), and in the second case £ is a Cartan subalgebra b,
of g. For both types of pairs (g, £) the (g, £)-modules in question are of
finite type. I. Penkov, V. Serganova, and G. Zuckerman have proposed
to study, and attempt to classify, simple (g, £)-modules of finite type
for arbitrary reductive in g subalgebras €, [PSZ], [PZ] (see also [Mi]).

Let X be the variety of all Borel subalgebras of g. Let A eH!(X, Qb!)
be a cohomology class (25 is the sheaf of closed holomorphic 1-forms
on X) and D*(X) be the corresponding sheaf of twisted differential
operators on X [Be]. The cohomology class A defines functors of ’lo-
calization’ (Loc: g-modules to D*(X)-modules) and ’global sections’
(GSec: DA(X)-modules to g-modules). For any central character y
there exists a cohomology class A such that GSec(Loc) is the identity
functor after restriction to the category of g-modules which affords the
central character y [BeBe2]. Any simple g-module affords a central
character [Dix].

We fix A eHY(X, Q). In the category of D*(X)-modules there is
a distinguished full subcategory of holonomic sheaves of modules, or
simply holonomic modules. Informally, holonomic modules are D*(X)-
modules of minimal growth (see Definition 3.20). The simple holonomic
modules are in one-to-one correspondence with the set of pairs (L, S),
where L is an irreducible closed subvariety of X and S is sheaf of
DA(L')-modules which is O(L')-coherent after restriction to a suitable
open subset L' C L. Moreover, a coherent holonomic module S is
locally free on L', and one could think about it as a vector bundle Sp
over L' with a flat connection. Note that flat local sections of Sp are
not necessarily algebraic.

Our first result is the following theorem, which we prove in Section 4
(Corollary 4.1).

Theorem 2.1. Let M be a simple (g, £)-module of finite type. Then
Loc(M) is a holonomic D*(X)-module.

The following theorem is a 'geometric twin’ of the previous one and
is proved also in Section 4. The definitions needed for the statement
of the theorem see in Subsection 3.1 and Subsection 3.7, or in [VP].

Theorem 2.2. Let Z C g* be a nilpotent G-orbit, £- be the annihilator
of ¢ in g*, Ng(g*) be the K-null-cone in g*. Then the irreducible
components of Z N E-NN(g*) are isotropic subvarieties of Z.



Let V. be the set of all irreducible components of all possible in-
tersections of Ny (&) with G-orbits in Ng(g*). This finite set of sub-
varieties of g* determines a finite set V,, of subvarieties of T*X and a
finite set L, , of subvarieties of X, see Section 4.

Theorem 2.3. Let M be a finitely generated (g, €)-module of finite
type which affords a central character, and let (L,S) the pair corre-
sponding to LocM as introduced above. Then L is an element of L ,.

We prove this theorem in Section 4 (Corollary 4.1). Any simple
Harish-Chandra module is holonomic [BeBe2] and of finite-type [HC]".
For the literature on Harish-Chandra modules, see [KV] and references
therein.

In the classification of simple (g, hy)-modules of finite type the bounded
simple modules play a crucial role. Based on this, and on the experi-
ence with Harish-Chandra modules, I. Penkov and V. Serganova have
proposed to study bounded (g, ¢)-modules for general reductive subal-
gebras €. A question arising in this context is, given g, to describe all
reductive in g bounded subalgebras, i.e. reductive in g subalgebras ¢ for
which at least one infinite-dimensional simple bounded (g, ¢)-module
exists. In [PS] I. Penkov and V. Serganova give a partial answer to
this problem, and in particular proved an important inequality which
restricts severely the class of possible €. They also give the complete
list of bounded reductive subalgebras of g = sl, which are maximal
subalgebras.

In the work [Pe] we prove the following theorem.

Theorem 2.4. There exists an infinite-dimensional simple bounded
(sI(V'), €)-module if and only if V' is a K x C*-spherical variety.

We reproduce the proof of this theorem in Section 5. There are well-
known pairs of algebras which admit an infinite-dimensional simple
bounded module:

(1) ¢ is a Cartan subalgebra of a simple Lie algebra g of type A or C [F];
(2) £ is a symmetric subalgebra of a reductive Lie algebra g.

Bounded (g, hy)-modules are nothing but weight modules with bounded
weight multiplicities, and all such simple modules have been classified
by O. Mathieu [M].

As far as we know, the simple bounded Harish-Chandra modules
have not been singled explicitly out within the category of all Harish-
Chandra modules. For a given symmetric pair (g, ), Harish-Chandra

'In the literature on Harish-Chandra modules the condition of being of finite
type is often called admissibility.
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modules admit only finitely many support varieties, and a Harish-
Chandra module M is spherical if and only if any irreducible compo-
nent of the support variety V(M) is spherical. There is some progress
in singling out the spherical varieties among the support varieties of
Harish-Chandra modules [Pan2], [Ki].

Let I be a two-sided ideal in U(g). By definition, I is primitive if
I is the annihilator of some simple g-module M. Let W be a finite-
dimensional C-vector space. To any nyy-tuple A := (Aq, ..., \n,,, ) OnE as-
signs a weight A (see Subsection 3.9) and a primitive ideal I(\) CU(s[(W))
(this is the annihilator of the simple s[(W)-module with highest weight
A), and any primitive ideal of U(s[(W)) arises in this way from some
tuple .

Let My, M; be simple (g, £)-modules. Let AnnM;, AnnM; be the an-
nihilators in U(g) of M; and M, respectively. 1. Penkov and V. Serganova
[PS] proved that, if AnnM;=AnnM, and M, is a bounded (g, £)-module,
then M, is €-bounded too (see also Theorem 3.13). Moreover, a (g, £)-
module is bounded if and only if the algebra U(g)/AnnM satisfies cer-
tain relations. In Section 5 we prove the following weaker geometric
version of this result.

Theorem 2.5. A simple (s[(W), £)-module M is bounded if and only
if the associated variety GV (M) is K-coisotropic.

This shows that 'boundedness’ is not a property of a module M but
of the ideal AnnM, and moreover of the nilpotent orbit GV (M) C
s[(W)*. Theorem 2.5 also motivates our interest in the classification
of K-coisotropic nilpotent G-orbits in g*. In the case g = sl(WW), the
set of K-coisotropic nilpotent orbits in sl(I#)* is naturally identified
with the set of partition equivalence classes of K-spherical partial W-
flag varieties (see Subsection 3.3). We work out the classification of
K-spherical flag varieties in Section 6.

Furthermore, we make the following conjecture.

Conjecture 2.1. A simple (g, £)-module M is bounded if and only if
the associated variety GV(M) is K-coisotropic.

This statement is closely related with [Pan, Question, p. 191] and we
believe that this question will be answered soon [ZT].
In the rest of the thesis we consider in greater detail four special

pairs (g, £):
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We hope that our results about these cases shed some light on how the
general theory of bounded modules looks like.

In the rest of Section 2 V' is a finite-dimensional vector space and
W=S?V (in this case ny > 3) or W = A?V (in this case ny = 2k and

For a simple s[(W)-module M we have dim V(M) > ny — 1 or M
is finite-dimensional. A simple s[(W)-module M is of small growth if
dim V(M) < ny —1 (the definition of a module of small growth which
is not necessarily simple is given in Section 8). The following theorem
is proved in Subsection 9.3.

Theorem 2.6. Any simple bounded (sI(IV), s[(V'))-module is of small
growth.

We note that all bounded weight modules are also of small growth.
The following result is inspired by the corresponding result of O. Math-
ieu for weight modules. The proof of this result is presented in Subsec-
tion 9.3.

Theorem 2.7. Let M be a simple bounded (sl{(W), s[(V))-module and
A be an ny-tuple such that AnnM=I()). Then A is semi-decreasing.

Theorem 2.8. Let M be a finitely generated (sl(WV), sl(V'))-module

and suppose I(\) CAnnM for some semi-decreasing tuple A. Then M
is s[(V)-bounded.

We prove Theorem 2.8 in Section 9.3. The primitive ideals which
correspond to the semi-decreasing sequences are called Joseph ideals
(see Section 7).

Fix t € C. Let Pexit(WW) be the cardinality of the set of isomor-
phism classes of simple perverse sheaves on W (with respect to the
stratification by GL(V)-orbits) which have fixed monodromy e** and
are neither supported at 0 nor are smooth on W. The above simple
perverse sheaves on W are described, following [BR], in quiver terms in
the Appendix. In particular, there are only finitely many isomorphism
classes of simple perverse sheaves with a given monodromy. The fol-
lowing theorem ’counts’ simple bounded (sl(W/), sl(V'))-modules. We
prove this theorem in Subsection 9.3.

Theorem 2.9. Let A be a semi-decreasing tuple. Then there exist pre-
cisely Py(x) (W) non-isomorphic infinite-dimensional simple (sl(W), sl(V))-
modules annihilated by I(\).

Let A be a decreasing tuple. Let J, be the set of infinite-dimensional
simple bounded (s[(1), s[(V'))-modules annihilated by Kery,. Let (J,)
be the free vector space generated by J,. The set of ny-tuples carries
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a natural action of S,,,,. This action induces an action of S, on (J,).
The S,,,,-module (g,) is isomorphic to a direct sum of P;(W)-copies of
an (ny — 1)-dimensional module of S,,,, .

We now turn our attention to row 2 of table (1). The space W & W*
has a natural symplectic form

UJ(', ) : ((l‘l, ll), (l’g, lg)) — l’l(lg) — ZEQ(Zl) e C.
There is an inclusion gl(W) C sp(W & W*). The following theo-
rem relates bounded (sl{(W),sl(V))-modules and bounded (sp(W &
W*), gl(V'))-modules. We prove it in Subsection 9.3.

Theorem 2.10. a) Let M be a bounded (sp(W & W*), gl(V))-module.
Then any simple s{(W)-subquotient of M is an (s{(W), s{(V))-bounded
module.

b)Let M be a simple bounded (s[(W), s[(V))-module. Then there exists
a simple bounded (sp(W @ W*), gl(V)))-module M such that M is an
s[(W)-subquotient of M .

Any tuple i = (1, ..., ftn,, ) determines a two-sided ideal L (ji) of
U(sp(Wa@W™)) and any primitive ideal of U(sp(W®W™)) is determined
by some tuple ji.

For a simple sp(W&W*)-module M, we have either dim V(M) > ny
or dimM < oo. A simple sp(W & W*)-module M is of small growth if
dim V(M) < nw (the definition of a module of small growth which is
not necessarily simple is given in Section 8). The following theorems
are 'sp-twins’ of Theorem 2.6, Theorem 2.7, Theorem 2.8.

Theorem 2.11. Any simple bounded (sp(W & W*), gl(V))-module is
of small growth.

Theorem 2.12. Let M be an infinite-dimensional simple bounded
(sp(WeW™), gl(V'))-module and fi be an ny-tuple such that AnnM =Ig,(1).
Then f1 is a Shale-Weil tuple.

Theorem 2.13. Let M be a finitely generated (sp(W & W*), gl(V))-
module and I (1) CAnnM for some Shale-Weil tuple . Then M is
bounded.

We prove these three theorems in Subsection 9.4. The primitive
ideals which correspond to the Shale-Weil sequences are called Joseph
ideals (see Section 7).

We call a Shale-Weil ny-tuple i positive if p,,, > 0 and negative
otherwise. Let by be the C-affine space of ny-tuples. The automor-
phism

(O b;{/ — h*Wv (ula/'LQa sy /'an) — (/‘Ll':u% ceey —an>



10

interchanges the sets of positive and negative Shale-Weil tuples. Fur-
thermore, L (1) =Ly(0f). Set fig == (nw — &, nw — 3,...,3). The
following theorem shows that the categories of bounded modules anni-

hilated by different ideals are equivalent. We prove it in Subsection 9.4.

Theorem 2.14. a) For any two positive Shale-Weil tuples i1, iz the
categories of bounded (sp(W & W*), gl(V))-modules annihilated by
Ly (1) and Isp(fi2) are equivalent.

b) In particular, the set of simple bounded (sp(W&W*), gl(V'))-modules
is naturally identified with the set of pairs (ji, M), where [ is a positive
Shale-Weil ny-tuple and M is a simple bounded (sp(W & W*), gl(V))-
module annihilated by Ls,(fo).

Let i be a positive Shale-Weil ny-tuple. The functor H7* is exact
and involutive. The category of modules annihilated by Ly, () is stable
under H7¥. We denote H710 by Inv.

The Dynkin diagram of Spins,, has a nontrivial involution (it is
unique unless n = 4) and it induces an involution ¢ on Sping,,, . Fur-
thermore there is a unique central element z €Sping,,,,, such that z2 =1
and Sping,,, /{1, 2} =SOq,,, (for n = 4,z is uniquely determined by
the additional requirement o(2) = z). Ann odd pair of simple Sping,,, -
modules is a pair {L¥, L7#} of simple Spiny,,,,,-modules which are con-
jugate by o and such that z acts by -1 on L* and L°*. Obviously, L
and L°F has the same dimension. Any positive Shale-Weil ny-tuple i
determines an odd pair {L#, L°*} of Spiny,,,-modules (cf. [M]).

Let {L, L°} be the unique odd pair of minimal dimension. The fol-
lowing theorem should be understood as a mnemonic rule correspond-
ing to the results of Subsection 9.4. It is related to the gl(V')-characters
of bounded (sp(W & W*), gl(V))-modules.

Theorem 2.15. Let (i, M) be a pair as in Theorem 2.14 and let @M
be the corresponding simple (sp(W @& W*), gl(V'))-module. Then
(M = Je + [pInvM : e [L7 2]y + [L7F 2 -y

(M Je+ [IvM:Je  [L: ]y + (L7 (2.1)

and
(M : Je — [pInvDM -]y [LF ]y — [LOF: g
[M : -]E - [IDVM; ']B - [L . ']h _ [LU . ']h (22)

The functions [L : -]y, [L7 : -]y, [L* : ]y, [L7" : -]y are known since the
modules

L, Lo, LF, L°F
are finite-dimensional. Therefore the formulas (2.1), (2.2) provide two
linear equations for the four unknowns.
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Let My, My be non-isomorphic simple (sp(W & W*), gl(V'))-modules
annihilated by ILs,(1o). Then both My, M, are multiplicity-free gl(V')-
modules and the functions

[My < Jguvy and [Ma : Jgqv)
are pairwise disjoint, i.e. their product is the zero-function. Moreover,
there are infinitely-many non-isomorphic simple (sp(W @& W*), gl(V))-
modules annihilated by Is,(p0). We relate the category of bounded
(sp(WeaW*), gl(V))-modules with a suitable category of perverse sheaves
in Subsection 9.4.

Theorem 2.16. Let i1 be a positive Shale-Weil ny-tuple. Then the
category of (sp(W@&W™), gl(V'))-modules annihilated by I, (f2) is equiv-
alent to the direct sum of two copies of the category of perverse sheaves
on W with respect to the stratification by GL(V')-orbits.

For both cases W = A2V, S?V, the category of perverse sheaves
on W with respect to the stratification by GL(V')-orbits is equivalent
to a category of representations of an explicitly described quiver with
relations [BG], see also the Appendix. The simple objects of this cat-
egory are enumerated by pairs (S,Y"), where S is a GL(V)-orbit in W
and Y is a simple GL(V)-equivariant local system on S, i.e. a sim-
ple representation of the fundamental group m;(S). As S has to be
GL(V)-spherical, this group has to be finitely generated and abelian.
The category contains infinitely many non-isomorphic simple objects,
but only finitely many for any fixed monodromy.

Similar work for the category of bounded weight modules has been
done by D. Grantcharov and V. Serganova [GrS1], [GrS2]: they have
found a quiver with relations, whose category of modules is equivalent
to the category of bounded weight modules (see also [SM] and [GVM]).
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3. PRELIMINARIES

3.1. Symplectic geometry. By TX we denote the tangent bundle of
a smooth variety X, by T, X the tangent space to X at a point x € X;
by T: X the dual to T, X space. For a smooth G-variety X we denote
by 7x : g — TX the canonical homomorphism. Let Y be a smooth
subvariety of X. We denote by Ny, x and N;/ « the total spaces of the
normal and conormal bundles to Y in X respectively.

Definition 3.1. Suppose that X is a smooth variety which admits
a closed nondegenerate two-form w. Such a pair (X,w) is called a
symplectic variety. If X is a G-variety and w is G-invariant, (X,w) is
called a symplectic G-variety.

Example 3.2. Let X be a smooth G-variety. Then T*X has a one-form
ax defined at a point (I, x)(l € T:X) by the equality

ax(§) = ()
for any { € T(,)(T*X), where 7 : T*X — X is the projection. The
differential dax is a nondegenerate G-invariant two-form on T*X and
therefore (T*X,day) is a symplectic G-variety.

Example 3.3. Let O be a G-orbit in g*. Then O has a Kostant-Kirillov-
Souriau two-form w(-,-) defined at a point = € g* by the equality

Wx(Tg*p xzy Tgrq a:) = x([ >Q])

for p,q € g.

Definition 3.4. Let (X,w) be a symplectic variety. We call a subva-
riety Y C X

a) isotropic if w|p,y = 0 for the generic point y € Y;

b) coisotropic if w|(p,y)1. = 0 for the generic point y € Y;

¢) Lagrangian if T,Y = (T,Y)*« for the generic point y € Y or equiv-
alently if it is both isotropic and coisotropic.

Ezxample 3.5. Let X be a smooth G-variety and Y C X be a smooth
G-subvariety. Then N3, /x 1s Lagrangian in T*X.

Proposition 3.6 (see for example [NG, Lemma 1.3.27]). Any closed
irreducible conical (i.e. C*-stable) Lagrangian G-subvariety of T*X
is the closure of the total space of the conormal bundle N;/X to a
G-subvariety Y C X.

Definition 3.7. Let (X,w) be a K-symplectic variety. We say that
(X,w) is K-isotropic if any K-orbit of some open K-stable set X € X
is isotropic. We say that (X, w) is K-coisotropic if any K-orbit of some
open K-stable subset X C X is coisotropic.
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Let X be a G-variety. The map
T"X xg—C ((2,0),9) = Urxglz),
where g € g,z € X, [ €T, X, induces a map
ox T*X — g*
called the moment map. This map provides the following description

of a nilpotent orbit Gu C g*. Suppose that P is a parabolic subgroup
of G.

Theorem 3.1 (R. W. Richardson [Rich]). The moment map

¢c/p: T"(G/P) = g
is a proper morphism to the closure of some nilpotent orbit Gu and is
a finite morphism over Gu.

Ezample 3.8. Let G = SL,, and G/P = P(C"). Then ¢¢g,p(T*(G/P))
(considered as a subset of sl,,) coincides with the set of nilpotent ma-
trices of rank <1. The open SL,-orbit in ¢g/p(T*(G/P)) is a set
of SL,-highest weight vectors and is contained in the closure of any
nonzero nilpotent SL,,-orbit in sl .

