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CARTAN SUBALGEBRAS OF ROOT-REDUCTIVE LIE
ALGEBRAS

ELIZABETH DAN-COHEN, IVAN PENKOV, AND NOAH SNYDER

ABSTRACT. Root-reductive Lie algebras are direct limits of finite-dimensional
reductive Lie algebras under injections which preserve the root spaces. It is
known that a root-reductive Lie algebra is a split extension of an abelian Lie al-
gebra by a direct sum of copies of finite-dimensional simple Lie algebras as well
as copies of the three simple infinite-dimensional root-reductive Lie algebras
sloo, 000, and sp,. As part of a structure theory program for root-reductive
Lie algebras, Cartan subalgebras of the Lie algebra gl , were introduced and
studied in [NP].

In the present paper we refine and extend the results of [NP] to the case of
a general root-reductive Lie algebra g. We prove that the Cartan subalgebras
of g are the centralizers of maximal toral subalgebras and that they are nilpo-
tent and self-normalizing. We also give an explicit description of all Cartan
subalgebras of the simple Lie algebras sloo, 5000, and sp..

We conclude the paper with a characterization of the set of conjugacy
classes of Cartan subalgebras of the Lie algebras gl_, sl , $000, and sp_, with
respect to the group of automorphisms of the natural representation which
preserve the Lie algebra.

1. INTRODUCTION

In this paper we continue the study of Cartan subalgebras of infinite-dimensional
root-reductive Lie algebras initiated in [NP]. We refine and extend the description
of Cartan subalgebras of gl given in [NP] to the case of a general root-reductive
Lie algebra. We also solve the problem of describing the set of conjugacy classes of
Cartan subalgebras of the three simple root-reductive Lie algebras sls, 500, $Po,
as well as of gl_., under the group of automorphisms of the natural representation
which preserve the Lie algebra. Root-reductive Lie algebras are a specific class of
locally finite Lie algebras, and as background literature on locally finite Lie algebras
we recommend [BB], [BS], [B1], [B2], [BZ], and [DP1].

Here is a description of the contents of the paper. Its first main part, Sections
3 and 4, is concerned with the definition and description of Cartan subalgebras.
According to [NP], a Cartan subalgebra of gl can be defined as a locally nilpotent
subalgebra which is the centralizer of the set of all semisimple parts of its own
elements. We accept this definition for any locally reductive Lie algebra g and prove
that similarly to the case of gl , Cartan subalgebras are nothing but centralizers of
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arbitrary maximal toral subalgebras. In particular, a Cartan subalgebra is always
self-normalizing. We then prove that a Cartan subalgebra can be characterized
equivalently as a subalgebra h C g which coincides with the set of b,-locally
nilpotent vectors in g, where h¢;, runs over all finite-dimensional subalgebras of b.
In addition, we show that if g is a root-reductive Lie algebra, any Cartan subalgebra
b is nilpotent and coincides with the set of all h-locally nilpotent vectors in g. The
main new phenomenon in the case of a general root-reductive Lie algebra versus
the case of gl is that Cartan subalgebras are no longer necessarily commutative
and that the adjoint action of a Cartan subalgebra h on itself no longer has to be
locally finite.

We treat in detail the simple Lie algebras sl, 50, and sp_,. The case of sl is
very similar to the case of gl considered in [NP]. The main new result in the other
two cases is that maximal toral subalgebras are in one-to-one correspondence with
maximal orthogonal or symplectic self-dual systems of 1-dimensional subspaces in
the natural representation. Similarly to the case of gl,, such maximal self-dual
systems do not have to span the natural representation, a phenomenon that gives
rise to nonsplitting maximal toral subalgebras. In the case of s0., the centralizer of
a maximal toral subalgebra is in general nilpotent of depth no greater than 2 but
not necessarily commutative. Remarkably enough, the ideal of nilpotent elements
of a Cartan subalgebra of so., is itself a nilpotent orthogonal Lie algebra of a
vector space with a degenerate symmetric form, and all such nilpotent degenerate
algebras occur inside Cartan subalgebras of s0,,. In the case of sl., the analogous
nilpotent degenerate subalgebras do not occur inside Cartan subalgebras of sl.,
and for gl and sp.,, there are no analogous nilpotent nonabelian subalgebras,
which is consistent with the fact that gl, slo, and sp_, admit only abelian Cartan
subalgebras.

