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Abstract.

Let g be a complex finite-dimensional semisimple Lie algebra and f be any sl(2)-
subalgebra of g. In this paper we prove an earlier conjecture by Penkov and Zuckerman
claiming that the first derived Zuckerman functor provides an equivalence between a trun-
cation of a thick parabolic category O for g and a truncation of the category of admissible
(9,f)-modules. This latter truncated category consists of admissible (g, f)-modules with
sufficiently large minimal f-type. We construct an explicit functor inverse to the Zuckerman
functor in this setting. As a corollary we obtain an estimate for the global injective dimen-
sion of the inductive completion of the truncated category of admissible (g, f)—modules.
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1. Introduction

Let g be a complex finite-dimensional semisimple Lie algebra and f C g be
a reductive in g subalgebra. An admissible (g, t)-module is a g-module on which
t acts semisimply, locally finitely, and with finite multiplicities. The study of
the category of admissible (g, f)-modules is a main objective of the theory of
generalized Harish-Chandra modules, see [PZ1].

In the case of a general reductive in g subalgebra f, a central result of the
existing theory of generalized Harish-Chandra modules is the classification of
simple admissible (g, f)-modules with generic minimal -type [PZ1]. Other notable
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results for a general t are established in [PSZ], [PS], [PZ2], and [PZ4].

There are three special cases for  in which more detailed information on admis-
sible (g, f)-modules is available. First of all, this is the case when f is a symmetric
subalgebra of g, i.e., f coincides with the fixed points of an involution on g. This
case, the theory of Harish-Chandra modules, is in the origin of the studies of
generalized Harish-Chandra modules. There is an extensive literature on Harish-
Chandra modules, see for instance [V], [KV], and references therein. (In particular,
some remarks on the history of Harish-Chandra modules can be found in [KV].)
Another case which has drawn considerable attention is the case when f is a
Cartan subalgebra of g, see for instance [BL], [BBL], [F], [Fe], [M], [GS1], [GS2],
and references therein. In both these cases, a classification of simple admissible
(g, f)-modules is available and there has been progress in the study of the category
of admissible (g, f)-modules.

A third natural choice for t is to let T be isomorphic to sl(2). This case “inter-
polates” between the above two cases and is a natural experimentation ground
when aiming at the case of a general t. For t = sl(2), there is no classification of
simple admissible (g, f)-modules for a general g and an arbitrary sl(2)-subalgebra
t C g; however, for =~ sl(2) the partial classification of [PZ1] can be carried out un-
der much less severe restrictions on the minimal f-type: the details are explained
in [PZ3] and [PZ4]. Since the f-types are parametrized here simply by nonnegative
integers, one can talk about a truncated category of admissible (g, f)-modules: it
consists of finite-length admissible modules whose minimal i-type is larger than
or equal to a bound A depending on the pair (g,f). The simple objects of this
truncated category have been classified in [PZ3] (see also [PZ4]).

The purpose of this paper is to describe the above truncated category of ad-
missible (g, f)-modules for t = sl(2) by proving that it is equivalent to an explicit
full subcategory of a thick parabolic category O for g. In fact, the objects of the
truncated category of (g, f)-modules are constructed by simply applying the Zuck-
erman (first derived) functor I'! to a subcategory of a thick parabolic category O.
It was conjectured in [PZ3] that the functor I'' yields an equivalence of these
categories, and here we prove this conjecture. We construct a left adjoint to I'!
defined on all finitely generated admissible (g, f)-modules, and then show that,
when restricted to the truncated category of admissible (g, f)-modules, this functor
is an inverse to the appropriately restricted functor I'..

The history of (g, sl(Z))-modules goesback to the 1940’s: a classical example here

is the Lorentz pair (sl(2) & sl(2), diagonal sl(Z)) studied by Harish-Chandra [HC],
Gelfand-Minlos-Shapiro [GMS], and others. Explaining how exactly the theorem
proved in this paper fits in the 70-year history of the topic is a task so complex
that we do not really attempt to tackle it. Nonetheless, we would like to mention
that in this subject many equivalences of categories have been established; some
relate algebraic categories of g-modules to geometric categories of sheaves, others
relate algebraic categories of g-modules to other algebraic categories of g-modules.
The equivalence we establish is clearly of the second kind and could be seen
as an analogue of Bernstein-Gelfand’s equivalence of a certain subcategory of
Harish-Chandra bimodules (or (g @ g, diagonal g)-modules) with category O. An
extension of the geometric techniques introduced by Beilinson and Bernstein from
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the theory of Harish-Chandra modules to generalized Harish-Chandra modules
is not straightforward (see some results in this direction in [PSZ], [PS], and [Pe]),
and fitting the main result of the present paper into a geometric contex is an
open problem. We show, however, that the algebraic methods from the 1970’s
(where, in addition to the third author’s contribution, we would like to mention
the important contributions by Enright-Varadarajan and Enright), together with
the more recent ideas of [PZ1], [PZ3], and [PZ4] (which are building up on Vogan’s
work), are well suited to yield concrete results about the structure of categories of
generalized Harish-Chandra modules.

The paper is structured as follows. We state the main result in Section 3. In
particular, we introduce the functor B; which will then be shown to be inverse to
the functor I''. In Section 4 we present some results which deal mostly with the
structure of a semi-thick parabolic category O we work with. Section 5 contains
the proof of the adjointness of I and B;. The proof of the fact that I'' and B,
are mutually inverse equivalences of categories is carried out in steps throughout
Sections 6,7 and 8. In Section 9 we show that for some blocks of the semi-thick
parabolic category O, the truncation condition is vacuous, which then implies
a stronger equivalence of categories for certain central characters. Finally, in
Section 10 we provide an application of our equivalence of categories by proving
an estimate for the global dimension of the truncated category of admissible
(g, f)-modules via a correponding estimate for the truncated semi-thick parabolic
category O.
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three referees for very thoughtful suggestions on improving the quality of the text.
Finally, all three authors acknowledge the hospitality of the American Institute
for Mathematics in San Jose, where the results of the present paper were a subject
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2. Notations and Conventions

The ground field is C. The superscript * indicates dual spaces. By g we will
denote a fixed finite-dimensional semisimple Lie algebra. We fix also an sl(2)-
subalgebra f C g. By f* we denote the orthogonal (with respect to the Killing
form) complement of f in g. The classification of all possible subalgebras f up to
conjugacy is equivalent to describing all nilpotent orbits in g, and goes back to
Malcev and Dynkin (see [D] and the references therein). By a ¥-fype we mean a
simple finite-dimensional sl(2)-module. A simple finite-dimensional sl(2)-module
with highest weight u € Z is denoted by Vi(u). By Soc M (respectively, Top M),
we denote the socle (respectively, the top) of a g-module M of finite length. Soc M
is the maximal semisimple submodule of M, and Top M is the maximal semisimple
quotient of M. By [A : B] we denote the multiplicity as a subquotient of a simple
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module B in a module A. Res, stands for the restriction of a module M to a
subalgebra g, and M® stands for the direct sum of ¢ copies of M. The sign »
denotes semidirect sum of Lie algebras (the round side of the sign points to the
ideal).

3. Statement of Main Result

The main result of this paper states that certain categories of g-modules are
equivalent via explicit mutually inverse functors. In this section we define these
categories and functors.