For G =SL,, each moment map ¢g,/p corresponding to a parabolic
subgroup P is a birational isomorphism of T*(G/P) with the image
of ¢¢/p, and one can obtain the closure of any nilpotent orbit Gu as
the image of a suitable moment map ¢q/p (see [CM] and references
therein). Assume X = G/P. The following computation shows that

¢k (wau) =dar-x ’qb;(lGu:

dax|@y(Txp, 7xq) =
(Txp - aX(TXQ))|(x,t) — (7xq - OéX(TXP))|(x,t) — ax([mxp, TXCI])’(GM) =
(7xq - 9% @)@ty — (7xq - 9%p) — (D% [P, d)|@wr) =
(@x [P, D@ty — (@X [0, D@y — (Dk [P aD)l @y = ([P, q]) = wal[p, q])
for any p,q € g and (z,t) €T*X C g* x X.
In what follows we call quotients of SL(WW) by parabolic subgroups
'partial W-flag varieties’ (see Subsection 3.3).

3.2. Spherical varieties. Let V be a finite-dimensional K-module.
We recall that B is a Borel subgroup of K.

Definition 3.9. Let X be an irreducible K-variety. Then X is called
K -spherical if and only if there is an open orbit of B on X. A K-module
W is called K-spherical if it is K-spherical as a K-variety.

It is well known that K-spherical varieties have many beautiful prop-
erties. In particular, the number of K-orbits on such varieties is fi-
nite [VK]. A subgroup K’ C K is called spherical if the quotient
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K/K'is K-spherical. For example, any symmetric subgroup K’ C K
is spherical.

The following lemma is a reformulation in the terms of the present
thesis of a result of E. Vinberg and B. Kimelfeld [VK, Thm. 2].

Lemma 3.10. An irreducible quasiaffine algebraic K-variety X is K-
spherical if and only if the space of regular functions C[X] is a bounded
t-module. Moreover, if X is K-spherical, then C[X] is a multiplicity-
free €-module.

Theorem 3.2 (D. Panyushev [Pan, Thm 2.1]). Let X be a smooth
irreducible K-variety and M a smooth locally closed K-stable subva-
riety. Then the generic stabilizers of the actions of B on X, N /x and
N3, /x are isomorphic.

Let X be an irreducible K-variety. Then there exist open subset
X C X such that the stabilizers B, and B, are conjugate for all z,y €
X [Pan]. For all z € X there exists a unique connected reductive
subgroup L(z) C K, such that B, is a Borel subgroup of L(x) [Pan)]
(see also [Gr]).

Let Gr(r; V) be the variety of r-dimensional subspaces of V. For
r € {l,...,ny — 1} and & €Gr(r; V) we denote by V"(z) C V the r-
dimensional subspace which corresponds to x. We apply the construc-
tion of [Pan] to the case X :=Gr(r; V). Then L(x) stabilizes V"(z).
Therefore the datum (K, V,r) determines the modules (L(z),V"(z)).
The type of (L(x),V"(z)) does not depend on a point z € X and there-
fore the datum (K, V,r) determines the pair (L, V"). One can compute
the subgroup L via a technique of doubled actions [Pan].

Definition 3.11. We denote by cx(X) the codimension in X of the
generic orbit of B.

Remark 3.12. The variety X is K-spherical if and only if cx(X) = 0.

Lemma 3.13. Let P, P, be parabolic subgroups of G and L;, Ly be
Levi subgroups of P, and P, respectively. Then

Cg(G/Pl X G/PQ) = CLl(G/PQ) = CL2<G/P1).

Proof. Let B be a Borel subgroup of G. The generic stabilizer for the
action of B on G /L is a Borel subgroup of L;. Therefore the generic
stabilizer for the action of a Borel subgroup of L; on G/P, coincides
with the generic stabilizer for the action of B on G /P x G/P,. We
denote this stabilizer S. Let r be the rank of G. Then

cr, (G/P) =dimG/ P, — (42Ltr_qim §)=
dim(G/ P x G/P) — (823 —_dimS)=cq(G /Py x G/ Py).
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3.3. Grassmannians. Let V' be a finite-dimensional vector space. The
set of flags Vi C ... C V; C V with fixed dimensions (ny,...,ns) is a
homogeneous space of the group GL(V'), and we denote this variety
by Fl(ni,...,ns; V). We call such a variety partial flag variety. The
varieties P(V') and F1(1; V') are naturally identified.

For any r € {1, ...,ny —1} we denote Fl(r; V') by Gr(r; V). Forr =1,
the variety Gr(r; V') coincides with P(V'). We have

Gr(r; V) =Gr(ny —r; V).
Let ny,...,ns € {1,...,ny — 1} be numbers such that
ny < ... < ng

and Fl(nq, ...,ns; V) be the corresponding partial flag variety. Let P(x)
be the stabilizer of a point x €F1(ny,...,ns; V) in SL(V) and n(z) be a

nilpotent radical of the Lie algebra of P(z). Then n(x) C sl(V') consists
of nilpotent elements, and

UxeFl(nl,...,ns;V)n(x) C 5[<V)*
coincides with the image of the moment map
¢ T*Fl(nq,...,ng V) — sl(V)*.

Moreover, the image of ¢ in s[(V)* is the closure of a unique nilpotent
SL(V)-orbit. In this way, to any partial flag variety one assigns a
unique nilpotent orbit. The condition ’to be in closure of” on the set
of nilpotent orbits induces a partial order on the set of partial flag
varieties. We will make essential use of this partial order. In what
follows we refer to one partial flag varietiy as being higher or lower than
another in terms of this partial order. Partial flag varieties which are
equivalent in terms of this partial order are called cotangent-equivalent
(see also [Kn2]).

We now describe this latter equivalence explicitly. Let Flj, Fly be
partial W-flag varieties and

(N1, ...y ng), (0], ..cynly)
be the corresponding dimension vectors. These vectors define the fol-
lowing partitions

/ / !/ /
(n1,n2 — ny...,ny — ng) and (nf,ny —nl,...,ny —nl,) of ny.

Lemma 3.14 ( [CM, Ch. 6.2]). Two partial flag varieties are cotangent-
equivalent if and only if their corresponding partitions coincide as sets.

For example, Gr(ny; V') and Gr(ny — ny; V) are cotangent-equivalent.
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The relation between partial flag varieties and nilpotent SL(V')-orbits
of s[(V)* has been described in terms of partitions (see [CM]); the par-
tial order on nilpotent SL(V')-orbits in s[(V)* has been also described
in terms of partitions (see [CM]). Therefore in order to check that a
given partial flag variety is higher then another one it suffices to check
the corresponding condition on partitions. In this way we establish in
particular the following statements.

(1) Any partial flag variety is higher than or is cotangent-equivalent
to P(V).

(2) If ri,7o € {1,...,[%7]} and 71 > ry, then Gr(ri;V) is higher than
Gr(ro; V).

(3) The subset of Grassmannians Gr(r; V') is totally ordered.

(4) If F1 is a partial flag variety which is not cotangent-equivalent to
P(V), then Fl is higher than or is cotangent-equivalent to Gr(2; V).
(5) Any partial V-flag variety is cotangent-equivalent to one of the
following

Gr(r; V), FI(1,2;V), FI(1,3;V),
or is higher than FI(1,3; V).
(6) Any partial V-flag variety is cotangent-equivalent to one of the
following

Gr(r; V), FI(1,mV), FI(1,2,3;V), FL2,4V),
or is higher than F1(2,4; V).

Proposition 3.15. Suppose Fl; is a K-spherical variety and Fly is
lower then Fl;. Then Fl, is a K-spherical variety.

To prove the proposition we need to recall some results of I. Losev.

Theorem 3.3 (I. Losev [Lo]). Suppose X is a strongly equidefecti-
nal [Lo, Def. 1.2.5] normal affine irreducible Hamiltonian K-variety.
Then

C(X)* = Quot(C[X]"),
where Quot(C[X]¥) is the field of fractions of C[X]*.

Corollary 3.16. Suppose X is a strongly equidefectinal affine irre-
ducible Hamiltonian K-variety. Then C(X)% = Quot(C[X]¥).

Proof. Let X be the spectrum of the integral closure of C[X] in Quot(C[X])
and X — X be the canonical finite map. Then X is a normal affine ir-
reducible Hamiltonian K-variety [Kd]. A straightforward check shows
that X is strongly equideffectional. As C[X]¥ is a finite extension of
C[X]¥ of degree 1 and Quot(C[X]*) = C(X)X = C(X)¥, we have

Quot(C[X]5) = C(X)X.
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The closure of any G-orbit in g* is a strongly equidefectinal affine
irreducible Hamiltonian K-variety [Lo, Corollary 3.4.1].

Theorem 3.4. Let Z C g* and Z' C g* be nilpotent G-orbits such
that Z' C Z. If Z is K-coisotropic then Z' is K-coisotropic.

Proof. As K-action on Z is K-coisotropic, C(Z)¥ is a Poisson-commutative
subfield of C(Z) [Vi, Ch. II, Prop. 5]. By Theorem 3.3 this is
equivalent to the Poisson-commutativity of C[Z]¥. As C[Z/]¥ is a
quotient of C[Z]%, C[Z/]¥ is Poisson-commutative. Then the field
C(2Z')¥ is Poisson-commutative too. Therefore the K-action on Z' is
K-coisotropic. [l

Proof of Proposition 3.15. The sphericity of a K-variety X is equiv-
alent to the K-coisotropicity of the K-variety T*X. Therefore the
statement follows from Theorem 3.4. O

Corollary 3.17. Suppose Fl(ny,...,ns V) is a K-spherical variety.
Then the variety P(V') is K-spherical.

The following Lemma becomes a useful tool in Section 6 and is a
trivial corollary of Proposition 3.15.

Lemma 3.18. If some partial W -flag variety, which is not cotangent-
equivalent to P(W), is K-spherical, then the variety Gr(2; W) is K-
spherical.

3.4. D-modules versus g-modules. Let h; C g be a Cartan sub-
algebra of g; A C b, be a root system; AT C A be a set of positive
roots. Denote by h* the set of weights A such that aV(\) is not a strictly
positive integer for any root o of the dual rot system AY C by

For a fixed A we denote by D*(X) the sheaf of twisted differential
operators on X and by D*(X) its space of global sections. The algebras
D*(X) and D#(X) are naturally identified if A\ and y lie in a single
shifted orbit of the Weyl group [HMSW]. Moreover, any such orbit
intersects h* [HMSW]. If X € h*, the isomorphism

7 U(g)/(Kerya) = DA(X)

established in [BeBe2] enables us to identify the category of D*(X)-

modules with the category of g-modules affording the central character
X = Xx- We have the following functors:

GSec: Sheavesy, — g-modulesX | Loc: Sheavesy +— g-modulesX
F— F(Xa 9:) M X (1e7)U(g) D(X) — M
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A. Beilinson and J. Bernstein [BeBe2] have proved that if A € h* then
GSec(Loc) equals the identity.

For A € b; the sheaf DA(X) has a natural filtration by degree

0C O(X) C Dl C ... C @(X) = hﬂz‘ezzo @Z
The relative spectrum of the associated graded sheaf of algebras
gr QA(X) = 69iGZzo (®Z+1/D%>

is isomorphic to T*X.

Let M be a quasicoherent D* (X )-module which admits O (X )-coherent

generating subsheaf M., of M. The associated graded sheaf grM with
respect to the filtration

0C Mye, C DMy, C...CM
is a grD*(W)-module. By definition, the singular support V(M) of M
is the support of grM in SpecygrD*(X) =T*X.
Theorem 3.5 (O. Gabber [Gab]). The variety V(M) is coisotropic in
T*X. In particular
dimV >dim X
for any irreducible component V C V(M).
Definition 3.19. The D*(X)-module M is called holonomic if
dimV(M) =dim X .
3.5. Associated varieties of g-modules. The algebra U(g) has a
natural filtration by degree
0CcCcCU C..cU(g) = Uiz, Ui

The associated graded algebra

gr U(g) = Diez,, (Uit1/Us)
is isomorphic to S(g). The filtration {U;}ez., induces the filtration on
any ideal I of U(g), namely {I N U;}icz.,, hence grl CS(g) is a well

defined ideal. The ideal gr! of the commutative algebra S(g) determines
the variety

V(grtl) :={z € g"| f(x) =0 for all f egrl}.

In particular, if I=AnnM for a g-module M, we set GV(M) :=V(grI).
Theorem 3.6 ([Jo2]). For a simple g-module M the variety GV(M)
is the closure of an orbit Gu, and furthermore 0 € Gu.

Suppose that M is a U(g)-module and that a filtration

0 C Mo C M1 C...C M = UiEZZoMi
of vector spaces is given. We say that this filtration is good if
(1) UZMJ = Mi-l—j; (2) dim M; < oo for all 7 € Zzo.
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Such a filtration arises from any finite-dimensional space of generators
Mpy. The corresponding associated graded object grM = @iez. M1 /M;
is a module over gr U(g) =S(g), and we set
Jur := {s €S(g) | there exists k € Z>( such that s*m = 0 for all
m egrM}.

In this way we associate to any g-module M the variety

V(M) :={zeg"| f(z)=0forall feJy}.
It is easy to check that the module grM depends on the choice of good
filtration, but the ideal J); and the variety V(M) does not. Indeed, let
My, My be different generating spaces of M and {M;}icz.,, { M, }iczs,
be the corresponding filtrations of M. Then there exist r, s € Z>( such
that My € M) and M| € M. Let f €S(g) be an element of the degree
d such that

sz C Mi+d71 for all 4 € ZZO'
Then
fr—l—s—i—lM(l) C fr+s+1Ms C
Mgy (@—1)rss+1) C M;—i—r—i—(d—l)(r—l-s—&—l) = M(/s+r+1)d—1'
Therefore J57" ™ CJ),. In the same way J5 "' CJ)s, and therefore
V(M)=V(M)".
Theorem 3.7 (Bernstein’s theorem [KL, p. 118]). Let M be a finitely
generated g-module. Then dim V(M) > 2dim GV(M).

Let M be a finitely generated g-module which affords a generalized
central character.

Theorem 3.8 (O. Gabber [Gab)]). Let V be an irreducible component
of V(M) and Z be the unique open G-orbit of

GV :={z € g* | 2 = gv for some g € G and v € V}.

Then V N Z is a coisotropic subvariety of Z. In particular
dimV > dimGV.

Definition 3.20. A simple g-module M is called holonomic if
dimV = 1dimGV

for any irreducible component V of V(M).

Corollary 3.21 (S. Fernando [F]). The vector space

VM)t ={geg|v(g) =0 forall v eV(M)}
is a Lie algebra and V(M) is a V(M)+-variety.

Theorem 3.9 (S. Fernando [F, Cor. 2.7], V. Kac [Kac2]). Set
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g[M] := {g € g | dim(span,e;_,{g'm}) < oo for all m € M}.
Then g[M] is a Lie algebra and g[M] C V(M)=*.

Corollary 3.22. For a (g, £)-module M, V(M) C & and V(M) is a
K-variety.

Let M be a (g,%)-module and M, be a ¢-stable finite-dimensional
space of generators of M; Jy;, grM be the corresponding objects con-
structed as above. Consider the S(g)-modules

Ju{0} == {m €grM | j1...j;m = 0 for all jy, ..., j; €Jar }.
One can easily see that these modules form an ascending filtration
0cJy C ... CerM
such that
U?il‘]ﬁ{o} =grM.
Since S(g) is a Nétherian ring, the filtration stabilizes, i.e. J;;{0} =grM
for some 7. By grM we denote the corresponding graded object. By
definition, grM is an S(g)/Jy-module. Suppose that fgrM = 0 for
some f €S(g). Then figrM = 0 and hence f €Jy;. This proves that

the annihilator of gtM in S(g)/Ja equals zero.
As M is a finitely generated g-module, the S(g)-modules grM and

grM are finitely generated. Let M, be a t-stable finite-dimensional
space of generators of grM. Then there is a surjective homomorphism
¥ Mo®c(S(g)/Inm) — grM.
Set
RadM := {m € grM| there exists f €S(g)/Ja such that fm =0 and
f# 0}
The space Rad M is a ¢-stable S(g)-submodule of grM and M, ¢Rad M.
The homomorphism ¢ determines an injective homomorphism
V2 S(g)/In — M @c gEM.

Proposition 3.23. a) The module M is bounded if and only if all
irreducible components of V(M) are K-spherical.

b) If the equivalent conditions of a) are satisfied, then any irreducible
component V of V(M) is a conical Lagrangian subvariety of GV.

Proof. a) Suppose that all irreducible components of V(M) are K-
spherical. Then

Mo®@¢(S(9) /I )

is a bounded t-module. Therefore grM is bounded, which implies that
M is a bounded £-module too.
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Assume now that a g-module M is €-bounded. Then S(g)/J is
a t-bounded module and all irreducible components of V(M) are K-
spherical. This completes the proof of a).
b) Let V C V(M) be an irreducible component and z € V be a generic
point. As z € &+, we have

w([ky, ko)) = Wﬂc(Tg*kllvag*kﬂx) =0

for all ki, ke € €. Therefore any K-orbit in £ s isotropic. As Vis a
spherical variety, V' has an open K-orbit. Therefore V' is Lagrangian
in GV and this completes the proof of b). O

Corollary 3.24 ([PS]). Let M be a finitely generated bounded (g, €)-
module. Then dimb; > %dim GV(M).

Proof. As M is bounded, V(M) is K-spherical and therefore
dimb, >dim V(M). We have dim V(M) > 1dim GV(M). O

Lemma 3.25 ([VP]). Let X be an affine K-variety. Then C[X] has
finite type as a -module if and only if X contains only finite number
of the closed K-orbits. In the latter case any irreducible component of
X contains precisely one closed K-orbit.

Lemma 3.26. A finitely generated (g,®)-module M has finite type
over t if and only if the variety V(M) contains only finitely many
closed K-orbits. In this case the unique closed orbit of V(M) is the
point 0.

Proof. 1f V(M) contains the unique closed K-orbit then C[V(M)] is a
t-module of finite type and therefore My ®@c (S(g)/Ja) and EEM are
t-modules of finite type.

Assume that M is a £-module of finite type. Then S(g)/Ja is a
t-module of finite type and V(M) contains only finite number of the
closed K-orbits. On the other hand, V(M) is C*-stable and hence any
irreducible component of V(M) contains 0. O

3.6. Other faces of the support variety. In this section X is a
variety of Borel subalgebras of g. We recall the singular support
V(M) CT*X of any coherent D*(X)-module M is defined. The corre-
spondence between g-modules and D*(X)-modules allows us to assign
interesting geometric objects to a g-module.

Let M be a finitely generated g-module which affords a central char-
acter x and \ € h* (see Subsection 3.4) be a weight such that x = x..

Definition 3.27. The singular support of M is the variety V(M) :=
V(LocM).
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Definition 3.28. The support variety L(M) of M is the projection of
V(M) to X.