In Section 5 we address the conjugacy problem for Cartan subalgebras posed
in [NP]. More precisely, in the case of gl,, it was established that certain stan-
dard discrete invariants of Cartan subalgebras are not sufficient to characterize the
conjugacy classes of Cartan subalgebras of gl,, with respect to the group of au-
tomorphisms of the natural representation which preserve gl . In this paper we
describe the missing continuous invariants in terms of a linear algebraic structure
which we call a complement datum. Our main theorem in the second part, Theo-
rem 5.9, solves the conjugacy problem in terms of the combinatorics of complement
data. It turns out that for a generic set of fixed standard invariants, there are
uncountably many conjugacy classes of Cartan subalgebras. In all remaining cases,
there are only finitely many conjugacy classes, and in fact at most 2. We give
criteria to distinguish the uncountable and finite cases and provide representatives
in each finite case.

2. PRELIMINARIES

All vector spaces and Lie algebras are defined over the field of complex numbers
C.

A Lie algebra g is locally finite (respectively locally nilpotent) if every finite subset
of g is contained in a finite-dimensional (resp. nilpotent) subalgebra. If g is at most
countable dimensional, then being locally finite is equivalent to being isomorphic
to a union UieZ>0 g; of nested finite-dimensional Lie subalgebras g; C g;+1. A g-
module M is locally finite if each element m € M is contained in a finite-dimensional
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submodule, and M is locally nilpotent if for any m € M there exists an ¢ € Zsg
with g° - m = 0. Furthermore, we say that a g-module M is a generalized weight
module if M = D, - M*(g), where

M g):={m € M: 3i € Zwgst. Ve €g,(z— Nx)1)"-m = 0}.
We define a generalized weight module M to be a weight module if in addition,
MMg)={meM:Vzcg, -m=\az)m}
for each A\ € g*. The support in g* of a module M is the set
supp M i= {a € g*: M°(g) # 0}.

For an arbitrary Lie subalgebra h C g, we set g°(h) = (", g°(h;) where |, h; = b
is any exhaustion of f by finite-dimensional subalgebras b;. In other words, g°(h)
is the subalgebra of all §¢;,-locally nilpotent vectors in g, where b, runs over all
finite-dimensional subalgebras of g.

We call a Lie algebra locally reductive if it is the union Ul-€Z>O g; of nested finite-
dimensional reductive Lie algebras g; such that g; is reductive in g; 1. Recall that
for finite-dimensional Lie algebras we have a notion of a Jordan decomposition, and
in particular of semisimple elements and nilpotent elements. Since these notions are
preserved under injections g; < g;41 where g; is reductive in g;,1, for any locally
reductive Lie algebra we can talk about a Jordan decomposition of an element. In
addition, note that any nilpotent element x of a locally reductive Lie algebra g lies
in [g, g]. Indeed, x € g; for some 4, and thus = € [g;, 9] C [g, g]-

We call a subalgebra £ of a locally reductive Lie algebra g splittable if for every
k € &, both the semisimple and nilpotent Jordan components ks and k,; of k
belong to ¢. A subalgebra t C g is toral if every element is semisimple. Every toral
subalgebra is abelian: the standard proof of this fact extends from the case of a
reductive Lie algebra to a locally reductive Lie algebra, cf. [NP]. By definition, a
toral subalgebra t C g is splitting if g is a weight module with respect to the adjoint
action of t on g.

For any subset a C g and any subalgebra £ C g, we define the centralizer of a in
£, denoted 3¢(a), to be the set of elements of £ which commute in g with all elements
of a. The center of g is denoted 3(g).