Recall that g is a finite-dimensional semisimple Lie algebra and t is an arbitrary
sl(2)-subalgebra of g. Fix a standard basis {e, f,h=le f]} of f and note that i is a
semisimple element of g. Let t = Ch be the toral subalgebra of g spanned by h. For
any «a € t* let g* denote the subspace of g of weight a:

g ={gegllt gl = alt)g Vt e t}.

Observe that if g* # 0 for some «a € t* then a(h) € Z.
Define the parabolic subalgebra p of g by setting

pi=Cl)> | P o[,

aet”
a(h)>0

where C(t) is the centralizer of & in g. By p we denote the opposite parabolic
subalgebra

p=Ct)> | P ¢

aet”
a(h)<0

n:= GB a®.

aet”
a(h)>0

We also set

Let Cyt be the category of finite-length g-modules which are p-locally finite, t-
semisimple, and t-integral (i.e., I acts with integer eigenvalues). Informally, Cy; is
a “semi-thick” (“thick in all directions except the t-direction”) parabolic category
O. By Cpin for n € Zsy, we denote the n-truncated category Cyp, i.e., the full
subcategory of Cy consisting of objects all t-weights i of which satisfy u(h) > n.
We also assign an integer A to the pair (g,t): we set A = % (A1 + Ay), where A4
(respectively, A,) is the maximum (resp., submaximum) weight of t in g/f. Here
and below, we identify t-weights with integers via the correspondence p ~» p(h).

Denote by Cs the category of admissible (g, f)-modules of finite length, i.e., the
category of g-modules M of finite length on which t acts locally finitely and such
that dim Homy(L, M) < oo for any ¥-type L. By Cy,, for n € Zs(, we denote the full
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subcategory of Cy consisting of g-modules M such that Hom(L, M) # 0 implies
dimL > n.

We now describe two functors: T;; and B"'. The functor T’ is the functor of
t-finite vectors in a (g, t)-module. That is, if M is a (g, t)-module then

TyM := {m € M| dim U(®) - m < oo,

and I'11M is a g-submodule of M. It is well known (and easy to see) that It is a
left-exact functor. In what follows we set I' := Ity and denote the right derived
functors RTy; by I". The functor I'" is known as the i-th Zuckerman functor. By
definition, I" is a functor from (g, t)-mod to (g, f)-mod. It is proved in [PZ3] that
the restriction of T* to Cpin+2 is a well-defined functor from Cp iz to Cr,. We
denote this functor also by I'".

Next, we define a functor

Bt - (g, t)fg_mod ~ Cf),t,n+2 ’

where (g, t)8-mod stands for the category of finitely generated (g, t)-modules. For
this we need to fix some further notation.

Throughout the rest of the paper, 0 : Zy; ) — C denotes a fixed central character.
If M is a g-module, then M? stands for the vectors in M on which z — 0(z) acts
locally nilpotently for any z € Zy,). By ¢ we denote a variable positive integer.
We also fix a Cartan subalgebra ) of g such that € . Then ) is also a Cartan
subalgebra of the reductive subalgebra C(t) of g.

LetC g’f .., be the subcategory of Cy; 442 consisting of modules M with M = M?
6,6

and such that §) acts via Jordan blocks of size at most £. We note that C pins2 isa
finite-length category which has an injective cogenerator Igfz. This fact is proved
in Lemma 6 below. We set

(B“)e'[ X=X/ (| kerg

@peHom, (X, 19f

n+2

0,0
for X € (g,t)8-mod. Lemma 14 below claims that (B“) X e ¥t ,» Which shows

ptn+
hat (B")”" X is the “1 ient” of X lying in C%
t at( ) 1s the “largest quotient” o ymgmCyy o
Next, we notice that there is a canonical surjective homomorphism

(Bt,t>0,€ X - (B“)G'f_l X,

0,0
i.e., that {(B“) X} is an inverse system of p-locally finite (g, t)-modules. We set

(BY)” X := lim (B“)H'[ X.

—
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6
It is easy to see that (Bf'*) is a right-exact functor from (g, t)8-mod to g-mod,
6 6 6
and we denote by (Bf'*)j its left derived functors, that is (Bf't)j X=1L; (Bf't) X for

X € (g,1)8-mod.

Let an and Cg/t,n ., be the respective subcategories of Ct, and Cy 442 consisting
0
i

of g-modules M with M = M?. Corollary 18 below states that in fact (B“), is a

0

. As t and t are fixed, in what follows
ptn+2

well-defined functor from C?n to C
0,0 ) 0
we set B! := (Bf't) ,Bf = (Bf't) , and B? = (B“)],. By the same letters we also
denote the restrictions of these functors to the category C th'
The main result of this paper is the following;:

Theorem 1. For X € Cy, let B;X := @ B?X. Then, for any n > A, the functors
0

1.
I : Cppneo ™ Cip

and
By : Cin > Crpne2

are mutually inverse equivalences of categories.

Remark 1. Let us note that for the Lorentz pair (sl(2) & sl(2), diagonal sl(2)) a de-

scription of the category C; was given by L. Gelfand and V. Ponomarev in [GP]
already in 1967.

4. Preparatory Results
We start with two general results.
Proposition 2. Let iy :=nN{(dimn; = 1).

a) For any (g, ¥)-module X there exists a singly graded spectral sequence converging to
H;(n, X) such that its E'~term has the form

E! = Hy(n, X) ® A'(nN#4) @ Hi(ng, X) ® A7 (N i4). 1)

b) If X € Cyy for n > 0, then the n-homology H(n, X) is finite dimensional.

Proof. a) The statement follows from Proposition 3.1 in [PZ3] and the formula for
the singly graded E'-term right after Proposition 3.1. Formula (1) is a direct
cosequence of the above formula in [PZ3] if one takes into account that in our
case tis isomorphic to sl(2). In fact, the statement holds more generally for any
g-module X but the assumption that X is a (g, f)-module is sufficient for us.

b) This follows from the more general statement of Proposition 3.5 in [PZ3].
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Let M = @&pecM, be an admissible (g, t)-module where M, is the t-weight space
in M of weight p: by definition, hm = pm for m € M,. Set M := @pecM;,. Then
M is a well-defined admissible (g, t)-module. Similarly let X = @z, Vf(‘ll) be an
admissible (g, f)-module. Here Vf(y) stands for the Vi(u)-isotypic component in
X. Then X} := @z, Vf(y)* is a well-defined admissible (g, f)-module. Moreover,
(e); and (e); are well-defined contravariant functors (in fact antiequivalences) on
the respective categories of admissible (g, t)-modules and (g, f)-modules.

In what follows we will use the composition of the functors (e); and (e); with
the twist by the Cartan involution of g which acts as —id on §). The so obtained
new functors are denoted respectively by (-);" and (-);’. These functors preserve
the respective t- and f-characters of the modules.

A duality theorem proved in [EW] implies the following:

Proposition 3. For any admissible (g,t)-module M there is a natural isomorphism of
admissible (g, ¥)-modules
(I'M)Y =T (M).

In the remainder of the paper E stands for a finite-dimensional simple C(t)-
module on which % acts via a natural number |E|. Often, we consider E as a
p-module by setting it - E := 0. In this case we set also

M(E) := U(g) ® E
u(p)

and let L(E) be the unique simple quotient of M(E). Then L(E)" =~ L(E), and M(E)"
is an indecomposable object of Cy; with Soc M(E)Y = L(E)" =~ L(E).