Let ¢x :T*X — g* be the moment map. D. Barlet and M. Kashi-
wara [BK], have proved that
V(M) = ¢x(V(LocM))
(see also [BoBry]). Therefore we have a diagram
V(M) C T*X

V(M) C g* L(M)C X

3.7. Hilbert-Mumford criterion. Let X be an affine K-variety, V'
be a K-module.

Theorem 3.10 (Hilbert-Mumford [VP]). The closure of any K-orbit
Kx C X contains a unique closed orbit Kz C X. There exists a group
homomorphism g : C* = K such that tli_l% p(t)r =z € K7.

The null cone Ng(V) := {x € V | 0 € Kz} is a closed algebraic
subvariety of V' [VP].

Theorem 3.11 ([VP]). Fix € V. Then 0 € K if and only if there
exists a rational semisimple element h € £ such that z € Vh>0; here Vh>0
is the direct sum of h-eigenspaces in V' with positive eigenvalues.

Corollary 3.29 ([VP]). There exists a finite set H C ¢ of rational
semisimple elements such that Ng (V) := Upeg KV;”°, where

KV :={v eV |v=kuv, for some k € K and v, € V;”"}.

3.8. A monoid of projective functors. Let by be a Borel subalgebra
of g and let hy be a Cartan subalgebra of by. Let A C by be the root
system of g, AT C A be the set of positive roots of by, II C A% be the
set of simple roots. We denote by s, the reflection of by with respect
to a for @« € A, and W? is the group generated by {ss}aca, i.e. the
Weyl group of g. Let a¥ € b, be the coroot of & € A, and

p = %ZQGA+ .

We introduce a partial order on b (cf. [BeG, 1.5]). If ¢,¢ € by
v € AT we put ¢ <7 ¢ whenever ¢ =s,¢) and v(¢) € Z~,. We put
¢ < 1 whenever there exists sequences of weights ¢y, ..., ¢, and of roots
Y05 -++» Y such that

P < Py < ... <" P, = 1.
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We write ¢ < 1) whenever ¢ = 1V ¢ < 1. A weight is called dominant
if it is maximal with respect to partial order <.

We denote by WY the stabilizer in W of ¢ € b;. By definition,
¢ € by integral if aV(¢) € Z for any a € A. Furthermore, ¢ € by is
reqular if Wi = {e}. We call a pair of weights (¢,v) € b x by correctly
ordered if ¢ is dominant, ¢ — ¢ is an integral weight and ¢ < w for
all w EWSS. In addition, we define two weights ¢1, g2 to be equivalent
if ¢ — ¢ is integral and W5 =W .

Let O be the category of finitely generated g-modules such that the
action of by is locally finite and the action of b, is semisimple. Let
A € by be a weight. We denote by M, the Verma module with the
highest weight A\ — p, and by L) the unique simple quotient of M,.
Both M, and L, are objects of the category O. We denote by P, a
minimal projective cover of Ly in O. If A is dominant, then M, ~P,.

The modules M, Ly, P, afford the same generalized central charac-
ter and we denote this central character by y,. Let I be a primitive
ideal of U(g). By a famous theorem of Duflo [Dix|, /=Ann L, for some
weight A € by.

Let x be a central character. The set of weights A such that M,
are annihilated by Kery is nonempty and we denote this set W9(x).
The set W8(x) is an orbit of W9. Therefore we can identify the set of
central characters with the set of W®-orbits in by.

The Weyl group W*? acts on b x b;:

w((Ar; A2)) = (w(A1), w(Az)).
Any We-orbit in b X b contains a correctly ordered representative.

Let F be a finite-dimensional g-module. We have the functor

Fg:g—mod— g—mod, M — E® M.

The restriction of Fg to the category of g-modules affording a given
generalized central character y is a direct sum of a finite number of
indecomposable exact functors. Following [BeG]|, we call a direct sum-
mand of Fg a projective functor.

The set of indecomposable projective functors arising from all finite-
dimensional g-modules E is naturally identified with the set of WS9-
orbits in by x by [BeG, 3.3]. Let (¢,1) € b} x by be a correctly ordered

pair and U{Z be the corresponding projective functor. Then
P _
HyMy =Py,
and the functors H;f and Hf; are adjoint one to each other. Assume
that ¢ — 1 is integral and W§ =W}, Then
b qrd
(Hg, H)
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is a pair of mutually inverse equivalences of the respective categories
of g-modules affording the generalized central characters x4 and xy.

Let PFunc(x,) be the set of projective functors as above which pre-
serve the category of g-modules affording the generalized central char-
acter xx. Obviously PFunc(x,) carries an additive structure and is
a monoid with respect to it. We denote by PFumc(y,) the minimal
abelian group which contains PFunc(x,). As the composition of projec-
tive functors is a projective functor, PFunc(x,) carries a multiplicative
structure. Therefore PFunc(y,) is a unitary ring.

Proposition 3.30. Let A be a regular dominant integral weight. Then
the ring PFunc(x,) is isomorphic to the ring Z[W?9].

Proof. Let Oy be the subcategory of O consisting of g-modules which
afford the generalized central character x,. Let [O]; be the free abelian
group generated by the isomorphism classes of simple g-modules of the
category O, and let [0,]; be the subgroup generated by the simple
objects of O). Any object M of O has finite length and therefore
determines [M] € [O],.

Let 3y, Hy €PFunc(yy). Then H; = H; if and only if

[Ha(M)] = [Ha(My)].

For any w €W?, we have HY* €PFunc(x,) and HY*M, =P,. The
elements {[Myx]}wews} form a basis of the free abelian group [0,],,
and therefore [0,], is identified with ZW* as a set. We introduce an
action of W® on [0,], via the formula

(w, [Mya]) =My for any w', w e W8,

Any functor H €PFunc(x,) commutes with this action. As {[Py]}wews
is a basis of the free abelian group [0,],, the map

PFunc(x,) — Z[W¢]= ZV*,
given by H — [H(M,)] on generators, is an isomorphism. O

Theorem 3.12 ([BeG]). Let Aj, Ay be dominant weights such that the
difference A, — Ao is integral and W§ =W , i.e. A; is equivalent to
/\2. Then

a) the categories of g-modules which afford the generalized central char-
acters x», and y,, are equivalent;

b) for a given w €W?9 the categories of g-modules annihilated by
Ann Ly, and Ann L), are equivalent.

The subcategories of locally finite &-modules and bounded ¢-modules
are stable under this equivalence.
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3.9. Bounded weight modules. In the joint work [PS] I. Penkov and
V. Serganova proved that "boundness’ is not a property of a module M
but of the ideal AnnM. More precisely, this means the following.

Theorem 3.13. Let M and N be simple (g, )-modules such that
AnnM=AnnN. Suppose that the function [M : -] is uniformly bounded
by a constant Cy;. Then the function [V : -J¢ is uniformly bounded by
Chr (see also Theorem 2.5).

To classify bounded modules M we should first classify 'bounded
ideals’” AnnM, i.e. ideals for which exist at least one bounded module.
It is well known that the two-sided ideals of U(g) containing a fixed
maximal ideal in Z(g) are closely related to category O [BeGJ. There-
fore one may expect that a classification of bounded ideals has some-
thing in common with the classification of Verma modules L, whose
weight multiplicities are bounded.

We fix the following notation:

— {eitic<ny C W is a basis of W, {e}}i<n,, C W* is the dual basis;
— {eijticnw.j<nw C 8H(W) stands for the elementary matrix e;®ej;
— g =€ — %(elmtezz + ooty my ) for i < nyy;

— bw =span(e;;)i<ny -

3.9.1. The case g = sl(W). We identify all weights of b3, := by Nsl(1V)
with the set of ny-tuples modulo the equivalence relation

(A, A2y e Ay ) & (M +HE A+ K, Ay, + K.
We fix the set of positive roots of sI(W) in i, for which p is identified
with (nw,...,1) and ¢; is identified with the ny-tuple (i zeros , 1,
nw — i — 1 zeros). Let A be an nyy-tuple and A be the corresponding
weight. We put I(A) :=Ann L. Duflo’s theorem [Dix] claims now that,
if I is any primitive ideal of U(s[(W)), then

I=I())

for some ny-tuple .

Theorem 3.14 ([M]). The (sl(W), b3}, )-module Ly is bii-bounded if

and only if A is a semi-decreasing tuple.

The bounded (sI(T), b3}, )-modules split into coherent families [M],
and all simple modules from one coherent family share an annihilator.
Let ) be a semi-decreasing tuple. Assume that ) is not regular integral,
i.e. it is singular integral or semi-integral. Then there exists precisely
one coherent family annihilated by Kery, [M]. Therefore all simple
bounded (sI(W), b3}, )-modules which afford the central character y
have the same annihilator.
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V. Serganova and D. Grantcharov [GrS1] note that the lemma below
follows from the results of O. Mathieu [M]. See also Theorem 3.12.

Lemma 3.31. Assume ) is a semi-decreasing tuple and that X is not
regular integral. Then there exists s € C such that
e?™s =m(\)
and the categories of sl(1V)-modules annihilated by
I(A\) and I(s,nw —1,...,1)

are equivalent.

The subcategories of locally finite &-modules and bounded £-modules
are stable under this equivalence.

Assume that \ is regular integral. Let ord()\) be a decreasing ny -
tuple which coincides as a set with . For k € {1, ..., ny — 1} we denote
by si the permutation (k,k + 1) €S,,,,. There exist precisely ny — 1
different coherent families annihilated by Kery, and any such family
contains Lg,ora(n) for some k € {1,...,nw — 1}. Therefore

I[(N)=I(sgord(N))

for some k € {1,...,nw — 1} [M].
Consider the Weyl algebra of differential operators D(W) on W. This
algebra is generated by e; and 0., for ¢ < ny,. Set

E :=e10, + ...4+ey,,,0

enyy
The operator [E,-]: D(W) —D(W) is semisimple, and D(W) splits
into a direct sum of eigenspaces
{D'(W)}iez
with respect to this operator.
The homomorphism of Lie algebras

gl(W) —=Do(W), € +€i0c
induces a surjective homomorphism
¢ U(gl(W)) =D(IW).

The element E — ¢ generates a two-sided ideal in D°(W). We denote
the corresponding quotient by D'P(WW). Furthermore, ¢ induces a sur-
jective homomorphism

o :U(sl(W)) —D'P(W)

J

and
Kergy =I(t,ny — 1,..., 1),
see [M].
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3.9.2. The case g = sp(W @ W*). We note that hy is a Cartan sub-
algebra of sp(W & W*). We identify the weights b}, with ny-tuples.
We fix the set of positive roots of sp(W & W*) in by for which p is
identified with (nw,...,1). Let i be an ny-tuple and u be the corre-
sponding weight. We denote Ann L, by I (p). Let I be a primitive
ideal of U(sp(W & W*)). Then I=I,,(n) for some ny-tuple f.

Theorem 3.15 ([M]). The (sp(W@&W*), by )-module L,, is hy-bounded
if and only if i is a Shale-Weil tuple.

The bounded (sp(W & W*), by )-modules split into coherent fam-
ilies [M] and all simple modules from one coherent family share an
annihilator. Let 1 be a Shale-Weil tuple. There exists precisely one co-
herent family annihilated by Kery, [M]. Therefore all simple bounded
(sp(W @ W*), b )-modules affording the central character x,, have the
same annihilator. The modules L, and L,, belong to the same coherent
family. Recall that g is the ny-tuple (ny — %, ny — %, s %)

Lemma 3.32. Let i1 be a Shale-Weil ny-tuple. Then the categories
of U(sp(W @ W*))-modules annihilated by

Lip (1) and Lsy (p10)
are equivalent.

Proof. This is a simple corollary of Theorem 3.12 b). U

The subcategories of locally finite &-modules and bounded £-modules
are stable under the equivalence of Lemma 3.32.

The spaces {D'(W)}icz define a Z-grading of an algebra D(W).
Therefore the spaces

{@iczD* (W), ©iezD* (W)}
define a Zy-grading of the algebra D(W). We set
DG(W) = @ieZD2i<W)v DT(W) = @z’eZD%H(W)-

The space span (e;e;,e;0e,, Oc,0c;, 1)i,j<ny, is a Lie algebra with respect
to commutator. This Lie algebra is isomorphic to sp(W & W*) @ C.

We note that span(e;0e,)i,j<n, is a Lie subalgebra and is isomorphic
to gl(W). This defines a homomorphism of associative algebras

Gep :U(sp(W & W*)) =D(W),
and I(po)=Kergy,, D?(W)=Img,.
3.10. A lemma on S,,,-modules. The set of isomorphism classes of

simple S,,,,-modules is naturally identified with the set of partitions

my > mg > ... > mg(my +mg + ... +my =ny)
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of ny. Let C"~! be the natural (ny — 1)-dimensional module of
Sny and C be the trivial one-dimensional module. Recall that s; is
the simple transposition (i,7 + 1). Let R be an S,,,,-module. For any
i€ {l,...,ny — 1} we denote by R; the vector space

{veR|sjv=wvforall j#i}.
Lemma 3.33. Suppose that R is an S,,,-module such that
R=+i<p, 11
Then R is a direct sum of several copies of C""~! and C.

Proof. Without loss of generality we assume that R is irreducible. If Ry
equals zero, the sum +;<y,, —1%; is s;-invariant and therefore R = C. If

R1 # 0, the restriction of R to S,,,,,—1 contains C as a simple submodule.
Therefore R is

Cw~! or C,
see [FHJ. O

3.11. Regular singularities. Let C' be a smooth connected affine
curve. We recall that C[C] is the algebra of regular functions of C
and D(C) is the algebra of regular differential operators on C. Let
(z) C C[C] be a maximal ideal and = € C' be the corresponding point.
Set
D2%(C) :={D eD(C) | Df C (x) for all f € (z)}.

We say that a D(C)-module F' has reqular singularities at x if for
any finite-dimensional space Fy, C F, D=(C)Fj is a finitely generated
C[C]-module.

Let CT be a unique compact connected curve which contains C' as an
open subset. We say that a D(C)-module F has regular singularities if
for any point z € CT there exists an affine open set C'(z) C C'* such
that v € C(x) and F®cic)C[CNC(x)] considered as a D(C(x))-module
by extension from C'N C(x) to C(x) has regular singularities at x.

Definition 3.34. Let X be a smooth variety and F be a coherent
D(X)-module. We say that F has regular singularities if F has regular
singularities after restriction to any smooth connected affine curve.



29

4. HOLONOMICITY OF (g, £)-MODULES OF FINITE TYPE

We are now going to prove Theorem 2.2 stated in Section 2.

Proof of Theorem 2.2. Without loss of generality we assume that g
is semisimple. We identify g and g* by use of the Killing form. Let
h € £ be a rational semisimple element. We denote by g, the direct
sum of h-eigenspaces of g with nonnegative eigenvalues; by G, C G
the parabolic subgroup with the Lie algebra g,. Set Zg := G/Gj. In
a similar way we define ¢,, K}, Zx. We denote by n;, the nilpotent
radical of g;,. Let e C K be the unit element. The orbit Ke C Zg is
isomorphic to Zg. Put
o Gny :={x €g|x=gn for somen €nygec G},

o Kny:={x €gl|x=knfor somenen, ke K},

e KnyNett:={reg|x=kn for somenen, Nt ke K}

Let ¢ : T*Zs — g* be the moment map. It is easy to see that Gny
coincides with ¢(T*Zg), Kny, coincides with ¢(T*Zg|z,), Kny, N et
coincides with ¢(N7, ,, ):

T*Zg ~——T"Zg| 7 ~—— N

ZK[Zc
iﬁb i¢ ¢¢
Gnh )Kﬂh )Kﬂh N EJ'

As the variety N7, , is isotropic in T*Zg, the image ng(N*ZK/ZG) is
isotropic in G(n, N €) and any subvariety V C Kn, N & is isotropic
in GV. Therefore by Corollary 3.29 any subvariety V C #-NNg(g*) is
isotropic in GV. O

We introduce the following notation:
eV, is the set of all irreducible components of intersections of N (£")
with all possible G-orbits of N (g*).
o V . is the set of all possible irreducible components of the preimages
of elements of V;, under the moment map T*X — g*.
e L, is the set of images in X of all elements of V; ,

Let M be a finitely generated g-module which affords a central char-
acter y and \ € h* (see Subsection 3.4) be a weight such that x = y..

Theorem 4.1. If M is a (g, £)-module of finite type, then

a) the irreducible components of V(M) are contained in V,; the ir-
reducible components of V(M) are contained in V. ,, the irreducible
components of L(M) are contained in L,

b) The module LocM is holonomic. If M is simple, M is holonomic.

9,0
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Proof. Let V V(M) be an irreducible component and Z be the closure

of GV in g*. By Theorem 3.8 the variety V is coisotropic. On the other
hand

V CNg(EH) N2,

and therefore V is isotropic. Hence V is Lagrangian and is an irre-
ducible component of ZNNg(g*) N €+,

As intersections of V(M) with any irreducible component of M are
isotropic,

dimV(LocM) <dimX.

Therefore LocM is holonomic.
Assume that M is simple. As all irreducible components of V(M)
are Lagrangian, M is holonomic. O

Corollary 4.1. The statements of Theorem 2.1 and Theorem 2.3 follow
from Theorem 4.1.

Corollary 4.2. Let M be a simple (g, )-module of finite type and V
be an irreducible component of V(M). Then

dimV = 1dim GV(M) and GV=GV(M).
Proof. As V is Lagrangian in GV,
dimV = dimGV
(see also [GL]). On the other hand GV cGV(M), and
dimV > 1dim GV(M).
As GV(M) is irreducible, GV(M) coincides with GV. O
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5. BOUNDED SUBALGEBRAS OF sl(1V)

We now prove Theorem 2.4 stated in the Introduction. In this section
we assume that g = sl(1¥) for some finite-dimensional vector space WW.
First we prove Theorem 2.5.

Proof of Theorem 2.5. Let Z be an SL(V)-orbit open in GV(M). As-
sume M is a bounded (s[(W), ¢)-module. Let V be an irreducible com-
ponent of V(M). Then V N Z is an open subset of V and is a conical
Lagrangian subvariety of Z. By the discussion following Example 3.8,
Z is K-birationally isomorphic to T*FI for some partial W-flag variety
F1. As V is a conical Lagrangian subvariety of Z, V' is birationally iso-
morphic to N7, /Fl for some smooth subvariety Z CF1 (Proposition 3.6).
As V is K-spherical, N7, /p1 18 K-spherical. Therefore F1 is K-spherical
(Theorem 3.2) and T*F1 is K-coisotropic. Hence Z is K-coisotropic.
Assume GV(M) is K-coisotropic. Let V be an irreducible component
of V(M) and Z be a G-orbit open in GV. By the discussion following
Example 3.8, 2 is K- bn"atlonally isomorphic to T*F1 for some partial
W-flag variety F1. As Z C Z, the variety Z is K-coisotropic by Theo-
rem 3.4. Therefore the variety Fl is K-spherical and in particular has
finitely many K-orbits. As VNZ C &, V N Z is isomorphic to an

irreducible subvariety of the total space of the conormal bundle to a
K-orbit in F1. Therefore

dimV <dim F1I.
On the other hand, V N Z is coisotropic in Z and therefore
dimV >dim Fl.