Let V and V, be vector spaces of countable dimension with a nondegenerate
pairing (-,-) : V xV, — C. We define the Lie algebra gl(V, V;) to be the Lie algebra
associated to the associative algebra V @V, (V ® V, is an associative algebra whose
multiplication satisfies (v @ w) - (v @ w') = (v, w)v @ w’ for v,v" € V, w,w' € V).
The derived subalgebra of gl(V,V,) has codimension 1 and is denoted sl(V, V).
If V is endowed with a nondegenerate symmetric (resp. antisymmetric) bilinear
form, then one can choose V., = V and denote by so(V) (resp. sp(V)) the Lie
subalgebra A?V (resp. Sym?(V)) of the Lie algebra associated to the associative
algebra V@ V.

A result of Mackey [M, p. 171] implies that all associative algebras V ® V, are
isomorphic, as long as dimV = dim V, = R and the pairing V' x V, — C is non-
degenerate. Hence, up to isomorphism, the Lie algebras gl(V,Vy), sl(V, V), sl(V),
and sp(V') do not depend on V', and the usual representatives of these isomorphism
classes are denoted gl ., sls, 5000, and sp_, respectively. Clearly the Lie algebras
9l Sleo, 5000, and sp. are locally reductive, as one can also choose exhaustions
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Vi =Uez, Vi and Vi = U;cz , Wi (where V; = W; for V' = V,) such that the
pairings V; x W; — C are nondegenerate.

3. CARTAN SUBALGEBRAS OF LOCALLY REDUCTIVE LIE ALGEBRAS

Let g be a locally reductive Lie algebra. If b is a subalgebra of g, let hss denote
the set of semisimple Jordan components of the elements of . Following [NP],
we say that a subalgebra h of g is a Cartan subalgebra if b is locally nilpotent and

h =g (hss)'
We start with the following proposition which generalizes a result of [NP)].

Proposition 3.1. Let b be a locally nilpotent subalgebra of a locally reductive Lie
algebra g. Then the following assertions hold:

(1) b C3g(hss);
(2) bss is a toral subalgebra of g;

(3) 34(bss) is a self-normalizing subalgebra of g.

Proof. Let h,h' € . The local nilpotence of b implies that (ad h)™(h') = 0 for
some n. Since ad hgs is a polynomial with no constant term in ad h, it follows
that (ad hss)(ad h)" (k') = 0. Because an element commutes with its semisimple
part, (ad h)"~1(ad hss)(h') = 0, and it follows by induction that (ad hss)™(h') = 0.
Hence (ad hss)(h') = 0. Thus h C 34(hss).

Furthermore, by the same argument, (ad h')(hss) = 0 implies that (ad k') (hss) =
0. Therefore any two elements of b, commute. Since the sum of any two commut-
ing semisimple elements is semisimple, g is a subalgebra.

Finally, suppose « is in the normalizer of 34(hss). For any y € hss, we have that
[z,y] € 34(hss). Thus [[z,y],y] =0, and as y is semisimple it follows that [z,y] = 0.
Hence z € 34(hss), i-e. 34(hss) is self-normalizing. O

The following theorem is our main general result characterizing Cartan sub-
algebras of locally reductive Lie algebras. It generalizes a well-known result for
finite-dimensional reductive algebras (cf. [B, Ch. VII, §4]), as well as a result from
[NP].

Theorem 3.2. Let g be a locally reductive Lie algebra and § a subalgebra of g. The
following conditions on b are equivalent:

(1) b is a Cartan subalgebra;

(2) b =734(hss) and bss is a subalgebra;

(3) b =34(t) for some mazimal toral subalgebra t C g;
(4) h=g0).

In addition, any Cartan subalgebra by is splittable and self-normalizing.

We first prove a short lemma.

Lemma 3.3. If b is locally nilpotent and splittable, then g°(h) = 34(hss)-

Proof. By [B, Ch. VII, §5, Prop. 5] § = bss ® bpi, with b, being the subalgebra
of all nilpotent elements in f. It follows that go(h) = g°(hss) N g°(hna). Since
elements of b,y are semisimple, g°(hss) = 34(hss). Clearly g°(hni) = g. Hence