The following proposition is a summary of preliminary results concerning the
specific categories we study in this paper.

Proposition 4. Let n > 0. Then

a) TV : Cpipsa w Crpisa faithful exact functor;

b) under the assumption that n > A, the functor from a) maps a simple object to a simple
object and induces a bijection on the isomorphism classes of simple objects in Cpty+2
and in Cy,, respectively. Moreover, the simple (g, t)-module I''L(E) has minimal t-type
|E| - 2.

¢) under the assumption that n > A, T'L(E) and Top T'M(E) are isomorphic simple
(8, ©)-modules with minimal ¥-type |E| — 2, and the isotypic components of the minimal
t-types of T*M(E) and T'L(E) are isomorphic.

Proof. Parts a) and b) follow directly from the results of [PZ3], see Proposition 7.8
and Corollary 6.4. Part c) is a consequence of the above mentioned results and the
fact that the functor I'' commutes with (e)" according to Proposition 3. O

Remark 2. Since T preserves central characters, Proposition 4, b) implies in partic-
ular the existence of a bijection between the isomorphism classes of simple objects
inC g,t,n . and an for n > A. Without the condition n > A, no such bijection exists
in general. For instance, if (g, ) is the Lorentz pair and 6 is the central character of

a finite-dimensional g-module of the form V ® V for a simple finite-dimensional
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sl(2)-module V, then Cg,t,z has 3 pairwise nonisomorphic simple objects while Cgo
has two nonisomorphic simple objects.

The rest of the section is devoted to results on p-locally finite modules.

By 5 we denote the derived subalgebra of the reductive Lie algebra C(t), and
by ¢ the center of C(t). Then ¢ C I Let Fcq), be the category of locally finite
C(t)-modules semisimple over t with integral h-eigenvalues. By Té(t),t we denote
the subcategory of #¢()+ consisiting of modules on which ¢ acts via Jordan blocks
of size less than or equal to €. Clearly

Fewt = li_r)n 7:C€(t),t'

Note that ()" is also a well-defined functor on the category ch(t) , (but not on
Fewm)-

Lemma 5. Let S be a simple finite-dimensional 8-module and A € ¢ be a t-integral
weight. Define E as S ® C where C, is a one-dimensional c-module with weight A. Let
Iﬁ denote the ideal in S(c) generated by h — A(h) and (z — A(z))’ for all z € c. Then

a) Everysimple object in F ¢y is isomorphic to E for some choice of S and A. Furthermore,
EV ~E.

b) E* := E® (S(c)/1}) is a projective cover of E and (E‘))V is an injective hull of E in

¢

F o y

¢) E:=1lim (Ef ) is an injective hull of E in Fegy s

Proof. (a)is obvious. To show (b), note that S is projective in the category of locally
finite 8-modules, and that E’ is the maximal quotient of the induced module

U(C(t)) ®uc) S lying in in Tg(t),t' Then (c) is clearly a corollary of (b). m|

Recall that, for any two Lie algebras a’ C a, the functor
pro;, : a’-mod ~» a-mod

is defined as
prog, K’ = Homy(«) (U(a), K’)

for an a’-module K’. In addition, if a”’ is an abelian Lie subalgebra of a, we have
the functor
Ty : a-mod > a-mod

of a”’-weight vectors defined as

TwK = @ K®,

ae(a”)*
where K € a-mod and

K* = {k eK|a"k =a(@" )k foralla” € a"}.

The following generalizes basic results in [BGG].
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Lemma 6. For any ¢ > 0 and any n > 0, the abelian category C%  has a unique, up

ptn+2
to isomorphism, minimal injective cogenerator I ", 0 f . Moreover, the t-weight spaces of I, o f

are finite dimensional.
Proof. We denote by (f[ the category of p-modules whose restrictions to C(t)
belong to Tc(t) v and by Tp (42 the subcategory consisting of modules whose t-

weights are bounded from below by 1 +2. Let E be as in Lemma 5. Endow E with
a p-module structure by letting n act trivially on E, and consider the p-module

Iipro?, ((E")V) = T, Homuc) (U(p), (Ef)v) . @)

Recall that proc(t)() preserves injectivity and that the functor of t-weight vec-
tors I'y is right adjoint to the inclusion of the category of p-modules semisimple
over t into the category of all p-modules. Therefore I'; also preserves injectivity,
and the p-module (2) is injective in Tpf i It is straightforward to verify that this
module is an injective hull of E in Tpft. Consequently, the truncated submodule
(l"tprop ((E" )V)) of (2), spanned by all t-weight spaces with weights greater
>n+2
or equal than 7 + 2, is an injective hull of E in ¥/
Set

ptn+2°

18 o= [riprop (riproz, (£ ), )]

Then, by a similar argument, J/(E) is injective in C%' ains2 and we have an em-

bedding of g-modules L(E) — J‘(E) induced by the embedding of p-modules
E — (Ftprocw ((Ef)v)) . The p-module (Ftprog(t) ((Ef)v)) is finite dimen-

>n+2 2n+2
sional. Moreover, it is easy to check that the g-module J¢(E) has finite-dimensional

t-weight spaces.

Note that, up to isomorphisms, C¢  has finitely many simple objects L(E;),

pin+2
L(E;). Each of them has a unique, up to isomorphism, injective hull If( ]-)

which is a submodule of J*(E,). Then I?/, is the direct sum @;:1 I (E ]-). |

Corollary 7. Let AQ 5 := End, IQ (. Then C%f
dimensional A6 ! —modules.

sins2 s equivalent to the category of finite-

Let C%™  be the category of inductive limits of objects from C%*

ptn+2 Pin+2°
Corollary 8. For any n, the category Cg ;212 has a unique, up to isomorphism, minimal
injective cogenerator 19,,. Moreover, 19 , = 11m 19 In particular, the category Cg t“,‘iz

has enough injectives.

ind

0,
In fact, if [ is any injective object in C/ /.,

then I is a direct limit, lim I¢, for

injective objects I € Cgf aor

Recall the definition of E from Lemma 5, and let

W(E) := Tiproj(E).
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Lemma 9. Let 7 be the category of locally finite p-modules such that their restrictions to
C(t) lie in Fctyt. Then Resp W(E) is an injective hull of E in ¥4 . Moreover, Resc W(E)
is isomorphic to a finite direct sum @ Fo for some finite-dimensional irreducible C(t)-
modules F,.

Proof. By the Poincare-Birkhoff-Witt Theorem we have an isomorphism
Resy W(E) =~ Ty Homcy (U(P), E) = Ftprog(t)E.

Since E is an injective module in Fe s, l"tprog(t)E" is an injective module in % ;.
Hence Res, W(E) is an injective module in 4.

Let S(E) be the socle of Res; W(E) as a module over C(t). Since Rescy) W(E) is
locally C(t)-finite, it is an essential extension of S(E), and therefore Resc) W(E) is
by definition an injective hull of S(E).