Therefore dimV=dim FI and V is birationally isomorphic to the total
space of the conormal bundle to a K-orbit in F1. Hence V is K-spherical
(Theorem 3.2).

As all irreducible components of V(M) are K-spherical, M is a
bounded K-module. O

Theorem 5.1. If there exists a simple infinite-dimensional bounded
(s[(W), ®)-module M, then Gr(r; W) is a spherical K-variety for some
re {1, L Nw — 1}

Proof. By Theorem 2.5 the variety GV(M) is K-coisotropic. By the
discussion following Example 3.8 the variety GV(M) is K-birationally
isomorphic to T*F1 for some partial flag variety F1. Hence F1 is K-
spherical and Gr(r; W) is a K-spherical variety for some r. O
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Theorem 5.2. Let Fl be a partial W-flag variety. Assume that Flis K-
spherical. Then there exists a simple infinite-dimensional multiplicity-
free (sl(W), €)-module.

Proof. Theorem 6.3 in [PS] proves the existence of a simple infinite-
dimensional multiplicity-free (s[(1/), )-module under the assumption
that there exists a partial W-flag variety for which K has a proper
closed orbit on FIl such that the total space of its conormal bundle is
K-spherical. By Theorem 3.2 this latter condition is equivalent to the
K-sphericity of FI. It remains to consider the case when F1 has no
proper closed K-orbits on Fl, i.e. K has only one orbit on FI. If K
has an open orbit on F1 then [¢, €] = sp(WW) [On]. However, in this last
case Gr(2; W) has a proper closed K-orbit and is K-spherical. O

We have thus proved the following weaker version of Theorem 2.4.

Corollary 5.1. A pair (sl(WW), £) admits an infinite-dimensional bounded
simple (s[(W), ¥)-module if and only if Gr(r; W) is a spherical K-variety
for some 7.

Proof. The statement follows directly from Theorems 5.2 and 5.1. [

Corollary 5.2 (see also [PS], Conjecture 6.6). If there exists a bounded
simple infinite-dimensional (s[(1/), £)-module, then there exists
a multiplicity-free simple infinite-dimensional (s[(1V), £)-module.

Proof. The statement follows directly from Corollary 5.1. U

As P(W) is lower than or cotangent-equivalent to any other Grass-
mannian (see discusion following Lemma 3.14), r in Corollary 5.1 can
be chosen to equal 1 (see Proposition 3.15). This completes the proof
of Theorem 2.4.

All finite-dimensional ¢-modules W such that P(WW) is a K-spherical
variety are known from the work of C. Benson and G. Ratcliff [BR] (see
also [Kacl] and [Le|). The list of respective pairs (£ W) is reproduced
in the Appendix. Theorem 2.4 implies the following.

Corollary 5.3. The list of pairs (s[(W), £) for which ¢ is reductive and
bounded in sl(1W) coincides with the list of C. Benson and G. Ratcliff
reproduced in the Appendix.
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6. SPHERICAL PARTIAL FLAG VARIETIES

We recall that K is a reductive Lie group. Let V be a finite-
dimensional K-module. We denote by ¢, the image of £ in End(V').

Definition 6.1. A K-module V is called weakly irreducible if it is not
a proper direct sum V) & V5 of two £-submodules such that

[B1y, 8] @ [Byy, B ] = [y, By ]

All spherical representations are classified in the work [BR] (see
also [Le] and [Kacl]) and we now recall this classification. According
to [BR], a K-module V is K-spherical if and only if the pair ([¢y, &/], V)
is a direct sum of pairs (¢;, V;) listed in the Appendix (cf. [BR]) and in
addition

(Bv +i i) =Ny (Bv +i ;)
for certain abelian Lie algebras ¢; attached to (¢, V;) where

Noiv) (v +i ;)
is the normalizer of £, +; ¢; inside gl(V').
Assume that V is a direct sum of two simple modules, V = V| @ V5.

For a,b € C we denote by h,; the rational semisimple element such
that

haplv, = ald and hgplv, = bId,

where Id is the identity map. We use similar notation if V' is semisimple
of length 1 or 3.

Theorem 6.1. a) Assume that a partial flag variety Fl(ny, ..., ng; V) is
not cotangent-equivalent to P(V'). If the partial flag variety Fl(n4, ..., ng V)
is K-spherical, then Fl(ny, ..., ny; V') is cotangent-equivalent to F1(nf, ..., n’; V')
for some datum
(nf,...,n.; [ev, &), V)
which appears in the following list.
) Case s =1 ('Grassmannians’).
I-1) (r;sl,,C"); (r;s0,,C")(n > 3); (r;sp,,, C™).
[-2-1-1) (2;sp,, ® sl,, C* & C™)(m > 1);
1_2_1_2) (2? gpn S 5pm7 cr @ Cm)a
1-2-2) (3;sl, ® sp,,,C* & C™)(n > 1);
1_2_3) (Tv 5Py, C"® (C)a
[-2-4) (r;sl, ® sp,, C" ® C)(n > 1);
[-2-5) (r;sl, @ sl,,C" & C™)(n,m > 1);
I-3-1-1) (2;sl, @ sl,,, & sl,,C* & C™ & C?)(m,n,q > 1);
[-3-1-2) (2;sl, @ sl,, ©sp,, C" D C" B C¥)(m > 1,n > 1);
[-3-1-3) (2;sl, ® sp,, ©sp,C"©C™ B CI)(n > 1);
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[-3-1-4) (2;sp,, @ sp,, ©sp,, C" @ C™ o CY);
1-3-2) (r;sl, ® sl,,C" & C™ & C)(n,m > 1).
IT) Case s > 2.

[1-1-1) (nq, ..., ng; sl,, C");

11-1-2) (1,2, 3;5p,,C);

I1-1-3) (1,7;5p,, C");

[1-2-1) (n4, ..., ns; 80, C" & C);

11-2-2) (1,7;sl, @ sl,,C*® C™)(m,n > 1);
[1-2-3) (rl, r9;sly @ sl,, C? @ C")(n > 1);
11-2-4) (1, 2; s, @ sp,,, " & C™)(n > 1);
I1-2-5) (1,2;sp, @ sp,,,C" ®C™).

b) For all data (ni,...,ns¥,V) from this list there exists a reduc-
tive subgroup K CGL(V) with Lie algebra € such that ¢ = [¢, €] and
Fl(ny,...,ns V) is a K-spherical variety.

The rest of this section is devoted to the proof of Theorem 6.1.

6.1. Simplifications. Let V, and V, be K-modules of dimensions ng, n,
such that ng, n, > 1. We start with the following remark. The varieties

Hom(V;, V4) and Gr(ng; Vi & V)
are birationally isomorphic. This shows that the K-module Hom(V, V)
is K-spherical if and only if Gr(ng; Vi @ V,) is K-spherical.

Theorem 6.2. Fix r € {1,...,n,}. Let (L, V") be the pair determined
by the datum (K, Vs, 7) (see the discussion following Theorem 3.2).
Then the variety Gr(r;V') is K-spherical if and only if the module
Hom(V;", V;) is L-spherical and the variety Gr(r;V;) is K-spherical.

Proof. Assume that Gr(r;V) is K-spherical. Then Gr(r;V;) is K-
spherical and Gr(r; V) @ V;) is L-spherical. The variety Gr(r; V) & V;)
is L-spherical if and only if Hom(V}", V5) is an L-spherical module.
Assume that the module Hom(V}", V;) is L-spherical and the variety
Gr(r; V4) is K-spherical. Then Gr(r; V) & Vj) is an L-spherical variety.
Therefore the variety Gr(r; V') is K-spherical. O

Corollary 6.2. Suppose that the variety Gr(r; V') is K-spherical for
some 7 € {2,...,n}. Then

a) Hom(C", V) is a spherical GL, x K-module;

b) if ny, # 2, then the variety F1(1,2;V}) is K-spherical.

Proof. The first statement is obvious. By Lemma 3.18 we can assume
that r = 2. Let (L, V;?) be the pair determined by the datum (K, V}, 2).
As Gr(2; V2@ V,) is an L-spherical variety, P(V;2@®V;) is an L-spherical
variety by Proposition 3.15. Therefore F1(1,2;V}) is a K-spherical va-
riety. U
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The following lemma is a first approximation to Theorem 6.1.

Lemma 6.3. Let W be a K-module. Suppose that W @ C" is a spher-
ical A xGL,-module for some r € Zs,. Then one of the following
possibilities holds.

1) r = 2 and the datum ([tw, &), W) appears in the following list:
(s, ® s, C"®C™)(n,m>1), (s, spy,, C*®C*™)(n>1),
(5p2n D 5p2ma CQn S CQm)v (5p2n7 CQn)ﬁ (s[m Cn)

2) r =3 and (& Nsl(W), W) = (sp,,, C*").

3) r > 3 and the datum ([, ], W) appears in the following list:
(sl,,C"®C)(n>1), (sl,,C")(n>1), (sp,,Ch).

Proof. The result follows directly from the tables of [BR]. O

Let 0 < mp < ... <ng <nwand 0 < nj < ..<nl < ny be
sequences of integers. By Lemma 3.13
Fl(ny,...,ng W)xFl(n}, ...,n; W)
is GL(W)-spherical if and only if the variety Fl(n},...,nl;W) is K-
spherical, where
K =GL,,, —n, X ...xGL,,
is a Levi subgroup of a parabolic subgroup of GL(W). Let
(dy, ..., dsy1) and (dy, ..., d, )
be the corresponding to (n4,...,ns) and (nf,...,nl,) partitions of ny .
The following theorem is a particular case of a result of E. Pono-
mareva [Po]; she classified G-spherical products of two compact G-
homogeneous spaces for arbitrary algebraic groups G.
Theorem 6.3 (see also [Pan3|). The variety
Fl(ny,...,ng W)xFI(n}, ...,n.,; W)

is GL(W)-spherical if and only if the (unordered) pair of sets

({dla ) ds—i—l}a {d/lv ceey d;/+1})
appears in the fOHOWng hSt ({p17])2}7{Q17QQ})3 ({p17p2}7{17q17q2}>;
({27271}, {Qh q2, Q3})7 ({17p1}7 {q17 ceey QS’Jrl})'

Proof. A straightforward computation shows that the pair

({1,1,n},{1,1,n})
does not yield a spherical variety for n > 1 (see also Theorem 6.2). A
straightforward computation shows that the pair

{3,n+1},{2,2,n})

does not yield a spherical variety for n > 2 (see also Theorem 6.2).
The rest of the proof is an exercise to Proposition 3.15. 0
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6.2. Simple spherical modules. Let W be a simple K-module. We
recall that by Lemma 3.18 if some partial W-flag variety, which is
not cotangent-equivalent to P(W), is K-spherical, then the variety
Gr(2; W) is K-spherical too.

Lemma 6.4. Let Gr(2; C" ®C") be an SL,, X SL,,-spherical variety for
some m,n € Z>y. Then m =n = 2.

Proof. Without loss of generality we assume that m > n. Assume that
n = 2. Then

dim(bgy,, ® by,) >dim Gr(2; C™ @ C?).

We have w + 1 > 2(2m — 2) and therefore (m — 2)(m — 5) > 0.
Hence m € {2,5,6,7,...}.

Assume m > 5. As Gr(2; C2@C™) is SLy xSL,,-spherical, it must be
that Gr(2; C? @ C*) is SLyxSLy-spherical. This is false by dimension
reasons.

Assume n > 3. Then

U(m? 4 n?) >mim g niin 4y

As dim(bg, @ by,) >dim Gr(2; C"™ ® C™), we have

”12%—1+"22ﬂ—1+422mn,

2(m?*+n?) > 2mn and m > 2n.

As Gr(2;C" @ C™) is SL,, xSL,,-spherical, we have Gr(2; C" @ C*") is
SL,, xSLy,-spherical. This implies that SL, xSL, is a spherical sub-
group of SLy,. Hence n = 2 [Kr]. O

Theorem 6.4. Suppose the variety Gr(2; W) is K-spherical. Then the
pair (ty Nsl(W), W) is isomorphic to one of the following 3 pairs:

(sl(W), W), (so(W), W), (sp(W), W).

Proof. Without loss of generality we assume that € = ¢y, C gl(1¥) and
that € is a semisimple Lie algebra. We recall that B is a Borel subgroup
of K.

A straightforward computation shows that Gr(2; W) is SL(W)-spherical,
and also SO(W)-spherical and SP(W)-spherical. In the rest of the proof
we assume that (&y,, W) is not isomorphic to

(sU(W), W), (s0(W), W) and (sp(W), W).

1) Assume that ¢ is a simple Lie algebra. If there is an open orbit of
B on Gr(2; W) then there is an open orbit of BxGLy on W @ C?. The
simple modules with an open orbit of a reductive group are classified
in [SK]. In Table 1 below we reproduce, following [SK], all simple
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K xGLy-modules with an open orbit of K xGLy such that W is a K-
spherical module.

Table 1. The pairs ([, ], W) such that W ® C? has an open
orbit of K xGLy and W is a spherical K-module.

No | The pair (&, W) | dim(b & gl,) 2nw
1 | (sl,,C")(n>2) nntl) 43 on
2 | (50, C)(n>3) [+ [3)] 20
3 | (spy,, C*)(n > 2) n?+n 4n
4 | (sl3, S’°C?) 9 12
5 | (slopy1, A°C™H) | 202 +3n+4 [4n® +2n
6 | (slg, A2C°) 24 30
7 | (so7, Spin(C")) 16 16
8 (5010, Spln(Cw)) 29 32
9 [ (G,,C) 2 14
10 | (B, C7) 12 G

Here Spin(F') is any spinor module of SO(F), and C” in case 9 is the
unique faithful Go-module of minimal dimension, C?" in case 10 is a
faithful Eg-module of minimal dimension. If by & gl, has an open orbit
on W ® C?, then dim(b; & gly) > 2nyy.

Under the assumption that £ is simple we complete the proof by the
following case-by-case considerations.
Case 5. The computation 4n* +2n — (2n? +3n+4) =2n*> —n — 4 =
n? —4+n(n—1) > 0(n > 2) shows that dim(b; @ gly) < 2nyy.
Case 7. A generic isotropy subalgebra for the action of so; ® gl, on
Spin(C™) ®C? is isomorphic to gl; [SK]. All spherical subgroups of SO
are not quotients of SLs x C* [Kr]. Therefore Spin(C”) ® C? has no
open B(SO7)xGLy-orbit.
For the cases 4, 6, 8, 9, 10 from Table 1 we have dim(b; @ gl,) < 2ny
and therefore Gr(2; W) has no open B-orbit.
2) Let € be a direct sum ¢ @€, of 2 noncommutative ideals. Since W' is
a simple K-module, W is isomorphic to V} ® Va, where V(i = 1,2) are
simple ¢;-modules such that ¢, = ¢;. As Gr(2;V} ® V,) is G-spherical,
Gr(2; Vi®V3) is SL(V;) xSL(V5)-spherical too. Since ny,; , > 2, the only
possibility for (¢, W) is (so4,C*) by Lemma 6.4. In this case Gr(2; W)
is a spherical K-variety. U

Remark 6.5. Fix r € {1,...,ny — 1}. Then
a) the variety Gr(r; W) is SL(W)-spherical;
b) the variety Gr(r; W) is SO(W)-spherical;
c) the variety Gr(r; W) is SP(W)-spherical.
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Lemma 6.6. Suppose that F1(1,2; W) is a K-spherical variety. Then
the pair (¢ Nsl(W), W) is isomorphic to one of the following pairs:

(sl(W), W), (sp(W), W).

Proof. As F1(1,2; W) is a K-spherical variety, the variety Gr(2; W) is
K-spherical. Therefore (¢ N sl(11), W) is isomorphic to

(sL (W), W), to (sa(W), W), or to (sp(W), W).

A generic isotropy subgroup for the action of SO, on FI(1,2;C") is
isomorphic to SO,,_s. Such a subgroup is not spherical in SO,, for all
n >3 [Kr]. O

Corollary 6.7. The only partial flag varieties which are SO(W)-spherical
are Gr(r; W) for all r € {1,...,n — 1}.

Proof. This is a simple corollary of Proposition 3.15 and of the discus-
sion preceeding this proposition. l

Remark 6.8. All partial W-flag varieties are SL(1V)-spherical.

Lemma 6.9. Assume that 2|ny and ny > 6. Then the variety
F1(2,4; W) is not SP(WW)-spherical.

Proof. To the datum (SP(W), W, 4) one assigns the datum (SLyx SLy, C*®
C?). Therefore the variety F1(2,4; W) is SP(W)-spherical if and only if
the variety Gr(2;C? @ C?) is SLyxSLy-spherical. However, Gr(2; C* @
C?) is not SLyx SLo-spherical. O

We recall that any partial W-flag variety is cotangent-equivalent to
one of the following

Gr(r; W), FI(1,r W), FI(1,2,3;W), FL(2,4;W),
or is higher than F1(2,4; ), see subsection 3.3.

Corollary 6.10. The only SP(W)-spherical partial flag varieties, up
to cotangent-equivalence, are

Gr(r; W), FI(1,r, W), FI(1,2,3;W).
In particular, all partial C*-flag varieties are SP,-spherical.

6.3. Weakly irreducible spherical modules. Let W be a weakly
irreducible, but not irreducible, K-spherical module. Then W is a
direct sum of two nonzero simple K-modules W, & W, of dimensions
ns, ny. Without loss of generality we assume that n, > n,.

Lemma 6.11. The variety Gr(2; W) is not K-spherical.
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Proof. Assume n, = 2. Then the pair ([¢, €], W) is isomorphic to the
pair (sly, C* @ C?). The variety Gr(2; C* @ C?) is not GLg-spherical for
dimension reasons.

Assume n;, > 2. Then the variety FI(1,2;W,) is K-spherical by
Corollary 6.2. Therefore (b, Nsl(W}), W) is isomorphic to (sl(W), W)
or to (sp(WW,), Wy,). Then the pair ([¢, €], W) is isomorphic to

sl,,C* @ C"), to (sl,,C" @ (C")*), or to (sp,,, C*" & C*
2n

(see the tables in [BR]). Note, that ns = n, in all three cases.

Consider the pair (sl,,C* @ C"). If the variety Gr(2;W) is K-
spherical, Gr(2;C" ® C?) must be GL,xGLy-spherical. This is not
the case by Lemma 6.4.

Next we consider the pair (sp,,, C*" & C?"). If the variety Gr(2; W)
is K-spherical, Gr(2; C** @ C?) must be GLy, x GLy-spherical. This is
not the case by Lemma 6.4.