LetS(E) = EB“ F, for some finite-dimensional irreducible C(t)-modules F,. We
now prove that Resc) W(E) =~ P, F.. For this it is enough to show that the C(t)-
module T(E) := @a F, isinjective as Soc T(E) = S(E), T(E) is an essential extension
of S(E), and any two injective hulls of S(E) are isomorphic. Finally, the injectivity
of T(E) follows directly from the left Noetherian property of U(C(t)) since any
direct sum of injective modules over a left Noetherian algebra is injective. O

We define an object M € CI'f to admit a parabolic co-Verma filtration if there exists
a finite filtration

0O=MycM;Cc---cM;=M

whose successive quotients M;,;/M; are isomorphic to W(Ei) for simple C(t)-
modules Ey, ..., E;. In what follows we say simply “co-Verma filtration”.

Lemma 10. Let M be an object of C%“f{. Then M admits a co-Verma filtration if and only
if Resp M is injective in ¥yt with socle of finite length.

Proof. If M admits a co-Verma filtration, then Res; M is a direct sum of modules
of the form W(F), and by Lemma 9 Res; M is injective in 5 with p-socle of finite
length.

To prove the opposite assertion, choose a simple p-submodule E C Res; M with
minimal |E|. The existence of E follows from the fact that the socle of Resy M has
finite length. Let k be the multiplicity of E in Soc Res; M. Then we have a surjective
morphism ¢ : Resy M — E® of p-modules (¢|z« being the identity map) which
induces a morphism ¢ : M — W(E)® of g-modules by Frobenius reciprocity. Since
Resy M is injective in ¥4, and since Res; is p-locally finite, we have that Res; M is
an injective hull of its socle, i.e.,

Resy M = Res; [I/_V(E)@k o W(F)]

FI>|E|
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by Lemma 9. Moreover, Homj (Resﬁ W(F), Res; W(E)) = 0 if |F| > |E|. Therefore

<p(Resp (Bieois W(P))) =0,and

(p|Res;—,W(E)®k : RE‘S@ W(E)ﬂ)k - RE‘S@ W(E)®k

is an isomorphism of p-modules since it is induced by the identity map ¢|get :
E®F — E®K,

Set Q := ker @. Then Res; Q is isomorphic to Res; (@IFI>IEI W(F)), and hence Q
satisfies all conditions of the lemma. So we can finish the proof by induction on
the length of the socle of Res; M. ]

Corollary 11. Let R = M®N for some M, N € Cg’:“d. Suppose that R admits a co-Verma
filtration. Then M and N also admit co-Verma filtrations.

Proof. A direct summand of an injective module is injective, so the statement
follows from Lemma 10. O

Lemma 12. Let I(E) be an injective hull of L(E) in O Then I(E)/W(E) admits a

Btn+2’
co-Verma filtration with successive quotients isomorphic to W(D) for |D| < |E|.

0
Proof. Let J(E) := [Ftprog ((Ftproé(t) (E))>n+2)] . The p-module T} ((pro?ﬁ(t)(E))mn)
has a finite filtration with successive quotients D such that |D| < |E|. Moreover,

the quotient (].—‘t ((prog(t)(E"))

for |D| < |[E|. Therefore J(E) JW(E) admits a co-Verma filtration with successive
quotients W(D) such that |D| < |E|.

Similarly as in the proof of Lemma 6, I(E) is a direct summand of J(E). Therefore,
by Lemma 11, I(E) has a filtration as desired. a

N +2)) /E has a filtration with successive quotients D
2n

Corollary 13. 19 , admits a co-Verma filtration.

5. Adjointness of B; and I'!
In this section, n is an arbitrary nonnegative integer.

Lemma 14. For any € € Zo, B% is a right-exact functor from (g, t)'®-mod into Cg,’fjn -
(in particular, B X has finite length for X € (g,)®-mod).

Proof. Fix X € (g, t)8-mod. Then Hom, (X, Isfz) is finite dimensional. This follows
from the fact that the t-weight spaces of 1%/ are finite dimensional. As a conse-
quence, B%/X is isomorphic to a submodule of a finite direct sum of copies of Isz.
Since Ifl)fz has finite length, B X also has finite length, and is an object of Cgf e
The fact that B%¢ is right-exact follows from the observation that B/ is left

KOGV (g,1)8-mod, i.e.,

adjoint to the inclusion functor C PAni2

Homgor (B%X, M) = Homy (X, M)

P n+2
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for any X € (g,t)8-mod and M € Cgfn .o~ Indeed, a left adjoint to a left-exact

functor is right-exact. o

Next we need to recall the Mittag-Leffler principle. Let K, be a complex which
is the limit of an inverse system of morphisms of complexes K} — K} for[ € Z.
Then for each / and j the images of H j(Kl,”') in H j(Kl,) for I’ > 1 form a descending
chain of subspaces. The Mittag-Leffler principle asserts that if, for a fixed j, the
filtration in H ]-_1(K1,) stabilizes for every I, then H;(K.) is isomorphic to the inverse
limit of H j(Kl_), see for example [W], Theorem 3.5.8.

Lemma 15. For any X € (g,1)8-mod and j € Z, we have
BYX = lim B]WX,

where B?’f is the j-th left derived functor of BOC.

Proof. Let P, be a projective resolution of X in the category (g, t)8-mod. By defini-
tion, BYX is the homology of the complex B?P,, and BY‘X is the homology of the
complex B%P,. Moreover,

BPP, = lim B‘Pp, .

By Lemma 14, for every ¢, j and g, B?'qu has finite length as a g-module. So,
Lemma 15 follows from the Mittag-Leffler Principle. ]

If {A[} is an inverse system of objects from C g’f for variable £ — oo, we set (by
analogy with the continuous dual of an inverse limit of topological spaces)

Hom{™™ (lim Al M) := lim Hom, (Af, M)

for any g-module M.

Proposition 16. Let I be injective in C9",..

module X and for any j € Zs,

Then, for any finitely generated (g, t)-

Hom™ (B]?X, 1) ~ Bxt! (X,]) .

Proof. Let P, be as in the proof of Lemma 15. Then

Homgont (BJGX/ 1) — Homgont (H](BHP.), 1) — Homgont (H] (l}in BH,ZP.) , I) .

Since
H; (hm BWP.) ~ lim H; (B%/P.)
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by the Mittag-Leffler Principle, we have

Homeont (Hj (1(121 BH,EP.) , I) ~ Hom¢ot (lgn Hj (Bé),t’p.) i [) = lim Hom, (Hj (BG,[P.) , 1) .

g g _

0,ind

Next, the injectivity of I in Cp,t,n+2

implies
Hom, (H; (B*P.), I) ~ H( Hom, (BP., 1) ).
Consequently,
lim Hom, (H; (B%/P.), 1) ~ lim H;( Hom, (B*P., 1)),
and since homology commutes with direct limits,
lim Hj( Hom, (B*/P,,I) ) = Hj(hgl Hom, (BY/P.,1)). 3)
Recalling that I = lim I, we notice that
Homy (BP,, I) = Hom, (BP.,I) = Hom, (P., I') . (4)
Furthermore, since P, is finitely generated,
lim Hom, (P., 1) = Homg (P., I) . (5)
Therefore, (3), (4), and (5) yield

lim H,-( Hom, (BQ"’P., 1) ) ~ Hj( Hom, (P.,]) ) .
Since H ]-( Hom, (P.,I) ) = Exté | (X, I), we obtain

Hom:™ (B]?x, I) = Ext{q',t X, 1)

as desired. O
C?,md

Recall that 19, is an injective cogenerator of the category Bins2"

Proposition 17. Forany X € Cy, and any j > 0, Exté,t (X, IS+2) is finite dimensional.
Proof. By Lemma 12, it suffices to show that dim Exté ; (X, V_\/(E)) < oo for any E
with W(E) € Cgf:iz. Shapiro’s Lemma yields

Ext (X, W(E)) = Ext] | (X, TyprojE) = Ext)  (X,E) .
Since by the injectivity of E as a C(t)-module we have Ext{) (X, E) =~ Homcg (H i, X), E),
we conclude that

B, () = ey (509.5). §

Now the statement follows from the finite-dimensionality of H;(n, X), see Propo-
sition 2, b). O
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Corollary 18. For X € Ci,, and any j > 0, we have BiX € Cy 4 n12.
Proof. By Lemma 14, Hom, (B;”X, IS +2) is finite dimensional for any ¢. By Proposi-

tions 16 and 17, Hom{*" (B;.’X, I +2) = lii)n Hom, (Bj‘.”X, 0 +2) is finite dimensional.

By the definition of the direct limit functor, we have, for sufficiently large s,

0,5 0\~ 0,541y 70
Hom, (B} X, 17,,) ~ Homg (B**'X, 17, )
under the g-module map o° : B?’s i B]Q’SX . Since I, is an injective cogenerator
C?,ind

for the category C\ '),

sufficiently large s.

By Lemma 15 and the definition of an inverse limit of functors, we conclude
that B?X ~ B?’SX for large enough s. Since B]@/X # 0 for only finitely many 0’, B;X
has finite length, or equivalently B;X € Cy 1,142 O

we conclude that the map a° is an isomorphism for

C?,ind

Corollary 19. For any X € Cy, and any injective object I € C77

Hom(™ (B?X, 1) = Hom, (BYX, 1) .

Proof. This follows from the isomorphism B]QX ~ B?’SX for large enough s. ]
Proposition 20. For any X € Cy, and M € Cppn42,
Hom, (B, X, M) = Hom, (X,I'M) , )

50 By : Crn ™ Cpipsn and Tt : Cypnia ~» Cy,y are adjoint functors.

Proof. 1t clearly suffices to prove (7) for X € C, and M € C¢, . By Proposition
7.9in [PZ3],
Homg (X, T'1) ~ Ext}, (X, I) 8)

C?,ind

for any injective object I € C; .

By Proposition 16 and Corollary 19,
Ext, (X, I) ~ Hom, (B X, ) . 9)

Consider a part of an injective resolution of M in Cg’tind, 0->M->1I) - L.

Since I'! is an exact functor (Proposition 4), the following sequence is also exact:
0 — I''M — I''Iy - T''I;. Next, applying Hom,(X, ®), we obtain an exact sequence

0 — Hom, (X, I"'M) — Hom, (X,I"'I)) - Homy (X, T'5) .

By (8) and (9), we have a diagram

0 —— Homg (X, I'"M) — Hom, (X, I'ly) —— Hom, (X, T'5)

:l l:

Hom, (B1X, Io) ——% Hom, (B X, I)
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which is commutative as the identifications
Hom, (X, ') = Ext] (X, I) = Hom, (B, X, I)
are functorial in I. Since Hom, (B1 X, ) is left-exact, we conclude that
kery ~ Hom, (B1X, M) .
Finally, ker ¢ ~ ker 1), and we are done. O

Corollary 21. By : Cy, w> Cy 2 is a right-exact functor.

Proof. This is a direct consequence of the fact that B, is a left adjoint functor. O

6. B is a bijection on isomorphism classes of simple modules in C;, and
Ci),t,n+2-

As stated in Proposition 4, for n > A the functor I'! induces a bijection between
the sets of isomorphism classes of simple objects in the categories Cy 1 4+2 and Cy ;.
The main result of this section is:

Proposition 22. For n > A, the functor By induces a bijection of sets of isomorphism
classes of simple objects of Cy,, and Cy 42, inverse to the bijection induced by It

dimensional simple p-module (in particular, it - E = 0) on which k acts via a
natural number |E|. We set X(E) := I''L(E) for L(E) € Cgt 44p- Then X(E) is a simple
object of Ci,, and all simple objects in Ct,, are of this form for appropriate simple

C(t)-modules.
Lemma 23. Let X € C? have the property that the isotypic component of the minimal

In the rest of the paper we assume that n > A. Recall that E is a finite-

t-type of X is isomorphic to the isotypic component of the minimal t-type of X(E) € C{ .
Then
0 for |F| < |E|,
Oy . -
[le ) L(F)] - { <1 forl|F|=IE|.

Proof. Observe first that the t-weights of Hy (11, X) are less than or equal to —(IE | —2).

Therefore the t-weights of Hy (1, X) ® (1; N ) are less than or equal to —|E[+2+A;.

This shows that (Ho (g, X) @ (i N L) ) =0forn+2 < p < |El. Indeed, the
P

inequalities n + 2 < p < |[E| and p < —|E| + 2 + A; yield |E| < /\2—1 - % < %, which
contradicts our assumption that |[E| > 2 + % >2+ %
Next, note that Kostant’s Theorem applied to { gives

| 0 forp<IEl,
Hl(“f'x)ﬁ‘{c for p = |EI.

Therefore the spectral sequence (1) of Proposition 2 implies

Oforn+2<p<l|E|
(E))p = { P , (EQg = (E3)p = 0.

C for p = |E|
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Hence,
0 forn+2<p<|E|,

Hl (n/X)P = { C forp = |E| .

Furthermore, for any D
dim Ext} , (X, W(D)) = dim Homcg (Hi (n, X), D) < dim Hi (n, X)ppy
by (6). This yields

. : _ [0 for|D|<|El,
dim Ext (X, W(D)) = { <1 for|D|=IE|.
C?,ind

pins2 admits a co-Verma

Consequently, since the injective hull I(F) of L(F) in

filtration with successive quotients isomorphic to W(D) for |D| < |F|, and W(E)
enters I(E) with multiplicity 1, we have

. ) {0 for |[F| < |E],
dim Ext, (X,I(F)) = { <1 forl|F|=|E].

Finally,
dim Exty (X, I(F)) = dim Hom, (B{X, I(F)) = [B{X : L(F)] ,

and the lemma is proved. m]

Corollary 24. Set Y(E) := I'"M(E) under the assumption that M(E) € C3, . Then
0 for|F| <|El,

[B1Y(E) : L(F)] = [BiX(E) : L(F)] = { 1 forF~E.

Proof. For |F| < |E|, the statement follows directly from Lemma 23 as the isotypic
components of the minimal f-types of Y(E) and X(E) are isomorphic by Proposi-
tion 4, ¢). If F ~ E, then

Hom, (B1X(E), L(E)) = Hom, (X(E), X(E)),

so the identity homomorphism X(E) — X(E) provides a nonzero homomorphism
B1X(E) — L(E). Since I'! is exact and By is right-exact, this homomorphism
is in fact a composition of surjections B1Y(E) — B1X(E) — L(E), in particular,
[B1Y(E) : L(E)] = 1 and [B1 X(E) : L(E)] = 1. On the other hand, [B1Y(E) : L(E)] < 1
by Lemma 23; hence,

[B1Y(E) : L(E)] = [B1X(E) : L(E)] = 1.
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Corollary 25. B1Y(E) = M(E).