Finally consider the pair (sl,,C" @ (C")*)(n > 3). If the variety
Gr(2; W) is GL,-spherical, the variety C* ® C" is GLy-spherical by
Theorem 6.2. This is not the case for dimension reasons. O

Corollary 6.12. The only K-spherical partial W-flag varieties for a
weakly irreducible, but not irreducible, K-spherical module W are

Gr(1; W) and Gr(nw — 1; W).

6.4. On the length of certain modules. Let V' be a spherical K-
module and W be a proper nonzero submodule of V.We recall that
by Lemma 3.18, if some partial V-flag variety, which is not cotangent-
equivalent to P(V'), is K-spherical, then the variety Gr(2;V) is K-
spherical too.

Lemma 6.13. Assume that W is a weakly irreducible submodule of V/
and Gr(2; V) is a K-spherical variety. Then the pair (s((W) N &y, W)
is isomorphic

to (sl(W), W) or to (sp(W), W).

Proof. Assume ny = 2. Then the pair (¢ Nsl(W), W) is isomorphic
to (5[2, CQ)

Assume ny > 3. The variety FI(1,2; W) is K-spherical by Corol-
lary 6.2. Therefore the pair (&Nsl(1V), W) is isomorphic to (sl(1V), W),
or to (sp(IW), W) by Corollary 6.12 and Lemma 6.6. O

Lemma 6.14. Let W be a K-module such that ny, > 3 and Gr(2; W)
is K-spherical. Then the length of W as a £-module equals at most 3.

Proof. See Theorem 6.3. O
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6.5. Concluding case-by-case considerations. The following the-
orem is a second approximation to Theorem 6.1.

Theorem 6.5. Let W, W, be K-modules of the dimensions n;, ng such
that n, > ns > 2. Suppose that Hom(W, W,) is a K-spherical module.
Then one of the following holds.

1) [tw,, tw,] = 0, ny = 2 and ([bw,, tw, ], W) is either (sl(W}), W), or
(sp(W), Wh);

2) ([ew., tw.], Ws) = (sly, C?) and ([tw,, &w, ], W;) appears in the follow-
ing list: (sl(W3), Wh), (sp(Wy), Wh),  (sl, & sl,,C* & C™)

(myn > 1), (5L, © 5Pgy, C* D C*)(n > 1), (82, © 5P3p, C" © C*™);
3) ([tw., tw.], Ws) = (sln,C”)(n > 3) and ([tw,, tw,], W3) appears in
the following list: (s{(W}), Wy), (sh,,, C™ & C), (sp,, C1);

3’) ([EWwEWs]?W) = (E[H’Cn D C)(TL > 2) and ([EWMEWI;]?Wb) =
(5[(Wb)7 Wb);

4) ([tw.. tw.], W) = (s, C°) and ([tw,. tw, ], W3) = (sp(Ws), Wh);

5) ([tw,. tw.], Ws) = (sp,, C) and ([tws,, tw, ), Wh) = (s(W}), W5).

Proof. As the variety Hom (W, W,) is K-spherical, the variety Gr(ng; W@
W) is K-spherical. Therefore the variety P(Wy & W) is K-spherical
and the length of the K-module W & W, is not more then 3. Using
this condition and the results of [BR] it is straightforward to derive the
required list. We also use Lemma 6.13. O

In the remainder of this section we collect the additional information
needed to prove Theorem 6.1.

Let W be a nonzero K-module. Denote by C; ; the one-dimensional
subgroup of GL(W') which corresponds to (Cha,b (see Section 2). We
use similar notation if W has length 1 or 3.

Fix r € {1,...,ny — 1}. Recall that the datum (K, W, r) determines
the datum (L, W7) (see the discussion following Theorem 3.2).

Lemma 6.15. The following data (K, W, r) determine the pairs (L, W")
as follows:

L) (SL(W), W, ) =(GL,, C");

2) ( ( )vW72) _>(SL27 )?

3) (SP(W), W, 3) =(SL;y x Cj ,,C* @ C);

4) (SP(W), W, 4) — (SL2><SL2,(C269(C2).

Proof. We omit the proof. 0

Lemma 6.16. For any ¢ € Z>, the following statements are equivalent.
1) The variety Gr(2; W @ C?9) is K xSPy,-spherical.

2) The variety Gr(2; W @ C?) is K xSLy-spherical.

3) The variety Hom(C?, W) is SLy x K-spherical.
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Proof. As the datum (SPs,, C*,2) determines the pair (SLy, C?), part
1) is equivalent to part 2) by Theorem 6.2. Part 3) is a reformulation
of part 2). O

Lemma 6.17. For any ¢ € Z> the following statements are equivalent.
1) The variety Gr(3; W @& C*) is K x SPy,-spherical.

2) The variety Gr(3; W @ C*> @ C) is K xSLy x Cf , ;-spherical.

3) The variety Hom(C* @ C, W) is SLy x Cj; x K-spherical.

Proof. As the datum (SPs,, C??, 3) determines the pair (SLg X Co.1s C*o
C), part 1) is equivalent to part 2) by Theorem 6.2. Part 3) is a
reformulation of part 2). O

Corollary 6.18. Suppose that Gr(3; W @ C?9) is a K xSPy,-spherical
variety for some q € Z>o. Then sl(W) C &y.

Corollary 6.19. The variety FI(1,3; W @®C??) is not a K xSP5q x Cj ;-
spherical variety for any q € Z>,.

Proof. The variety F1(1,3; W @ C*?) is K xSPy, x Cjj ,-spherical if and
only if the variety FI(1,3;W @ C*> @ C) is KxGL; x Cj,-spherical
(Lemma 6.17). The latter is false by Theorem 6.3. O

Lemma 6.20. For any ¢ € Z>3 the following statements are equivalent.
1) The variety Gr(4; W @ C2) is K xSPy, X C§,1-spherical.

2) The variety Gr(4; W @ C*> @ C?) is K xSLyxSLy x Cf; ;-spherical.
3) The variety Hom(C* @ C?, W) is SLyxSLy x Cj | x K-spherical.

Proof. As the datum (SPa,, C??,4) determines the pair (SLyxSLy X
C;i 1, C* @ C?), part 1) is equivalent to part 2) by Theorem 6.2. Part
3) is a reformulation of part 2). O

Corollary 6.21. Suppose that Gr(4; W @ C?9) is a K xSPy,-spherical
variety for some ¢ € Zs>3. Then either ny = 2 and sl((WW) C &y, or

Proposition 6.22. Let V be a K-module.
a) Suppose that Gr(r; V') is a K-spherical variety for some r € {2, ..., [%]}.
Then the datum
(’I“; [Ev, %v], V) (3)
appears in the following list:
1) (r; sk, C"), (r; 505, C")(n > 3), (r; 8p,,, C");
2-1-1) (2;8p,, B sly, C* ® C™)(m > 1);
2-1-2) (2;5p,, @ sp,,, C" © C™);
2-2) (3;sl, @ sp,,,C* & C™)(n > 1);
2-3) (r;sp,,,C"® C);
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2-4) (r;sl, ®sp,,C"® CH(n > 1);

2-5) (r;sl, ® s, C" & C™)(n,m > 1);

3-1-1) (2;sl, @ sl,, ®sl, C*dC™ ¢ CY)(m,n,q > 1);

3-1-2) (2; 5L, @ sl D sp, C" B C" @ CY)(m > 1,n > 1);

3-1-3) (2; 5, @ sp,, ©sp,, C" ©C™ @ C¥)(n > 1);

3_1_4) (2?5pn S 5pm 69‘gpq) cr D cm ) Cq)v

3-2) (r;sl, ®sl,,C"®C™ @ C)(n,m > 1).

b) For all data (r;#,V) from the list there exists a reductive subgroup
K CcGL(V) with Lie algebra ¢ such that Gr(r; V') is K-spherical and
¥ =t ¢.

Proof. Let V be a direct sum of nonzero simple -modules
VieVoad ..oV,

By Lemma 3.18 the variety Gr(2; V) is K-spherical and therefore [ < 3
by Lemma 6.14.

If I = 1, the K-module V is simple. This case is considered in
Subsection 6.2 (Theorem 6.4 and Remark 6.5).

In the rest of the proof we assume that [ > 2, ie. [ = 2,3. By
Lemma 6.13, for all 7,

(v, &y, ] = sl(V;), or [y, ¢y, ] = sp(V;i) and ny, > 4.
If the variety Gr(r; V') is K-spherical then the pair of sets

{r,ny —r},{nv,....,nu})

appears in the list of Theorem 6.3. All entries of the required list with
r = 2 are recovered by the list of Theorem 6.3.

In the rest of the proof we assume that » > 3. It remains to show
that the datum (3) is as in cases 2-2, 2-3, 2-4, 2-5 or 3-2. If s[(V;) C &y,
for all 4, then Theorem 6.3 implies that we are in cases 2-5 or 3-2.

In the rest of the proof we assume that

[Evl, Evl] = Ep(‘/l) and ny, > 4.

As r > 3, Gr(3;V) is a K-spherical variety by Proposition 3.15.
Then

sl(Va® ... ® Vi) C bya.avi,

in particular, [ = 2. For r = 3, this is case 2-2 from the list.

In the rest of the proof we assume that » > 4. Case 2-4 corresponds
to ny, = 4. Assume now that ny, > 6. As Gr(r;V) is a K-spherical
variety, Gr(4; V') is a K-spherical variety. Therefore ny, < 2 by Corol-
lary 6.21. A straightforward computation shows that Gr(4;V; & C?)
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is not an SP(V})xGLy-spherical variety for all ny, such that ny, > 6.
Therefore ny, = 1 and we are in case 2-3.
This proves a). Part b) is straightforward. O

We are now ready to prove Theorem 6.1.
Proof of theorem 6.1. Let V be a direct sum of simple nonzero ¢-modules
VioVa® ..oV

If I =1, the £module V is simple. This case is considered in Subsec-
tion 6.2 (Remark 6.8, Corollary 6.7, Corollary 6.10).

In the rest of the proof we assume that [ > 2. The claim of Theo-
rem 6.1 for s = 1 is established in Proposition 6.22.

In the rest of the proof we also assume that s > 2. By Lemma 3.18
the variety Gr(2; V') is K-spherical and [ < 3 by Lemma 6.14. Lemma 6.13
implies, for all 7, that

[tv., by, ] = sl(V), or [ty ] = sp(V;) and ny, > 4.
If the variety Fl(nq,...,ns; V) is K-spherical then the pair of sets

({n1,....,ny —ns}, {nvy, ... ny })

appears in the list of Theorem 6.3. If sI(V;) C ¢y, for all i, then Theo-
rem 6.3 implies that we are in cases II-1-1, II-2-1, 11-2-2, TI-2-3.

In the rest of the proof we assume that [ty;, £y, ] = sp(V1) and ny, > 4.
It remains to show that the datum (1) is as in cases 11-1-2, 11-1-3, 11-2-4,
I1-2-5.

We have now [ < 2 by Theorem 6.3 and therefore [ = 2. The variety
Fl(ny,...,ns V) is cotangent-equivalent to

F1(1,2; V), or to FI(1,3; V),

or is higher than F1(1, 3; V') (see Subsection 3.3). As the variety FI(1, 3; V)
is not K-spherical by Corollary 6.19, Fl(ny,...,ns; V) is cotangent-
equivalent to F1(1,2; V) and we are in cases 11-2-4, I1-2-5.

This proves a). Part b) is straightforward. O
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7. JOSEPH IDEALS

In this section g is semisimple. Let A € b be a dominant weight.
A a two-sided ideal I of U(g) determines the submodule M, of M.
This defines a map « from the latice of ideals of U(g) to the latice of
submodules of M.

Theorem 7.1 (A. Joseph [Jol, Prop. 4.3]). The map « is an embed-
ding of the latice of two-sided ideals I CU(g) such that Kery, C I to
the latice of submodules of M. If A is regular, « is an isomorphism.

Remark 7.1. The two-sided ideals of U(g) have been studied exten-
sively in the last 30 years. This section adapts some known results to
the setup of the dissertation. We thank Anthony Joseph and Anna
Melnikov for useful comments and references.

7.1. The case g = sl[(W). Let Q C sl(W)* be the non-trivial nilpotent
orbit of minimal dimension. This nilpotent orbit consists of matrices
of rank 1. We represent such matrices as | ® v, for some v € W and

I € W* with I(v) = 0.

Definition 7.2. Let I be a primitive ideal of U(sl(W)). We call I a
Joseph ideal whenever V(I) = Q.

Lemma 7.3. Let I be a Joseph ideal and let L be a finitely generated
(sl(W), b3,)-module such that I CAnnL. Then L is an (sl(W), b3,)-
bounded module.

Proof. As L is an (s((W), b3}, )-module, V(L) € QN (b3L,)*. We have

QN (b))t ={z €sl(W) |z =1®v for some v € W and | € W* such
that [(bv) = 0 for all b € b3}, }.

The variety Q N (b3})* has irreducible components {Q;}i<p,, 1, where

Q;, :={z esl(W)* | x =1®v for some v Espan(ey, ...,e;) and
I espan(ej, |, ....es )}

The dimension of Q; equals ny — 1 for any ¢ < ny — 1. Let H3, be the
connected subgroup of SL(W) with Lie algebra bil,. The varieties Q;

are Hil -stable and are Hgl-spherical for all i < ny, — 1. Therefore L is
a bounded (s[(WW), b3,)-module by Proposition 3.23. O

Corollary 7.4. a) Let I be a Joseph ideal and let A € b3, be a weight
such that I =Ann Ly. Then L, is a bounded hi,-module. In particular,
A is a semi-decreasing tuple.

b) If A is a semi-decreasing ny-tuple then I()\) is a Joseph ideal.
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Proof. Part a) is trivial. We have
dim GV(M) <2dim V(M)

by Theorem 3.7. As ) is semi-decreasing, Ly is bounded and there-
fore V(Ly) is H3}-spherical. Hence dim GV(M) < 2(ny —1). The only
nilpotent orbit which satisfies this inequality is Q. U

Corollary 7.5 ( [Jo4, Table 3]). Let I CU(sl(WW)) be a two-sided ideal.
Then I is a Joseph ideal if and only if one of the following conditions
holds:

a) there exists a semi-integral semi-decreasing tuple A such that I =I(\);
b) there exists a singular integral semi-decreasing tuple A such that
I=1(N);

c) there exists a regular integral semi-decreasing tuple A and a number
ke {1,...,ny — 1} such that I=I(sxA).

Proof. Follows from Corollary 7.4 and the discussion about coherent
families in Subsection 3.9. U

Lemma 7.6. Let &k € {1,2,....,.ny — 1} and A be a regular integral
dominant weight. Then Ann Ly, 5 is a submaximal ideal of U(s[(1V)),
i.e. for any two ideals Iy, I such that Ann Ly, y C I3, I» we have [} = Is.

Proof. The Verma module M, has a unique maximal submodule rad'M
such that My /rad'M, is a simple module Ly. Let rad®M, be the min-
imal submodule of rad'M, such that rad'M,/rad®?M, is a semisim-
ple s[(W)-module. The module M, /rad'M, is finite-dimensional and
rad'M, /rad®M, has a unique submodule isomorphic to Lg, . Let rad' ™M,
be a the submodule of rad' M, such that rad'M, /rad'Te*M, =L, . Let
I be the corresponding to rad'™*M, two-sided ideal. Then I is sub-
maximal and I CAnn Lg . As the unique ideal which is larger then
I is of finite codimension, we have Ann Ly, )y = I. Therefore the ideal
Ann Lg, 5 is submaximal. ]

Let A be an ny-tuple. We can consider the algebra U(sl(1W))/I())
as an (sl(IW); @ sl(W),)-module, where both sl(W); and sl(W), are
isomorphic to s[(W) and the action is given by

(91, 92)m = g1m — mgs
for g1, go € sl(W) and m €U(sl(W))/I(N). Fixi € {1,...,nw —1}. The
action of
sl(W)a == {(g, 9) }gestwy C sUW); @ sl(W),
on U(sl(W))/I(s;p) is locally finite. Therefore U(sl(1¥))/I(s;p) is an
(sl(W); ® sl(W),.,sl(W)y)-module. This module affords the central
character (x,, x,). The category of (s{(W), @ sl((W),, sl(W),)-modules
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which afford the central character (x,, Xx,) is equivalent to the category
of (sI(W), b3},)-modules which afford the central character x,. The
equivalence is given by the functor
Hy, : sl(W); @ sl(W),—mod— sl(W)—mod,
M — M®U(EI(W)T)Mp7

see [BeG, Prop. 5.9]. The action of the sl(W);-projective functors on
the categories of (s((W); & sl(W),, sl(W),)-modules and (s(1V), b3},)-
modules commutes with the functor Hy,.

Fixi,j € {1,...,nw —1}. Let P; be the maximal parabolic subgroup
of SL(V') for which the space span(e,),<; is stable and p; be the Lie
algebra of P;. We have

FW:H:g - Zignwﬂ‘fﬁﬁi
and
j_cf’ip - j_Cl).;‘i“‘ii-',-l:’]-Clpj_EiJrl = j—czi-fé‘i_‘qj{/p’—i_EiJrl
for all ©« < ny — 1.

Lemma 7.7. Assume ¢ # j. Then
H, T (M, /rad 5 M) = 0 and H5P(M,/rad*=/M,) = 0.
Proof. The module M, /rad'**M,, is an (sI[(W), p;)-module. Therefore
UVERS (M, /rad' =/ M,)

is an (s((W),p;)-module. If F, (M, /rad'**M,) # 0, then some
simple quotient of J(5 "' M, is an (sl(W), p;)-module. If i # j, a
unique simple quotient of
+eit1
g—fg * MP :MP+5i+1

is not an (sl(W),p;)-module, i.e. the action of p; on L,,., , is not
locally finite. Therefore

F, T (M, /rad 5 M,) = 0 and H52 (M, /rad*</M,,) = 0.
U
As [Py,,] = [M,] + [M,,], the projective functor 357 is identified
with s;4+1 under the identification of PFunc(x,) with Z[S,,,]. As the

set {s; + 1}icny -1 generates Z[S,,, |, the set {F57*}ic,,, 1 generates
the algebra PFunc(x,).

Corollary 7.8. Let M be an sl(WW)-module. Suppose that M is anni-
hilated by a submaximal ideal I(s;p) for some j < ny — 1. Then

HOTEHM =0 for all i # j.
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Remark 7.9. The notion of left cell [Jo6] (see also [Vo2]) relates nilpo-
tent orbits with Weyl group modules. Moreover, the ordering of primi-
tive ideals is related to left cells via tensoring by finite-dimensional rep-
resentations. As the projective functors are building blocks of the func-
tors of tensoring with a finite-dimensional representation, the action of
the projective functors on a primitive ideal I is closely related [Jo5] with
the nilpotent orbit V(I) (see also [Jo3]). Corollary 7.8 is an explicit
example of this relationship.

Proposition 7.10. Let M be an infinite-dimensional finitely generated
sl(W)-module which affords the generalized central character x,. Then
there exists i < ny — 1 such that H, 1M £ 0.

Proof. Without loss of generality we assume that M = s[(W)M. In [BeBe]
the authors mention that there exists a Borel subalgebra b C sl(TV)
with nilpotent radical n such that (M/nM)® # 0. We have

(M/aM)* = (M, ®c M)/ (s(W)(M, ®c M)) # 0 (4).
As the sequence
@i<ny-1Ps;p =M, =L, =0
is exact, the sequence

@ignw—lpsip(@(CM M,®cM
s(W)Di<nyy, —1Ps; p@cM sl(W)(M,®c M)

Lp®(cM
W)(L,&cM

—>5[( )—>0

is exact. As
(L, ®c M)/sl(W)(L, ®c M) = M /s{(W)M=0,
formula (4) implies
(Ps;p ®c M) /sl (W) (Ps,, ®c M) # 0

for some 7 < ny — 1. A straightforward computation shows that

Ps;p®cM —
SIW)(Pe,p ®cM)
g{£+5i+1 Mp®cﬂz+5nw+17iM B MP®C}CZ"W_ipM
SUW)(6 T IM@ed M) (W) (Mpecdt, W T M)

Therefore 3, "M # 0. O
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7.2. The case g = sp(W & W*). Let Qy, C sp(W & W*)* be the
non-trivial nilpotent orbit of minimal dimension. This nilpotent orbit
consists of matrices of rank 1. We represent such matrices as v ® v with
veW oW,

Definition 7.11. Let I be a primitive ideal of U(sp(W & W*)). We
call I a Joseph ideal whenever V(I) = Q.

Lemma 7.12. Let I be a Joseph ideal and let L be a simple (sp(W @
W*), b )-module. Then L is an (sp(W & W*), by,)-bounded module.

Proof. As L is an (sp(W @ W*), b3)-module, we have V(L) C Q,, N
(bF)+. Furthermore,

(b)) N Qg = {z €sp(W & W*)* | 2 =v®w for some v € W & W*
such that (v, bv) = 0 for all b € b}, }.

The variety (b;}'})LﬂQEP has the unique irreducible component Q,, where
Qi ={zesp(W e W** | x=v®wv for some v €span(ey, ....eny, ) }-

The dimension of Q; equals to ny,. Let Hy, be an irreducible subgroup
of SP(W & W*) with Lie algebra hy,. The variety Q; is Hy-stable and
is Hyy-spherical. Therefore L is a bounded (sp(W @ W*), by )-module
by Proposition 3.23. U

Corollary 7.13. a) Let I be a Joseph ideal and let i be an ny-tuple
such that I =Ann L,,. Then L, is a bounded hy-module. In particular,
it is a Shale-Weil tuple.

b)Let fi be a Shale-Weil ny-tuple then Iy, (1) is a Joseph ideal.

Proof. Part a) is trivial. We have dim GV(M) <2dim V(M) by The-
orem 3.7. As fi is Shale-Weil, L, is bounded and therefore V(L,,) is
Hy-spherical. Hence dim GV(M) < 2ny. The only nilpotent orbit
which satisfies this inequality is Q. 0

We recall that o stands to the reflection with respect to the simple
long root of sp(WW @& W*) for our fixed choice of a Borel subalgebra, see
Subsection 3.9.

Lemma 7.14. Let fi be a Shale-Weil tuple. Then Ann L, is a maximal
ideal of U(sp(W & W™)).

Proof. Without loss of generality we assume that f is positive, in par-
ticular g is dominant. Let I be an ideal of U(sp(WW @ W*)) such that
I() € I. Then I(x)M, € IM,. As I annihilates M,/IM,,, we have
I CAnn L, for some simple hy-bounded module L. Therefore either
= por ' =op. Hence I Cl(p) and I=I(p). O
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Let i be a Shale-Weil ny-tuple. Let i’ be an ny-tuple and let
i € b}y, be the corresponding weight.

Lemma 7.15. Suppose U{ﬁ'L# # 0. Then p' is a Shale-Weil tuple.

Proof. The sp(W @&W*)-module L,, is hy-bounded and therefore }CZ/LN
is hy-bounded. As L, is a quotient of M, i}{ﬁ/LH is a quotient of
ﬂ{ﬁ'Mu. As L,y is the unique simple quotient of J—Cﬁ’MM, L,/ is an by-
bounded sp(WW @ W*)-module. Therefore 1/ is a Shale-Weil tuple by
Theorem 3.15. 0

Corollary 7.16. Let M be an sp(W&W*)-module such that Ly, () =AnnM.
Suppose ﬂ-qj']\/[ # 0. Then p’ is a Shale-Weil ny-tuple.
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8. MODULES OF SMALL GROWTH

Definition 8.1. Let M be a g-module. We say that M is Z(g)-finite
if dim Z(g)m < oo for all m € M, where

Z(g)m :={m' € M | m' = zm for some m € M and z €Z(g)}.
8.1. The case g = sl(IV).

Proposition 8.2. If M is an infinite-dimensional finitely generated
s[(W)-module then dim V(M) > ny — 1.

Proof. The variety GV(M) is a union of several nilpotent SL(W)-
orbits in s[(W)*. There is a unique nonzero nilpotent orbit of min-
imal dimension equal to 2(ny — 1). As M is infinite-dimensional, dim
V(M) > 3dim GV(M) > ny — 1 by Theorem 3.7. O

Definition 8.3. Let M be a finitely generated sl(W)-module which
is Z(sl(W))-finite. We say that M is of small growth if dim V(M) <
nw — 1, i.e. if dim V(M) equals either ny — 1 or 0.

The sl(W)-modules of small growth form a full subcategory of the
category of s[(W)-modules. This subcategory is stable under the pro-
jective functors.

We recall that a finitely generated g-module M has a graded version
grM which is a finitely generated S(g)-module. The sum of ranks® of
grM over the function rings of all irreducible components of V(M) of
maximal dimension is called the Bernstein number of M (see also [KL,
p. 78]), and we denote this number b(M).

Proposition 8.4. Any sl(WW)-module M of small growth is of finite
length.

Proof. As M is finitely generated, it is enough to check the descending
chain condition for M. Let

.CM,c..CcM,=M

be a strictly descending chain of s[(W)-submodules. These sl(W)-
submodules M_; are finitely generated. We have dim V(M_;) = ny —1
for all i € Z>( or dim V(M_;) = 0 for some i € Z>(. In the second
case dim M_; < oo and therefore the chain ... C M_; stabilizes.
Assume that dim V(M_;) = ny — 1 for all i € Zsg. If i > j
then b(M_;) <b(M_,), i.e. the sequence {b(M_;)}icz., is decreasing.
Therefore there exists i € Zsq such that b(M_;) =b(M_;) for all j >

2The rank of finitely generated module over a commutative ring is the rank of a
maximal free submodule.
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i. Therefore dim V(M_;/M_;) < ny — 1 and M_;/M_; is a finite-
dimensional s[(W)-module for all j > i. We have an inclusion

M_i/ Ojzi M_j = @j>M_i/M_;.

The right-hand side is a direct sum of a finite-dimensional s[(1/)-
modules. As M_; is Z(sl(W))-finite and finitely generated, only a finite
number of simple sl(1¥)-modules appear in this direct sum. Therefore
M_;/ Nj>; M_; is a finite-dimensional s[(1})-module. O

Proposition 8.5. Let I be the annihilator of a simple infinite-dimensional
s[(W)-module M of small growth. Then I is a Joseph ideal.

Proof. As dim GV (M) < 2dim V(M) (Theorem 3.7),
dim GV(M) <2(ny —1).
As M is infinite-dimensional, I is a Joseph ideal. O

Let g be the set of simple sl(WW)-modules of small growth, and (J) be
the vector space generated by the set J. The action of the projective
functors on the category of modules of small growth defines an action
of the projective functors on (J) by linear operators. As any sl(W)-
module M of small growth has finite length, M defines the vector
[M] € (J) which is a sum of the simple M-subquotients with their
multiplicities in M.

Let A be a decreasing ny-tuple and Jy be the set of simple sl(W)-
modules of small growth annihilated by Kery,, and (J,) be the free
vector space generated by Jx. The action of PFunc(x,) defines an
action of S, on (Jy), see Proposition 3.30. We recall that C*9" is the
sign representation of S,,,. Set (J)*9" = (J)\) ®c C*". As vector
spaces (Jy) and (J,)*9" are identical.

Lemma 8.6. An S,,,-module (J,)®*" is a direct sum of copies of C"" !
and C.

Proof. Without loss of generality we assume that A\ = p (p is defined
in Subsection 3.8). The action of HZ on Jy corresponds to multipli-
cation by (s — 1) on (J,)*"(cf. Corollary 7.8). Let M be a simple
(sl(W),sl(V))-module of small growth and k£ be a number such that
AnnM=I(sy.p). Then F¥M = 0 for all k # [ (Corollary 7.8). As the
simple modules generate (J,)%",

(FA)%" = +icnp—1(90)3".

Therefore as an S,,,,,-module (J,)*" is a direct sum of copies of C"W~*
and C (Lemma 3.33). O
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Lemma 8.7. Let M be a simple s[(W)-module of small growth anni-
hilated by Keryx, and k € {1,...,ny — 1} be a number. Then, for some

je{l,2},
365724 0] = M
for a simple s[(1¥)-module M’ of small growth.
Proof. Assume that 3/** M is nonzero. The identity homomorphism
Id: ForeR M — HoTek M
gives rise to a nonzero homomorphism
M — 3y, HETe M = FCH M.

pter
Let M’ be a simple subquotient of fJ-Cp+€kM such that M is a subquo-
tient of H/,. M’ As f}CPJrE’“fHZJrE = 2Id we have HoerdHP, M’ =
M'" @ M'. Therefore 3£+ M is semisimple of length 2 or less and M’

is, up to isomorphism, the only simple constituent of M. U

Lemma 8.8. Let M be a simple s[(W)-module of small growth anni-
hilated by I(p + €x). Then, for some j € {1, 2},

[Hose, M) = M} + [T1,

prer
where M’ is a simple s[(W)-module of small growth and 7' is some
s[(W)-module of small growth such that

HorewT =0, Heree M = 2M.
P ) P J

Proof. Let 0 C M° C ... C M = M be a composition series of HY .. M.
As HEFRHP . M = 2Id, the number of simple subquotients M L/
such that Hotex(M*! /M') is nonzero does not exceed 2. Assume that
there is a unique such subquotient M’. Then there exists a semisimple

s[(W)-module T such that
IP

pren M) = [M']+ [T,
and
[U-Cp+5kM’] = 2[M], J{P“k T] = 0.

Suppose that such a subquotient is not unique. Then there exist two
simple sI(TW)-modules M; and M, and a semisimple s{(1W)-module T

such that
(K", M] = [My] + [M,] + [T] and [Fo+er M) = [J{g+skM2] = [M].

pt+ek

We have Homgy) (FH5T* M, J—Cg*g’f Ml) =
HOII]S[(W) (Ml s J‘CZ+EkJ‘Cz+E’“ Ml) :Homsl(w) (J{z-i-ek f}fz—i_ak Ml 5 Ml ) .
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Then there exists a sequence of nonzero s[(W)-homomorphisms
J‘Czkle — Ml — J{kaMl.

Therefore there (Exists an sl(WW)-homomorphism ¢y : HP, . M — HP, . M

whose image is M;. In the same way there exists an s[(1¥')-homomorphism

Gy HOL M — HO M

pPteER pteR

with image Mz. Assume that M1 & MQ. Then both compositions
¢1 0 ¢2 and ¢ 0 ¢1 equal zero. We have

Homsl(W) (:}C,’o}—}-ak M: iH:Z-i—Ek. M) =
Homﬁ[(w) (M, ﬂ-Cz*E’“ f}(’.z+€k M) :Homsl(W) (Mv :}Cziiz M) .

As M is simple, Homg (M, H5 " M) =Homgw)(Id, H51EF), where
the right-hand side refers to homomorphisms of functors. Therefore

Homsl(w) (j{z+€k ]\47 g‘CZJrEk M) :Homﬁl(w) (:}Cerskv J'CZJrEk).

However,
Homgw) (M7, Hpie,) =Homaw) (Ps,p.Ps,p) = Clal/(2?).

As ¢1 0 ¢3 = 0, ¢ and ¢y are identified with ayx and asx for some
constants o, ap € C. Then «q is proportional to as and therefore

M, = M,.
O

Corollary 8.9. There is a natural bijection between the set of sim-
ple infinite-dimensional s[(WW)-modules of small growth annihilated by
I(skp) and the set of simple s[(1)-modules of small growth annihilated

by 1(p + €x).

Lemma 8.10. The subspace of S, -invariants in (d,) is one-dimensional
and is generated by the class of the simple finite-dimensional module.

Proof. Without loss of generality we assume that A = p. Let {«;}
be numbers such that Yo;[M;] is non-zero and S, -invariant. Then
Ho ko [M;] = 0, ie. YX;q;30 *M; = 0. Therefore oy = 0 for all
infinite-dimensional simple modules annihilated by I(sxp). Hence «; #
0 implies that M; is finite-dimensional. U

Corollary 8.11. For any i,j € {1,...,ny — 1} there is a natural bi-
jection between the set of simple infinite-dimensional sl(W)-modules
of small growth annihilated by I(s;p) and the set of simple infinite-
dimensional s[(1¥)-modules of small growth annihilated by I(s;p).
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The following statement can be considered as a weak analogue of
Theorem 3.12.

Corollary 8.12. Let A\;, Ay be semi-decreasing ny-tuples such that
There is a natural bijection between the set of simple infinite-dimensional

s[(W)-modules of small growth annihilated by I(\;) and the set of sim-
ple infinite-dimensional s[(W)-modules of small growth annihilated by

I(A\1) and I(Ag).

Proof. This follows from Lemma 3.31, Corollary 8.9 and Theorem 3.12.
O

8.2. The case g = sp(W @& W*). All proofs for this subsection are
similar to their counterparts in the previous subsection. We leave them
to the reader.

Proposition 8.13. If M is an infinite-dimensional finitely generated
sp(W @ W*)-module, then dim V(M) > ny.

Definition 8.14. Let M be a finitely generated sp(W & W*)-module
which is Z(sp(W @ W*))-finite. We say that M is of small growth if
dim V(M) < nw, i.e. if dim V(M) equals either ny or 0.

The sl(W)-modules of small growth form a full subcategory of the
category of sp(WW & W*)-modules. This subcategory is stable under the
projective functors.

Proposition 8.15. Any sp(W @ W*)-module M of small growth is of
finite length.

Proposition 8.16. Let I be an annihilator of a simple infinite-dimensional
s[(W)-module M of small growth. Then [ is a Joseph ideal.

Let u be a Shale-Weil tuple. The set PFunc(x,) is generated by one
involutive element H7# which preserve the set of simple modules. We
recall that fip is an ny-tuple (ny — %, nw — %, %)

Proposition 8.17. The categories of sp(WW & W*)-modules of small
growth annihilated by I(uo) and I(x) are equivalent.
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9. CATEGORIES OF (s[(S%V),sl(V)) AND (sl(A%V),s[(V))-MODULES

9.1. Construction of (D(W),#)-modules. We recall that K is a
connected reductive Lie group with Lie algebra € and a Borel subgroup
B. Let G be an associative algebra and ¢: U(f) — G be a homo-
morphism of associative algebras injective on €. We identify € with its
image. Any §-module can be considered as a £-module.

Definition 9.1. (cf. Def. 1.1) A (9, £)-module is a §-module which is
locally finite as a £-module.

Definition 9.2. (cf. Def. 1.5) A bounded (9,¢)-module is a (9, ¥#)-
module bounded as a €-module.

Let W be a spherical K-module. There is an obvious homomorphism
U(t) =D(W) (see the discussion at the end of Subsection 3.9.1).

The algebra of differential operators D(I¥) has a natural filtration
by degree

0CC[W]C Dy C...CD(W) = Uiez,, Di.
The associated graded algebra
gr D<W> = EBieZZ()(DH-l/Di)

is isomorphic to C[T*W]. Let M be D(W)-module with a finite-
dimensional space of generators Mg.,. This defines a filtration

{Dngen}iGZE()

of M. The associated graded space
ng = @iEZzo(Di-l-lMgen/Dngen)

is a finitely generated C[T*W]-module. We denote the support of this
C[T*W]-module as V(LocM). As finitely generated D(WV)-modules are
in a natural one-to-one correspondence with coherent D(1¥')-modules,
M corresponds to the D(W)-module LocM. The variety V(LocM)
coincides with the singular support of LocM (see Section 1) and is
conical and coisotropic in T*W. In what follows we assume that M is
a finitely generated (D(W), £)-module.

Proposition 9.3. a) The module M is bounded if and only if all irre-
ducible components of V(LocM) are K-spherical.
b) If the equivalent conditions of a) are satisfied, any irreducible com-

ponent V of V(LocM) is a conical Lagrangian subvariety of T*IV.
Proof. The proof repeats the proof of Proposition 3.23 verbatim. [

As explained in Section 2, to a holonomic D(WW)-module M one
assigns a pair (S,Y), where S C W is an irreducible subvariety and Y
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is an O(95)-coherent D(S)-module. Let K, be the connected simply-
connected semisimple group with Lie algebra [¢, €], A(K) be the center
of K and a C ¢ be the Lie algebra of A(K).

Lemma 9.4. The module M is t-bounded. If M is simple then M
is ¢-multiplicity free. The D(W)-module LocM is holonomic and has

regular singularities with respect to the stratification by K-orbits on
wW.

Proof. Let ¢, *(0) CT*W be the union of conormal bundles to all
K-orbits in W. As € acts locally finitely on M, V(M) C ¢, '(0).
Since the dimension of any irreducible component of gbe_l(O) is ny and
dimV(M) > nw (Theorem 3.5), V(M) is the union of irreducible com-
ponents of ¢, '(0). Therefore LocM is holonomic.

Let V be an irreducible component of V(M). It is the total space of
the conormal bundle to a K-orbit S C W. As W is a K-spherical vari-
ety, V is a spherical variety [Pan|. Therefore M is a €-bounded module
by Proposition 9.3. Assume M is simple. Since the algebra D(W)? is
commutative [Knl|, M is multiplicity free by [PS2, Corollary 5.8].

We have to prove that LocM has regular singularities. Without loss
of generality we assume that M is simple. Let (S,Y’) be the pair cor-
responding to LocM. Then S is K-stable. As W is K-spherical, S is a
K-orbit. Since LocM is K s-equivariant, Y is also K ,-equivariant. As
a acts locally finitely on M, a acts locally finitely on I'(A(K')s, M |a(k)s)
for any point s € S. Since K is a quotient of K xA(K), Y has reg-
ular singularities. Therefore LocM has regular singularities (cf. [Bo,
12.11)). O

Lemma 9.5. If a holonomic D(W)-module LocM has regular singu-
larities with respect to the stratification of W by K-orbits, then M is
t-locally finite.