Proof. By the adjointness of By and I'', we have a canonical nonzero homomor-
phism
¢ : B1Y(E) = M(E)

induced by the identity homomorphism Y(E) — Y(E). Note that Top Y(E) is
isomorphic to X(E) by Proposition 4, c). Next (again by the adjointness of B; and
,

Homy (B, Y(E), L(F)) = Hom, (Y(E), X(F)).

Since Hom, (Y(E), X(F)) # 0 only for F =~ E by Corollary 24, we see that
Top B Y(E) =~ L(E).
As @ # 0, ¢ induces an isomorphism
Top B1Y(E) = L(E) = Top M(E). (10)

Consequently, ¢ is surjective.
Let N = ker ¢. The isomorphism (10) shows that the exact sequence

0 — N — B Y(E) = M(E) — 0

does not split. Therefore, the assumption N # 0 leads to the conclusion that
Ext;(M(E), L(F)) # 0for some simple subquotient L(F) of N. However, Exté(M(E),L(F))
implies |F| < |E|, while [B1Y(E) : L(F)] = 0 for |F| < |E| by Corollary 24. This con-
tradiction shows that N = 0, i.e., that ¢ is an isomorphism. ]

Corollary 26. TopI''B;X(E) =~ X(E).

Proof. By is right-exact, hence the surjective homomorphism Y(E) — X(E) yields
a surjective homomorphism M(E) =~ B; Y(E) — B;X(E). By applying I'! we obtain
a surjective homomorphism Y(E) — I''B; X(E), hence Top(I''B1 X(E)) = Top Y(E) =
X(E). O
Corollary 27. B1X(E) = L(E).

Proof. By Corollary 24, B;X(E) # 0. The adjointness of B; and I'! yields an isomor-
phism

Hom, (X(E), "By X(E)) ~ Hom, (B, X(E), BiX(E)) .

Hence, there is a nonzero (and therefore injective) homomorphism
a: X(E) — I'B1 X(E)
corresponding to the identity homomorphism By X(E) — B1X(E).

Once again, Corollary 24 implies [B;X(E) : L(E)] = 1. Since I'' is exact and is a
bijection on isomorphism classes of simple modules, we have

[T'BiX(E) : X(B)| = 1. (11)
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By Corollary 26, there is a surjective homomorphism
B :T'B1X(E) — X(E).

Equation (11) now implies that fa # 0 and af # 0. Thus, X(E) is a direct sum-
mand of I''B; X(E). But Corollary 26 shows that I''B; X(E) is indecomposable. We
conclude that

I'"BiX(E) ~ X(E) =T'L(E).

Asbefore, I'! is exact and is a bijection on isomorphism classes of simple modules.
So, B1 X(E) is a simple g-module, and B X(E) =~ L(E). O
7. Exactness of B;

The goal of this section is to prove the following;:
Proposition 28. By : Ct,, ~ Cy 2 is an exact functor.

Our main effort will go into proving the following lemma:
Lemma 29. B,Y(E) = 0 for X(E) € Cy,.

Note that it suffices to show that Hz(n, Y(E))
Indeed, the implication

"= 0 for all X(E), X(F) € Cxp-

(Hz(n, Y(E)),, = Ofor all X(E), X(F) € cf,n) = (B,Y(E) = 0for all X(E) € Cy)

follows from the following three facts:
(1) Ext, (Y(E), I(F)) = Hom, (B, Y(E), I(F));
(2) I(F)/W(F) has a co-Verma filtration with factors isomorphic to W (F’) for
|F’| < |F| (Lemma 12);
(3) dimExt, (Y(E), W(F)) = dim Homcy (Ha(n, Y(E)), F) < dim Hy(n, Y(E))
see (6).

To prove that H2<n, Y(E))m = 0 for all X(E), X(F) € Cy,, we give another con-
struction of the functor I' : Cy 4 4+2 — Ci,. Denote by U,(g) the enveloping algebra
U(g) localized by the multiplicative set {¢"},cz_,. The localized algebra U,(f) is a
subalgebra of U,(g). For any g-module (resp., -module) M, set

IF’

DIM) = U(g) ®uy M, DEM) = U,(}) ®u M.

Lemma 30. If M is a g-module on which e acts injectively, we have an isomorphism of
t-modules ‘
Res; DY (M) = DL(M).

Proof. There is an embedding ¢ : M < D$(M). By Frobenius reciprocity, i
induces a morphism ¢ : D{(M) — D$(M). As U,(g) = U.(F)S(t*), the morphism ¢
is surjective. Let us show that ¢ is also injective. Since e acts injectively on M, we
see that D(M) is an essential extension of M. Therefore, the fact that ker "M = 0
suffices to conclude that 1 is injective. m]
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Suppose that a g-module M is free over C[e] and locally finite over C[f]. Then
we have an embedding
M = T¢r D (M)

where I'cy is the functor of Cf-finite vectors. Set
EM := (Tcr Dy (M)/M,

cf. [E]. Since M € Cj 442 satisfies the above assumptions, we have constructed a
new functor
& C;’J,t,n+2 > Cf,n-

Lemma 31. If M € Cpt 42, 1 2 0, then for some y(u) € Zsx

Res; M ~ @ MT(H)@/(F)

uzn+2

and

Resi(EM) ~ @ Vi(u —2)2W,

uzn+2
where Mi(u) := U(Y) ®ugng) Cy for an integral t-weight .

Proof. Any t-weight of M is not less than n + 2. Therefore M is free over Ce,
which implies that Res; M has a filtration with quotients isomorphic to Verma
modules Mi(u) for u > n + 2. Recall that if y’ and y” are positive then the
central characters of M(u’) and M;(y”’) coincide only if y’ = p”, and there is
no non-trivial t-semisimple self-extension of a Verma module of . This implies
Extf(Mi(p), My(u”")) = 0 for positive p’ and ”, therefore Res; M is isomorphic to
a direct sum of Verma modules. The first assertion follows.

Let us prove the second assertion. Recall that D} (Mi(u)) = U(Y) ®uq Mi(u). By
Lemma 30 it suffices to check that for any y > 2

Ter DL (Mi(p)) /Mi(w) = Vi(u - 2). (12)

First, we show that D!(M:(u)) is an indecomposable multiplicity-free weight
sl(2)-module with socle filtration

Mi(p) € Mi(2 ~ 1) € Di(Mi(u)).

Indeed, let v € Mi(u) be a nonzero vector annihilated by f (v is unique up to
proportionality). Then {¢v|k € Z} is a basis of h-eigenvectors in M(y). In the
localized algebra U, () we have the relations

e ll=-2e"!, [fell=ethe ! =e2(h—-2), [fe*]=e"k(h—(k+1)).

Therefore DL (M;(11)) has a basis {¢fv |k € Z} and the action of & and f is defined
by the above relations. In particular, w = e!#v is annihilated by f and generates
a submodule M;(2 — ) € DY (M;i(u)). The quotient My(2 — i) /M;i(u) is isomorphic
to the finite-dimensional module Vi(u — 2), and the quotient DL(Mi(u))/M:(2 — 1)
is isomorphic to the Verma module with respect to f N p with highest weight —p.
Since the latter quotient is free over f, (12) follows. m]
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Corollary 32. If M € Cyns2, 11 = 0, then
Resi(EM) = Res (T'M).