Proof. Without loss of generality assume that M is simple. Let (S,Y)
be the pair corresponding to LocM. Then S is a K-orbit. As S is
a homogeneous K, xA(K)-space, the sheaf Y is K-equivariant [Bo,
12.11]. Hence LocM is Ks-equivariant and therefore [€, €] acts locally
finitely on M. As Y|a(k)s has regular singularities for any point s €
S, a acts locally finitely on I'(A(K)s, M|a(k)s) for any point s € S.
Therefore a acts locally finitely on M. As € = [¢,¢] ® a, € acts locally
finitely on M. O

By a famous theorem of M. Kashiwara [Ka|, the category of holo-
nomic D(W)-modules with regular singularities with respect to a given
stratification is equivalent to the category of perverse sheaves on W
with respect to the same stratification.
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Corollary 9.6. The category of bounded (D(W), £)-modules is equiv-
alent to the category of perverse sheaves on W with respect to the
stratification of W by K-orbits.

The categories of such perverse sheaves has been described explicitly
for the stratifications of S*V" and A*V by the GL(V)-orbits [BG]. In
particular, in [BG] the authors have described the simple objects of
this categories.

The following theorem provides a checkable condition under which
the functions [M;, : -J¢ are pairwise disjoint (see Section 2) for non-
isomorphic simple (D(V),€) modules M; and Ms. The proof, which
we present below, follows essentially the proof of [PS2, Corollary 5.8].

Theorem 9.1. Assume D(W)! is the image of Z(£). Let E be a simple
t-module. Then there exists at most one simple (D(W), £)-module M
such that Homy(E, M) # 0.

To prove Theorem 9.1 we need the following preparatory lemma.

Lemma 9.7. Let E be a simple finite-dimensional ¢-module. Then for
any n € Z>; and ¢ €Hom(E, EQC™) there exist ¢, ..., s €EHom(E, E®
C") such that ¢; €U(8)pU() and ¢ € +,;U(€)p; U(¥).

Proof. We omit the proof. 0

Proof of Theorem 9.1. Let R be the isotypic component of £ in D(W)®y
E and pr denote the projection D(W) @y £ — R. For any g eD(WW)
there exists ¢’ €D(W) such that pr(gm) = g’m for any m € E. There-
fore ¢’ induces a homomorphism ¢ from E to R. Let ¢; be as in
Lemma 9.7. Then for any ¢ there exist g; €D(W) such that g;m = ¢;m
for any m € E. We have [g;,k]Jm = 0 for any k € £ and m € E. As
the adjoint action of € on D(W) is semisimple, g; = ¢; + a; for some
ciya; €D(W) such that ¢; eD(W)* and a;m = 0 for all m € E. Hence
g:FE CU(¢)E and therefore R = E.

Let M be the unique maximal submodule of D(W) @y E which
does not contain R = E. Then the quotient D(W) @y E/M is simple
and, up to isomorphism, is the unique simple (D(W),¢)-module for
which dim Hom,(E,-) # 0. O

Let £ = gl(V) and let W equal AV or S?V. Then D(W)* is the
image of Z(¢) [HU]. Therefore, for non-isomorphic simple (D(W), €)-
modules M o, the functions [M;s : -J¢ are pairwise disjoint, i.e. the
product of these functions is the zero function (see Section 2).
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9.2. A useful algebraic trick. We recall that F is the Euler operator
and that {D*(W)}cz are the E-eigenspaces of D(W) (see the discussion
at the end of Subsection 3.9.1). In this section we relate the category
of (D(W), E)-modules to the categories of D°(W) and D°(W)-modules
(see also [PS2]). Let M be a locally finite E-module. Fix ¢ € C. Set
M, :={me M| (E—t)"m =0 for some n € Zso}.

If M is D(W)-module which is semisimple an an E-module, then M,
is a D'P(W)-module.

Definition 9.8. We say that a D(W)-module M is a D(W)-module
with monodromy €*™ if M = @jcz My .

Any simple D(W)-module with a locally finite action of £ is a module
with a monodromy. Let d; be the delta function at 0 € W. The
functions 1 and &y generate D(W)-modules which we denote D(W)1
and D(W)dy.

Lemma 9.9. Let M be a simple D(W)-module with monodromy e
Assume that

2mit

dimM; < oo and ny > 2.
Then M is isomorphic to one of the following modules:

0, D(W)1, D(W)d,.

Proof. Let dimM; # 0. Then the action of sI(W) on M, is locally finite
and therefore M is a locally finite s[(WW)-module. As W is a spherical
SL(W)-module, M is a holonomic D(W)-module with regular singular-
ities by Lemma 9.4. Let Sh be the corresponding to M simple perverse
sheaf. Then Sh is constructible with respect to the stratification {{0},
W —{0}} of W. As

m({0}) = m(W —{0}) =0,

Sh is the simple perverse sheaf corresponding to {0} or W —{0}, in both
cases the local system being trivial. The latter two perverse sheaves
correspond to the simple D(WW)-modules D(W)d, and D(W)1, respec-
tively. Therefore M is isomorphic to 0, to D(WW)1, or to D(W)d.

Assume that M; = 0. Then, for all i < ny, the action of e; on M
is locally finite, or the action of 0, is locally finite for all 7. In the
first case M is isomorphic to D(W)dy by Kashiwara’s theorem. In the
second case D(W) is isomorphic to D(W)1 by Kashiwara’s theorem
(we can interchange the roles of e; and 0, ). O

Lemma 9.10. a) Let M be a nonzero simple D(W)-module with mon-
odromy e*™ which is not isomorphic to D(W)1 and D(W)d,. Then M,
is a simple infinite-dimensional D'P(W)-module.
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b) Let M,., be a simple infinite-dimensional D'P(W)-module. Then
the D(W)-module

D(W) ®DO(W) M;es
has a unique simple quotient M. This quotient is not isomorphic to
D(W)1 or to D(W)dy and has monodromy e*™*. Moreover, there is an
isomorphism M; = M, of D'P(WW)-modules.

Proof. a) By Lemma 9.9 we have dimM, = oo. Let M, C M, be a
D'P(WW)-submodule of M;. The inclusion M; — M; induces a homo-
morphism

inc: D(W) ®@pogwy My — M
of Z-graded D(WW)-modules. We have

(D(W) @po(w) Mt)t = Mt,
and the map

inc;: (D(W) @poqwy M), — M,

is the inclusion map. As M is simple, inc equals 0 or is surjective and
therefore M, is isomorphic to 0 or to M;. Therefore a) follows.

Any submodule M of D(W) ®po(w) Mres either intersects M, triv-
ially, or coincides with D(W)®po ) Myes. Therefore D(W) @poy Mies
has a unique maximal submodule M and this submodule is isomorphic
to a direct sum of copies of D(W)1 and D(W)dy. The quotient

M :=(D(W) @poqw) Myes)/ M

is simple and ]\;[t = M,es. As M,.s is infinite-dimensional, M is not
isomorphic to D(W)1 or to D(W)d. O

This reduces the study of (simple) DP(W)-modules to a study of
some (simple) modules over the Weyl algebra. Sometimes the latter is
much easier.

We recall that D(WW) =DO(W)PD' (W) is a Zy-graded algebra. We
say that a D°(W)-module has half-monodromy e™* if M is a direct sum
@jezM;125. We denote by

(D(W), E')-mod
the category of D(WW)-modules with a locally finite action of E and by
(D(W), E)-mod®™™
the subcategory of (D(W), E)-mod of modules with monodromy e
for any ¢t € C. Similarly we define

(D°(W), E)-mod and (D%(W), E)-mod®™.

2mit
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)

The sign "=’ stands for equivalence of categories. For any t € C we
have two functors:
Res%r : D(W)-mod®™ —DO(W)-mod™,
M — @jerMiio5; .
- DO(W)-mod®™" —D(W)-mod®™™,
M —=D(W) ®poyry M.

2mit

27it

IndZﬂ'it

Theorem 9.2. The functors Ind and Res are mutually inverse equiva-
lences of the categories of (D(W), E)-mod®”™ and (D°(W), E)-mod®™" .

Proof. For a D(W)-module M with monodromy e*™ set
My = @jez My 2511

Then M = Mg @ My, and this is a Zy-grading on M considered as a
D(W)-module.

Let Mz be a D°(W)-module with half-monodromy ¢™*. The D(W)-
module

D(W) @powy Mz
is Zy-graded and has monodromy e*"*. Moreover,
(D(W) ®D6(W) Mf)f :DG(W> ®D6(W) M; = M.

Therefore Resggztolndgfﬂt is the identity functor.

Let M be a D(W)-module with monodromy e?™. If M; = 0, then M
has finite length and, up to isomorphism, the only simple constituents
of it are D(W)1 and D(WW)dp. In both cases Mz # 0. There is a natural
homomorphism

W D(W) Qpowy Mz — M.
We have
(DW) Qpo(w) My)g :D(W)G ®powy M = Mz.
Moreover,
Vi (D(W) @powy Me)e — Mg

is an isomorphism. Therefore (M /Im); = 0 and hence M /Imi) = 0.
This shows that Indii:toResf;; is the identity functor. O

Corollary 9.11. We have
(DY(W), E)-mod=(D(W), E)-mod®(D(W), E)-mod.

Proof. We have
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2mit

(D°(W), E)-mod= @teC/Z(D (W), E)-mo dj t
(D(W), E)-mod= @&ec/z(D(W), E)-mod® ™
(

2mit

On the other hand (D°(W), E)-mod®™ =(D(W), E)-mod®

mit _emit —emi(t+) combine into monodromy e

. The two
half-monodromies ™, —e™ —¢ it

and

(DY(W), E)-mod=(D(W), E)-mod®(D (W), E)-mod.

9.3. A description of (sl(IV),s[(V))-modules. In this section
K :=SL(V), g := s((W)
where W := A2V (ny = 2k,ny > 5) or W =SV (ny > 3).

Lemma 9.12. Let M be a simple bounded (sl(W),sl(V'))-module.
Then AnnM is a Joseph ideal.

Proof. By Theorem 2.5 the variety GV (M) is SL(V')-coisotropic. Ac-
cording to the discussion following Example 3.8, GV(M) is birationally
isomorphic to T*F1 for some partial W-flag variety F1. Hence F1 is an
SL(V')-spherical variety. As the only partial W-flag varieties which are
SL(V)-spherical are P(W) and P(W*), GV(M) coincides with Q (cf.
Example 3.8). O

We are now ready to prove Theorems 2.6-2.8.

Proof of Theorem 2.6. As AnnM is a Joseph ideal, V(M) C Q. As M
has finite type over €, we have dim V(M) = 1dimQ = ny — 1 and M
is of small growth. U

Proof of Theorem 2.7. By Lemma 9.12 the ideal AnnM is a Joseph
ideal. Therefore AnnM=I()\) for some semi-decreasing ny-tuple A by
Corollary 7.5. O

Proof of Theorem 2.8. As AnnM=I(\) for some semi-decreasing tuple
A, then V(AnnM)=GV(M)=Q (Corolary 7.5). The variety P(W) is
SL(V)-spherical, and hence the variety T*P(WW) is SL(V')-coisotropic.
As Q is birationally isomorphic to T*P(W) (Example 3.8), Q is SL(V)-
coisotropic. Therefore M is a bounded (sl(1V),s[(V'))-module by The-
orem 2.95. O

Let B;(WW) denote the cardinality of the set of isomorphism classes
of simple infinite-dimensional bounded (s[(1¥), s[(V'))-modules annihi-
lated by I(¢,ny — 1,...,1). Let P.2ru(W) be the cardinality of the set
of isomorphism classes of simple perverse sheaves on W (with respect
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to the stratification by GL(V')-orbits) such that they have fixed mon-
odromy €™ and are neither supported at 0 nor are smooth on .
The monodromies of the simple perverse sheaves on W with respect to
the stratification by GL(V')-orbits are described in quiver terms in the
Appendix.

Lemma 9.13. We have B;(W) =P2xi:(W) < oo for all ¢t € C.

Proof. Let \; € b3l,” be the weight corresponding to (¢, ny — 1,...,1).
The quotient U(sl(1W))/Ann Ly, is isomorphic to D'P(WW) (see the dis-
cussion at the end of Subsection 3.9.1). Therefore the isomorphism
classes of simple infinite-dimensional (sl{(W),sl(V'))-modules annihi-
lated by I(\;) are in one-to-one correspondence with the simple (D(WV), gl(V))-
modules with monodromy €™, which are not isomorphic to D(TW)1 or
D(W)dy (see Lemma 9.10). O

For a semi-decreasing ny-tuple A we denote by By (W) the cardi-
nality of the set of isomorphism classes of simple infinite-dimensional
bounded (sl(WW),sl(V'))-modules annihilated by I(A). Then for some
t € C such that ™ = m(\), we have

B)\(W):Bt(W) :Pm(,\)(W) < 00,
by Lemma 3.31 and Corollary 8.12. This proves Theorem 2.9.
We are now ready to prove Theorem 2.10.

Proof of Theorem 2.10. a) Let M be a bounded (sp(W & W*), gl(V))-
module. We can consider M as an (gl(W), gl(V))-module. Let E be
a generator of the center of gl(W). Then M is a direct sum of E-
eigenspaces GiecM;. As M is a bounded (gl(WW), gl(V'))-module, M, is
a bounded (sl(W), sl(V'))-module.

b) Any simple bounded (sl[(W), s[(V'))-module annihilated by I(s1p) is
an (sl(W),sl(V))-submodule of an (sp(W @& W*), gl(V'))-module. Any
other simple bounded module is isomorphic to a subquotient of a tensor
product F'® M where F' is a finite-dimensional SL(W')-module and M
is a simple (sl(W),sl[(V'))-module annihilated by I(p + ¢;). Let Fy, be
an SP(W @& W*)-module which contains F' as an SL(WW)-submodule
(such a module always exists, see [Gr]). Then Fy, ® M is a bounded
gl(V)-module and contains M as an gl(W)-submodule. O

9.4. Categories of (sp(IW & W*),gl(V'))-modules. In this section
K :=GL(V), g :=sp(W & W*)
where W := A2V (ny = 2k,ny > 5) or W =SV (ny > 3).

Lemma 9.14. Let M be a simple bounded (sp(W & W*), gl(V))-
module. Then AnnM is a Joseph ideal.
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Proof. Let Q be the image of the moment map ¢ T*P(W & W*) —
sp(W @ W*)*. Assume that GV(M) does not equal to 0 or to Q.
Then [CM, 6.2] Q CGV(M) and dim GV(M) > 2(2ny, —1). Therefore
dimbg vy > 2nyw — 1 by Corollary 3.24. This inequality is false. U

We are now ready to prove Theorems 2.11— 2.14 and Theorem 2.16.

Proof of Theorem 2.11. As AnnM is a Joseph ideal, we have V(M) C
Qqp NE-. As dimQ,, N €- = nyy, M is of small growth. O

Proof of Theorem 2.12. As M is a bounded module, AnnM is a Joseph
ideal. Therefore AnnM=I(j1) for some Shale-Weil tuple A by Corol-
lary 7.13. U

Proof of Theorem 2.13. As M is an (sp(W & W*), gl(V'))-module, we
have V(M) C gl(V)* N Q. Moreover, Q, is a quotient of W & W*
by Zs (see Subsection 7.2), hence gl(V)+ N Qy, is a quotient by Zy of
the union of conormal bundles to GL(V')-orbits. Since W is GL(V)-
spherical, these conormal bundles are GL(V')-spherical. Therefore any
irreducible component of V(M) is GL(V)-spherical, and M is gl(V)-
bounded by Proposition 3.23. U

We recall that i is an ny-tuple (ny — %, ny — %, s %) and po C by

is the corresponding weight.

Proof of Theorem 2.14. Let [iy, fio be Shale-Weil ny-tuples. The cat-
egories of bounded (sp(WW @& W*), gl(V'))-modules annihilated by T(zu1)
and I(us) are equivalent by Theorem 3.12. O

Proof of Theorem 2.16. The category of (sp(W @& W*), gl(V'))-modules
annihilated by I(u) is equivalent, via the functors fHﬁ’O and 5{59, to the
category of (sp(WW @ W*),gl(V))-modules annihilated by I(p). The
second category is equivalent to the direct sum of two copies of the

category of perverse sheaves on W with respect to the stratification by
GL(V)-orbits (see Subsection 9.2). O

Let (J,,) be the free vector space generated by the isomorphism
classes of simple bounded (sp(W @ W*), gl(V'))-modules annihilated by
Kery,,. We recall that PFunc(x,,) acts on (J,,) by linear operators
( Section 3.8). Let i’ be an ny-tuple such that f}Cﬁj;|<3uO> # 0. Then
i/ is a Shale-Weil tuple by Corollary 7.16. Therefore the action of
PFumc(x,,) collapses to an action of 349 and 37#. The functor J7k°

is involutive and we call it Inv (see also Section 2).
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Let M be a simple U(sp(W @ W*))-module of small growth anni-
hilated by I(p). Let E be a finite-dimensional simple sp(WW @& W*)-
module. We recall that Fg := F ® -. Then FECHZg is a direct sum
@®; i of indecomposable projective functors. Therefore

E® M =@;HiM.
If p; is not a Shale-Weil tuple for some ¢, then HEIM = 0 (Corol-

lary 7.16). If ju; is a negative Shale Weil tuple for some 4, then Fi =
Hy#iInv. Therefore

FpM = @iggf}fﬁéM @ (@igsfj{ﬁglnvM)

=1

for some positive Shale-Weil tuples f, ..., i), and Y, ..., fi%.

Let J be the free vector space generated by the simple sp(W & W*)-
modules of small growth and (J) be the free vector space generated by
d (cf. Section 8). One can express the projective functors H%  in terms
of the functors Fg. More precisely, for any Shale-Weil tuple i1 we have

Hh = (DicseiF g, I + (Bicoy iF pInv) (5)
for some finite-dimensional sp(W @ W*)-modules Ei, ..., Es, Ef, ..., E!

and some integers ¢y, ..., ¢s, ¢, ..., C,y; this is an equality for linear oper-

ators on (). Therefore

H, (IM] + [lov M]) = ([M]+Inv[M]) @c (@ici[Ei] + ©iG[Ef])
and

Hiy ((M] = [InvM]) = ([M]-Inv[M]) ©c (ici[Ei] — ©i¢i[E]).
This shows that if we are given the functions [M : -]y and [InvM : -],
the coefficients ¢;, ¢}, and the functions [E; : -J¢, [E} : -J¢, we can find the
functions [F# M : -y and [H5 InvM : -]y as formal power series.

Moreover, it is enough to determine the coefficients ¢;, ¢; and the
modules E;, E! for one simple module M of small growth annihilated
by I(p0). This work has been done by O. Mathieu [M] for a simple
module L, and we now explain the result.

Let i be a positive Shale-Weil tuple and be the coefficients ¢;, ¢}, the
modules E;, E! be as in formula (5). Let L and L7, LF and L°" be
finite-dimensional Spins,,, -modules as in Section 2. Then

(T A T
(@ch[El : ']bw + EB}C’/L[E’: : ']bw) @ ([L : ']f)w + [LU : ']hw)v
(L7 oy = [L77: Jyy) =
(@icilEi : Jow = BilE = o) @ (L o = [L7 2 ow)-
As the functions

[L'a : ']hw: [LU'E : ']hw: [L : ']hW’ [LJ : ']hw
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are computed by the Weyl character formula, we consider the above
mentioned formula as an explicit description of the coefficients ¢;, c;
and the sp(WW & W*)-modules FE;, E.

The mystery of this formula is that the function [L : -]y, comes from
the universe of Spiny,,,,-modules and the functions [E; : -]y, come from
the universe of SPj,,,, -modules.

hw
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10. APPENDIX

10.1. Results of C. Benson, G. Ratcliff, V. Kac. The classi-
fication of spherical modules has been worked out in several steps.
V. Kac has classified simple spherical modules in [Kacl], C. Benson and
G. Ratcliff have classified all spherical modules in [BR]. The classifica-
tion is contained also in paper [Le| of A. Leahy. Below we reproduce
their list.

Let W be a K-module. Then W is a spherical ¢-variety if and only
if the pair ([¢, €], W) is a direct sum of pairs (¢, W;) listed below and in
addition €4 ®;c; =Ngw)(E+Dic;) for certain abelian Lie algebras c; at-
tached to (€&, W;). Here Ny € stands for the normalizer of € in gl(1W)
and ¢; is a 0-, 1- or 2-dimensional Lie algebra listed in square brackets
after the pair (¢;, W;). This subalgebra is generated by linear operators
hi and h,,,. By definition, h; =Id. The notation h,,, is used only
when W = W; @ Ws: in this case hp,,|w, = m-Id and Ay, |w, = n-ld.
The notation (&, {W;, W/})’ is shorthand for ’(¢;, W;)’ and '(¢;, W/)".
Finally, w; stands for the i-th fundamental weight and the correspond-
ing fundamental representation. We follow the enumeration convention
for fundamental weights of [VO].

Table 10.1: Weakly irreducible spherical pairs.
0) (0,C)[0].
i) Irreducible representations of simple Lie algebras:

1) (sl,, {w1, wn_1})[Chi](n > 2);
2) (505, w1)[0](n > 3);
3) (8pgp, w1)[Chi](n > 2);
4) (sln, {2w1, 2w, -1 })[0](n > 3);
5) (slany1, {wa, Wi 2})[Ch1](n > 2);
6) (slon, {wa, wn—2})[0](n > 3);
7) (so7,ws)[0];
8) (508, {ws, wa})[0];
9) (509, w4)[0];

10) (5010, {wa, ws})[Chy];

11) (Eg, w1)[0];

12) (Gg, w1)[0].

1) (sl, & sly,, {wi,wp—1} @ {w1,wm-1})[Chy](m > n > 2);
(sl, ® sy, {w, w1} @ {w1,wp—1})[0](n > 2);

(5l2 ® 8pg,, w1 @ wi)[0](n > 2);

(813 @ spyy,, {wr, wa} @ wi)[0](n = 2);

(sl @ 5py, {wr, wn1} @ wi)[Chi](n > 5);

(5[4 D spy, {wlv W3} ® wl)[o]
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iii) Reducible representations of Lie algebras:

) (S[n@ﬁ[m@ﬁ[g, ({wl,wn 1}@{0.]1,&)” 1})@@1)[@h10@@h0 1](77, m >
3);
2) (sly; {wr @ w1, wp1 @ wy—1})[Chyy](n > 3);
3) (sl w1 © wy1)[Chy _1](n > 3);
4) (slan; {w1, wno1} © {wa, wn2})[Choa](n > 2);
5) (slant1; w1 © wo)[Chy _m](n > 2);
6) (slont1;Wn1 @ w2)[Chypml(n > 2);
7) (sl @ sl {wr,wn-1} ® (C B {w1,wm-1}))[Chi1o](2 < n < m);
8) (S[n @ﬁ[m; {wl,wn_1}® (C@{wl,wm_l}))[Chl,l](m > 2,n > m+2),
9) (5[n§95[m§ {wr, wn—1}B{wi (= wn-1), wy 1 (= wi) }&{wr, wi-1})[Cha)(2 <
n <m);

10) (s, @sbn; {wr, w1 }O{w] (= wn1), wp 1 (= w1) }&{wr, w1 })[Chy, 4 ](m

2,n>m+2);
1].) (5[ @D spy,, @5[2, ({wl,wn_l} D wl) ®w1)[(Ch0,1](n >3,m> ].)7
2) (sly; {w1 @ w1 })[0];
13) (s, @ 5L {wr, a1} @ {w“‘) W1} @ {wn, waa DI0)(n > 2);
14) (slysq @ sly; {wr, we} @ {0l WS} @ {wr, w1 HI0](n > 2);
15 ) (5[2 D spy,; w1 ® ((C D wl))[O](n > 2);
6) (8ps, D §Ps,, D slo; (w1 B wy) @ wy)[0](m,n > 2);
) (5[2 @5[2 @5[2, (w1 © wl) & wl)[O]
8) (s0g, {w1 ® w3, w1 O wy,ws B wy})[0].

10.2. Results of T. Braden and M. Grinberg. Let n be a positive
integer and V' be a C-vector space of dimension 2n. Then the category
of perverse sheaves on A?V with respect to the stratification by GL(V/)-
orbits is equivalent to the category of representations of the following
quiver A with relations:
v Pl Pn—2 Pn—1
AozAlz :An 1<£An,

dn—2

& and v; are invertible for all i, § = v; for i € {1,...,n — 1},

where & = 1 + ¢_1p;i—1 for i € {1,...,n}, and v; := 1+ p;q; for
i € {0,....,n —1}. Let R be a representation of the quiver A. If R
is simple, the invertible operators {v, v} 1€, ... £"} are proportional
to the identity map with a fixed constant ¢ € C*. We call ¢ the mon-
odromy of R.

The set of eigenvalues of 1 + p;¢; is independent from i, and we call
them eigenvalues of R. If R is simple, this set consists of one element
A. For a given eigenvalue A # 1, there exists precisely one simple
representation of A with eigenvalue A. The simple representations of
A with eigenvalue 1 are enumerated by the vertices of the quiver.

>
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By definition, the support of R is the set of vertices corresponding
to non-zero vector spaces. The corresponding to R perverse sheaf is
supported at 0 if and only if R is supported at Ag. The corresponding
to R perverse sheaf is smooth along W if and only if R is supported
at A,,.

Let now V' be a C-vector space of dimension n. Then the category of
perverse sheaves on S?V with respect to the stratification by GL(V)-
orbits is equivalent to the category of representations of the following
quiver B with relations

Pn 2 Pn—1

B0 Bl s Bn-1% B,
—= s
& and v; are 1nvert1ble for all i, & =v? fori e {1,...,n— 1},
piVis1 = —Vipj,  @iVj = —Vjg;, Di&iy1 = =&, 48 = —§14;
whenever both sides of equalities are well-defined. Here

& =14+ q_1pi1 forie{l,...,n}, v;:=1+pq fori € {0,...,n —1}.
Let R be a representation of the quiver B. Assume R is simple. Then
the invertible operators {v§, ] '€}, ..., €'} are proportional to the iden-
tity map with a fixed constant c e (C*. We call ¢ the monodromy of
R. The set of eigenvalues of (— 1)i¢; consists of one element &; the set
of eigenvalues of (—1)"v; consists of one element 7. We call the pair
(€,7) the spectrum of R. We have £ =7 = 1 or £ = —. The simple
representations of B with spectrum (1, 1) are enumerated by the inner
vertices of the B-quiver. For A # +1 there exists precisely one simple
representation of B with the spectrum (A, —\). The simple represen-
tations of B with spectra (1,—1) and (—1,1) are enumerated by the
vertices of the quiver.

By definition, the support of R is the set of vertices corresponding
to non-zero vector spaces. The corresponding to R perverse sheaf is
supported at 0 if and only if R is supported at By. The corresponding

to R perverse sheaf is smooth along W if and only if R is supported
at B,,.



69

11. ACKNOWLEDGEMENTS

I thank my scientific advisor Ivan Penkov for his attention to my
work and the great help with the text-editing. Overall, he spend more
then 60 hours of pure time on just text of my dissertation. I thank
all participants of "Ernest Vinberg’s seminar for fruitful discussions
around invariant theory, and especially I thank Vladimir Zhgoon. I
thank Dmitri Panyushev for interest to my work and useful comments
to preliminary versions of texts.



70

REFERENCES

[BK] Daniel Barlet, Masaki Kashiwara, Duality of D-modules on Flag manifolds,
IMRN(2000), 1243-1257.

[Be] Alexander Beilinson, Localization of representations of reductive Lie algebras,
Proc. of the IMC (Warsaw, 1983), PWN, Warsaw, 1984, 699-710.

[BeBe] Alexander Beilinson, Joseph Bernstein, A generalization of Casselman’s
submodule theorem, Repr. th. of red. gr. (Park City, Utah, 1982), Progr. Math.,
40 (1983), Birkhduser Boston, Boston, MA, 1983, 35-52.

[BeBe2] Alexander Beilinson, Joseph Bernstein, Localisation de g-modules,
C.R.Acad. Sci. Paris 292(1981), 15-18.

[BR] Chal Benson, Gail Ratcliff, A Classification of Multiplicity Free Actions, J.
of Alg. 181(1996), 152-186.

[BeG] Joseph Bernstein, Sergey Gelfand, Tensor products of finite and infinite-
dimensional representations of semisimple Lie algebras, Comp. Math.
41(1980), 245-285.

[Bo] Armand Borel et. all, Algebraic D-modules. Perspectives in Mathematics, 2,
Acad. Press, Inc., Boston, MA, 1987.

[BoBry] Walter Borho, Jean-Luc Brylinski, Differential operators on homogeneous
spaces. ITI, Invent. Math. 80(1985), 1-68.

[BG] Tom Braden, Mikhail Grinberg, Perverse sheaves on rank stratifications, Duke
Math. J. 96(1999), 317-362.

[CM] David Collingwood, William McGovern, Nilpotent orbits in semisimple Lie
algebras, Van Nostrand Reinhold Math. Ser., Van Nostrand Reinhold Co., New
York, 1993.

[Dix] Jacques Dixmier, Algebres Enveloppantes, Gauthier-Villars, 1974.

[F] Suren Fernando, Lie algebra modules with finite dimensional weight spaces. I,
Trans. Amer. Math. Soc. 322(1990), 757-781.

[FH] William Fulton, Joe Harris, Representation theory. A first course, Grad. Texts
in Math. 129, Springer-Verlag, New York, 1991.

[Gab] Ofer Gabber, The integrability of the characteristic variety, Amer. J. Math.
103(1981), 445-468.

[GL] Ofer Gabber, Equidimensionalité de la variété caractéristique, Exposé de O.
Gabber rédigé par T. Levasseur, Paris, 1982.

[GVM] Sergei Gelfand, Robert MacPherson, Kari Vilonen, Perverse sheaves and
quivers, Duke Math. J. 83(1996), 621-643.

[GrS2] Dimitar Grantcharov, Vera Serganova, Category of sp(2n)-modules with
bounded weight multiplicities, Mosc. Math. J. 6(2006), 119-134, 222.

[GrS1] Dimitar Grantcharov, Vera Serganova, Cuspidal representations of sl(n+1),
Adv. Math. 224(2010), 1517-1547.

[Gr] Frank Grosshans, Algebraic homogeneous spaces and invariant theory, Lect.
Notes in Math. 1673, Springer-Verlag, Berlin, 1997.

[HC] Harish-Chanra, Representations of semi-simple Lie groups I, Trans. Amer.
Math. Soc. 76(1953), 26-65.

[HMSW] Henryk Hecht, Dragan Milicic, Wilfried Schmidt, Joseph Wolf, Local-
ization and standard modules for real semisimple Lie groups I: The duality
theorem, Inv. Math. 90(1987), 297-332.

[HU] Roger Howe, Toru Umeda, The Capelli identity, the double commutant the-
orem, and multiplicity-free actions, Math. Ann. 290(1991), 565-619.



71

[Jol] Anthony Joseph, Dixmier’s problem for Verma and principal series submod-
ules, J. London Math. Soc. 20(1979), 193-204.

[Jo2] Anthony Joseph, On the associated variety of the primitive ideal, J. of Alg.
88(1984), 238-278.

[Jo3] Anthony Joseph, On the cyclicity of vectors associated with Duflo involutions.
Noncommutative harmonic analysis and Lie groups (Marseille-Luminy, 1985),
Lect. Notes in Math. 1243(1987), Springer, Berlin, 144-188.

[Jo4] Anthony Joseph, Orbital varieties of the minimal orbit, Ann. Sci. Ecole Norm.
Sup. 31(1998), 17-45.

[Jo5] Anthony Joseph, The primitive spectrum of an enveloping algebra. Orbites
unipotentes et représentations, ITI. Astérisque 173—174 (1989), 9, 13-53.
[Jo6] Anthony Joseph, W -module structure in the primitive spectrum of the
enveloping algebra of a semisimple Lie algebra, Noncommutative harmonic
analysis (Proc. Third Colloq., Marseille-Luminy, 1978), Lect. Notes in Math.

728(1979) Springer, Berlin, 116-135.

[Kacl] Victor Kac, Some remarks on nilpotent orbits, J. of Alg. 64(1980), 190-213.

[Kac2] Victor Kac, Constructing groups associated to infinite dimensional Lie al-
gebras, Infinite dimensional groups with applications (Berkeley, Calif., 1984),
in: MSRI Publ. 4, Springer-Verlag, NewYork, 1985.

[Ka] Masaki Kashiwara, The Riemann-Hilbert problem for holonomic systems,
Publ. Res. Inst. Math. Sci. 20(1984), 319-365.

[Ki] Donald King, Spherical nilpotent orbits and the Kostant-Sekiguchi correspon-
dence, Trans. Amer. Math. Soc. 354(2002), 4909-4920.

[Kd] Dmitriy Kaledin, Normalization of a Poisson algebra is Poisson, Proc. Steklov
Inst. Math. 264, no 1(2009), 70-73.

[Knl] Friedrich Knop, Classification of multiplicity free symplectic representations,
J. of Alg. 301(2006), 531-553.

[Kn2] Friedrich Knop, Weylgruppe und Momentabbildung (German), Invent.
Math. 99(1990), 1-23.

[KL] Giinter Krause, Thomas Lenagan, Growth of algebras and Gelfand-Kirillov
dimension, AMS Grad. Studies in Math. 22, 2000.

[KV] Antony Knapp, David Vogan, Cohomological induction and unitary repre-
sentations, Princ. Math. Ser. 45, Princeton University Press, 1995.

[Kr] Manfred Kramer, Spéarische Untergruppen in kompakten zusammenhéngenden
Liegruppen, Comp. Mat. 38(1979), 129-153.

[Le] Andrew Leahy, A classification of multiplicity free representations, J. Lie The-
ory 8(1998), 376-391.

[Lo] Ivan Losev, Algebraic Hamiltonian actions, Math. Z. 263(2009), 685-723.

[M] Olivier Mathieu, Classification of irreducible weight modules, Ann. de 1'Inst.
Fourier 50(2000), 537—592.

[Mi] Todor Milev, Root Fernando-Kac subalgebras of finite type, to appear in J. of
Alg., arXiv:1009.5260.

[NG] Neil Chriss, Victor Ginzburg, Representation theory and complex geometry,
Birkh&user Boston, 1997.

[On] Arkadiy Onishchik, Topology of transitive transformation groups, Johann
Ambrosius Barth Verlag, Leipzig, 1994.

[Pan] Dmitri Panyushev, On the conormal bundles of a G-stable subvariety, Man.
Math. 99(1999), 185-202.



72

[Pan2] Dmitri Panyushev, Some amazing properties of spherical nilpotent orbits,
Math. Z. 245(2003), 557-580.

[Pan3] Dmitri Panyushev, Complexity and rank of double cones and tensor product
decompositions, Comment. Math. Helv. 68(1993), 455-468.

[PS] Ivan Penkov, Vera Serganova, Bounded generalized Harish-Chandra modules,
to appear in Ann. de I'Inst. Fourier

[PS2] Ivan Penkov, Vera Serganova, Bounded simple (g, s[(2))-modules for rkg = 2,
J. Lie Theory 20(2010), 581-615.

[PSZ] Ivan Penkov, Vera Serganova, Gregg Zuckerman, On the existence of (g, £)-
modules of finite type, Duke Math. J. 125(2004), 329-349.

[PZ] Ivan Penkov, Gregg Zuckerman, Generalized Harish-Chandra modules with
generic minimal €-type, Asian J. Math. 8(2004), 795-812.

[Pe] Alexey Petukhov, Bounded reductive subalgebras of sl,, to appear in Trans-
form. Groups

[Po] Elizaveta Ponomareva, in preparation

[Rich] Roger Richardson, Conjugacy classes of parabolic subgroups in semisimple
algebraic groups, Bull. London Math. Soc. 6(1974), 21-24.

[SK] Mikio Sato, Tatsuo Kimura, A classification of irreducible prehomogeneous
vector spaces and their relative invariants, Nagoya Math. J. 65(1977), 1-155.

[SM] Catharina Stroppel, Volodymyr Mazorchuk, Blocks of the category of cuspidal
sp(2n)-modules, to appear in Pacif. J. Math.

[Vi] Ernest Vinberg, Commutative homogeneous spaces and co-isotropic symplectic
actions, Russian Math. Surv. 56(2001), 1-60.

[VK] Ernest Vinberg, Boris Kimelfeld, Homogeneous domains on flag manifolds
and spherical subsets of semisimple Lie groups (Russian), Funktsional. Anal. i
Prilozhen. 12 no 3(1978), 12-19.

[VP] Ernest Vinberg, Vladimir Popov, Invariant theory (Russian) Algebraic geom-
etry, 4 (Russian), Itogi Nauki i Tekhniki, Akad. Nauk SSSR, Vsesoyuz. Inst.
Nauchn. i Tekhn. Inform., Moscow, 1989, 137-315.

[VO] Ernest Vinberg, Arkadiy Onishchik, Lie groups and algebraic groups, Springer
series in Soviet mathematics, Springer-Verlag, Berlin, 1990.

[Vo2] David Vogan, Ordering of the primitive spectrum of a semisimple Lie algebra,
Math. Ann. 248(1980), 195-203.

[ZT] Vladimir Zhgoon, Dmitri Timashev, in preparation