Corollary 33. The functor & : Cptns2 > Cyy 1S exact.

Proof. The exactness of I'!, together with Corollary 32, shows that the functor
Res; o& is exact. Therefore & is also exact. O

Proposition 34. The functors & : Cpipi2 > Cry and Tt : Cypnsa ~ Cryp are isomor-
phic.

Proof. Let us start with the construction of a morphism of functors ¢ : & ~» T
Let M € Cytns2. Then the exact sequence
0> M- TepDEM) =5 EM — 0
does not split over {, and therefore does not split over g. Set
RI(M) := Ty Home (U(g) ®ug A'(a/t), M)
and let
0— M2 RO 25 RU M 2 R2(M) 2

be the Koszul resolution of M as introduced in Lemma 2.2 of [Z].

The complex R*(M) is functorial with respect to M and yields an injective
resolution of M in the category of (g, t)-modules. Hence, we have a commutative
diagram

0 M T, DM) —— EM —— 0
T R
0 M -2 R —2 RYM) —2 s RXM)

for some morphisms ny and @1, unique up to homotopy. We recall from [PZ3]
that 'M = 0. By construction, I (l"c fZ)S(M)) =0 and I'EM = EM. By applying I'
to the above diagram, we obtain a new commutative diagram

0 0 0 _— &M —F 0
L | “PMl |
0 0 I'RO(M) —— TR'(M) —=— TR*(M).

The morphism I'gy induces a unique morphism ¢y : EM — I''M, by the defini-
tion of T'!. Since our diagram is functorial in M, we obtain a morphism of functors
Y:EwTL
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It remains to show that yy is an isomorphism for all M € Cyt42. Since both
functors € and I'! are exact, it is sufficient to check this for simple M as the general
case follows by an easy induction on the length of M.

Suppose that M is simple and ) is nonzero. Then we have a surjective
morphism ¢y : EM — I''M, since I''M is also simple. But then, by Corollary 32,
1y is an isomorphism. Now, suppose ¥y = 0. Recall that ¢ : EM — T'M =
kerTd,/imTd;. Therefore the equality ¢y = O defines a non-zero morphism
EM — imId;, or equivalently a nonzero morphism xy : EM — RO(M) such
that dixy = @p. Moreover, imky =~ imny. Because T DH(M) is an essential
extension of M, 1 is an injection, and hence I'im ny = Nyl (l"c fi);(M)) =0. On
the other hand,

IF'imxy =imTxy =imxy #0,
a contradiction. Hence Y # 0, and the proposition is proved. m]
Corollary 35. There is an isomorphism of g-modules

Y(E) ~ EM(E).
We are now ready to give a proof of Lemma 29.
Proof of Lemma 29. Set
D(E) := DIM(E), C(E) :=T¢sD(E).

From the explicit form of D(E) as a f-module it is easy to verify that

Hy (v, D(E)) = Hy (v, D(E)) = 0.
By the spectral sequence of Proposition 2 this implies

Hy(n, D(E)) = 0 for alli.

The exact sequence

0 — C(E) » D(E) » E(E) > 0,

where F(E) := D(E)/C(E), yields Hg(n, C(E))‘F| = H3(n, F(E))IFI’ It is easy to check

that Hy (1, F(E)) = 0, hence the input into H3(n, F(E)) in the spectral sequence (1)
comes from

H; (n, F(E)) ® A>(n N ) . (13)
The maximum possible t-weight of H; (n;, F(E)) is 2 — |E|, hence the maximum
possible t-weight of (13) is 2—|E|+ A1 + A,. However, for any F such that X(F) € Cy,,
we have 2 — |E| + Ay + A < |Fl as |E|, [F| = 23 + 2. We obtain Hy(n, C(E))IFl =0.

Next, we note that Corollary 35 shows the existence of an exact sequence
0— M(E) > C(E) > Y(E)— 0

as Y(E) =~ EM(E). Since M(E) is free as an n-module, Hl(n, M(E)) = 0. Together

with Hy(n, C(E))lFl = 0, this yields

Hy(n, Y(E))lFl ~ Hy(n, M(E))lFl =0
as M(E) is free as an n-module. The proof of Lemma 29 is complete. O

To prove Proposition 28, it now suffices to establish the following.
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Lemma 36. B,X(E) = 0 for any X(E) € Cy.

Proof. Fix a Borel subalgebra b of g such thath) ¢ b C p and e € b. We will prove
the statement by induction on the Bruhat height of the b-lowest weight of L(E).

If A is b-dominant (i.e. b—antidominant), then Y(E) = X(E) and we are done.
For an arbitrary A, we consider the exact sequences

0 — N(E) -5 M(E) 5 L(E) > 0 (14)

and
0 — I''N(E) = Y(E) — X(E) — 0. (15)

The long exact sequence corresponding to (15) is the top row of the following
commutative diagram

... — BY(E) — B,X(E) — B{T'N(E) ——> BiT'M(E) — B1X(E) —> 0

H |2 |8 |8

5 0 y ByX(E) — N(E) ——— M(E) ——— L(E) 5 0.

The vertical isomorphisms are explained as follows:
B,Y(E) = 0 by Lemma 29,

BiI''N(E) =~ N(E) by the induction assumption,
BiT''M(E) ~ M(E) by Corollary 25,

and
B1(X) =~ L(E) by Proposition 22.
The exactness of the bottom row of the diagram yields B, X(E) = 0, and Lemma 36

is proved. Proposition 28 now follows. ]

8. End of Proof of Theorem 1

The results of Sections 5-7 imply that, under the assumptionn > A, the functors
rt. Cia,t,n+2 ~ C’f,n

and
By : Ciyn » Crpne2

are exact functors between finite-length abelian categories which induce mutually
inverse bijections on isomorphism classes of simple objects.
The isomorphisms

Hom, (BlI"lM, M) ~ Hom, (FlM, FlM)
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and
Hom, (B; X, B, X) ~ Hom, (X rlle) ,

for X € Cyy, and M € Cy 142, induce morphisms of functors
A:BioI!widg,,,.,

and
V:T' 0B widg,, -

Asin the proof of Proposition 34, it suffices to show that A and V are isomorphisms
on simple objects as all functors involved are exact functors on finite-length abelian
categories. Finally, for simple objects the claim follows from Proposition 22.

9. Discussion and examples

It is interesting to see when the functor B; establishes an equivalence of the
category C? | with the entire category C g .~ This is equivalent to the question: for

which central characters 6 does the equality C7, , , = C5, hold?

Consider in more detail the case when g is simple and t is a principal sl(2)-
subalgebra of g. Here / is a regular element of g and p = b is a Borel subalgebra.
Let the simple roots of b be ay,...,a, € b*, and p be the highest root. Then
B = maq +---+m,a, for some positive integers m, ..., m,. Moreover, A = p(h) - 1.
We would like to find central characters 6 such that Cg tas2 = Cg .- For a weight
v € h* denote by 0, the central character of the Verma module M(v)’ = U(9)®y) Cv-
The equality 6, = 0, holds if and only if v — p and ) — p belong to the same orbit
of the Weyl group, where p is the half-sum of roots of b. Consider the set C
of all weights A € * such that Re(A,a) < 0 for all positive roots a. The orbit
W(v — p) contains at least one weight y — p lying in C. Moreover, for any other
1 = w(y —p)+ p on the Weyl group orbit we have Re(y, a) < Re(1, a) for all positive
roots a. Hence Re y(h) < Ren(h). Thus, it suffices to find y such that y —p € Cand
Rey(h) = (h) + 1.

Let hy,...,h, denote the simple coroots. Then i = nihy + --- + n,h, for some
positive integers ny, ..., n,. We set y; := y(h;). Since p(h;) = 1foralli=1,...,r, the
condition that y — p € C can be written in the form

Rey;<1foralli=1,...r. (16)

The equality «;(h) = 2 shows that f(h) = 2).;_; m;. Hence, the condition y(h) >

B(h) +1is equivalent to
ReZni)/,- >1 +22mi. (17)
i=1 i=1

Let X(g) denote the set of weights satisfying conditions (16) and (17). Clearly
X(g) is not empty as soon as

ini21+22mi.
i=1

i=1
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The latter inequality can be rewritten as

p(1) = 1+ (h. (18)
For example, let g = sl(r + 1). Thenmy = --- = m, = 1, hence f(h) = 1 + 2r and
p(h) = w. Therefore (18) holds for r > 3.

Proposition 37. Let g be a simple Lie algebra not isomorphic to sl(2) or sl(3). Then £(g)
is not empty. If in addition g is not isomorphic to sp(4), then X(g) is infinite.

Proof. X.(g) is infinite as soon as the inequality (17) is strict. We can further rewrite
(18) as

1 1

3 Z al) 2 1+ 5p(h). (19)

aeAT\B

If p(h) > 8, the inequality (19) is strict as in this case the sum of positive non-highest
t-weights in the f-submodule generated by the highest root vector is greater than
the highest t-weight. Therefore, the statement holds for all g of rank greater than
2 and for g = G. For g = B, we have p(h) = 7, (h) = 6, and hence L(g) consists of
one element: X(g) = {p}. For g = A, we have X(g) = 0. O

Note that the set of integral weights lying in ¥(g) is always finite since Z(g) is
compact. Moreover, the cardinality of this finite set grows with rank.
Using translation functors we can strengthen Theorem 1 for certain central

characters. Let us call a central character O f-adapted if Cg tAsn = Cg) .- A central

character 0 is weakly t-adapted if there exists a f-adapted character 6 and a trans-
lation functor T establishing an equivalence between the categories of g-modules
admitting respective generalized central characters 0 and 6. Recall that, if 6 = 0,
for some 7 such that n — p € Cand 0 = 0, for some y € X(g), then y — 17 must be
integral and the stabilizers of y — p and 1 — p in the Weyl group of g must be the
same [BG].

Corollary 38. Assume that 0 is weakly t-adapted. Then

(a) T'L is simple for any simple module L € Cgt.

(b) Let 1"1C'€,t denote the full subcategory of CS \ consisiting of n_wdules whose simple
constituents are of the form T'L for simple modules L € Cg’ .- Then the functor
By : Fng > Cg . s an equivalence of categories, and is inverse to .

Proof. Both assertions follow from the following commutative diagram of functors

1
0 1,6
CE,t I CE,t
1
T12¢ Ty T12¢ Ty
1"1
0 0
CB,t Ct, A

1
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where Ty, T, are appropriate translation functors. The commutativity of the dia-
gram is a consequence of Theorem 1 and of the fact that the Zuckerman functor
commutes with translation functors. This latter fact is essentially a reformulation
of Proposition 2.6 and Corollary 2.8 in [Z]. ]

10. An application

In this section t is an arbitrary sl(2)-subalgebra of g and n > A. By CI™ (re-
spectively, C%“fln ,») we denote the category of inductive limits of objects from Ct,
(respectively, Cg ¢ ns2)- Theorem 1 implies the following:

Corollary 39. The functors I'' and By induce mutually inverse equivalences of the cate-

i ind ind
gories C3* and CTE .

Recall that if an abelian category C has enough injectives, then the global
dimension gdim C can be defined as

gdim C = supy; ¢ {i € Z=o | EXtR(M,N) #0}.
Corollary 8 implies that Cy, , (and consequently also Cy by Theorem 1) has
enough injectives. The goal of this section is to prove the following proposition.

Proposition 40. We have

gdim Cg}f = gdim Cg}f}nﬂ <2dimn+dimc-1

(nand ¢ are subalgebras of § depending on the pair g, t only).

Lemma 41. For every simple C(t)-module E such that |E| > n+2, the module W(E) has an

injective resolution in Ciﬁr,‘gn ., Oflength not greater than dim n. Hence EXtici,,.,,,+z (M, W(E)) =

0 forany M € C™4 and any i > dimn.

Pin+2

Proof. Consider the category of locally finite p-modules which are semisimple
over t and whose t-weights are at least n + 2. Then E is an object of this category
and has an injective resolution in it with terms

Z/(E) := (T Homc (U(») @cqy A'(p/C(1), E))

>n+2 "

Furthermore, Ftpro%Zi(E) provides an injective resolution for W(E) in Cgfn 4 of

length at most dim n. m]

Lemma 42. For every simple C(t)-module E, let W(E) := M(E)" = T'yproy(E). Then
there exists an acyclic complex

0—>W(E)_>SO_>_N_>5dimt—1_>0

such that all S' admit co-Verma filtrations.
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Proof. Let
Q(E) = Home (S'(c/t) ® Al(c/b), E) .

Consider the exact complex of C(t)-modules 0 — E — Q°(E) —» Q'(E) — ... with
usual Koszul differentials and set S’ := I'ypro, Q'(E). O
Corollary 43. EXtiCmﬂ (M,W(E)) =0 forany M € C" andi > dimn +dimc—1.

ptn+2

Proof. We note that, by Lemma 41, Ext., .,(M,N) = 0 for i > dimn and N ad-

ptn+ / .
mitting a co-Verma filtration. In particular, Ext, = (M,S’) = 0 fori > dimn and
j=0,...,dimc— 1. Hence the statement. O

Lemma 44. For every E, L(E) has a right resolution of length not greater than dim n by
modules which admit finite filtrations with succesive quotients isomorphic to W(F).

Proof. This is a standard fact about parabolic category O. Indeed let Vo=
IiprosA'(a/p)*. Then V' =~ S*((3/p)) ® Ai(g/p)*. Consider the Koszul complex

0_)Vo_)vl_)”__)vdimn_)0

as the complex of polynomial differential forms on the open orbit of P on G/P,
where G, P and P are appropriate connected algebraic groups with respective Lie
algebras g, p and p. It gives a resolution of the trivial module by modules which
admit finite filtrations with succesive quotients isomorphic to W(F). To obtain a
similar resolution for L(E), we tensor the above resolution with L(E) and project
to the subcategory of modules with the central character of L(E). O

Corollary 45. Ext"CWﬂ(M,L(E)) = 0 for any M,L(E) € Cg"gn o and i > 2dimn +
dimc¢—1.

Proposition 40 follows from the last corollary since Ext’%,/t/n +2(M,N) # 0 implies

Extl‘cm+2 (M,N") # 0 for some submodule N” C N of finite length.
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