9070)):39({)38)' 0
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Proof of Theorem 3.2. Fix an exhaustion g = |J g;, where g; is a finite-dimensional
reductive Lie algebra with g; reductive in g; 1.
Clearly (1) implies (2), by Proposition 3.1 (2). To show that (2) implies (1), we
first prove that (2) implies that § is splittable. Suppose that b satisfies (2). For
any ¢ € Z~o note that

b0 g =3g(hes) N gi = [ Gay (bss Ngk) N g0)-

k>i

1€Z>0

Since dim g; < 0o, we have hNg; = 34, (hssNg;) Ng; for some sufficiently large j > .
Since hss N g; is a subalgebra of g;, we know from [B, Ch. VII, §5, Prop. 3 Cor.
1] that 34, (hss Ng;) is a splittable subalgebra of g;. The reductive Lie algebra g; is
also splittable, by [B, Ch. VII, §5, Prop. 2]. Then the intersection 34, (hssNg;) N g;
is splittable, too. Being a union of splittable algebras, § is splittable.

To show the local nilpotence of hj, notice that the equality h = 34(hss) implies
that every element of hs is in the center of h. Now consider a general element
h = hgs + hypi € b. Choose k such that (ad h,y)* = 0. For any = € b,

(ad h)k(x) = (ad (hss + hnil))k(x) = (ad hnil)k(x) =0.

Hence b is locally nilpotent, i.e. (2) implies (1).

Next, it is clear that (2) implies (3). The equality b = 34(fss) shows that any
semisimple element of g which centralizes b, is already in hss. Thus by is a
maximal toral subalgebra and (3) holds.

Let b satisfy (3). The same argument as above shows that  is splittable, whence
hss € bh. Then clearly t C hgs. If t # by, the existence of a semisimple element
h € B\ t contradicts the maximality of t. Therefore t = 55, and (3) implies (2).

Note that (1) implies (4). Indeed, let h be a Cartan subalgebra. We know b is
splittable and locally nilpotent, so by Lemma 3.3, ) = 34(hss) = a°(h).

To show that (4) implies (1), assume that h = g°(h). Then clearly b is locally
nilpotent. An argument similar to that above shows that b is also splittable. Indeed,
for any i € Z~( we have

g) ngi= () (eRNgr) Ngi) -

k>i

The finite dimensionality of g; yields g°(h)Ng; = g?(b Ng;)Ng; for some sufficiently
large j > 4. It is well known that g?(h Ng;) is a splittable subalgebra of g;, see [B,
Ch. VII, §1, Prop. 11]. Since g; is also splittable, the intersection g?(h Ng,;)Ng; is

splittable, too. Hence g0(h) N g; is splittable. Being a union of splittable algebras,
b is splittable. Therefore Lemma 3.3 implies that h = gO(h) = 34(bss)-

In addition, by Proposition 3.1 (3), a subalgebra § satisfying (1) is self-normalizing.
As we have already seen that a Cartan subalgebra is splittable, the proof of Theorem
3.2 is complete. O

The most common characterization of a Cartan subalgebra of a finite-dimensional
Lie algebra is as a nilpotent self-normalizing subalgebra. According to Theorem 3.2,
any Cartan subalgebra of a locally reductive Lie algebra is self-normalizing. Any
Cartan subalgebra of a root-reductive Lie algebra is in addition nilpotent. In fact,
we show in Theorem 4.12 that it is nilpotent of depth at most 2. In contrast with the
case of gl or sl,,, where all Cartan subalgebras are abelian and hence act locally
finitely on themselves for a trivial reason (cf. [NP]), the Cartan subalgebras of
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§0,, do not necessarily act locally finitely on themselves, as discussed at the end
of subsection 4.2 below. We do not know whether all nilpotent self-normalizing
subalgebras of a root-reductive Lie algebra are Cartan subalgebras. We also do
not know whether a Cartan subalgebra of a general locally reductive Lie algebra is
necessarily nilpotent.

In what follows we call a Cartan subalgebra b splitting if hss is a splitting toral
subalgebra of g.

4. CARTAN SUBALGEBRAS OF ROOT-REDUCTIVE LIE ALGEBRAS

This section begins with some brief introductory material on root-reductive Lie
algebras. We then consider separately the cases of a root-reductive Lie algebra
g containing a simple component of type sl., 0, and sp_.. In particular, we
describe all Cartan subalgebras of the simple Lie algebras sl., §0,, and sp.
The section concludes with a general theorem about the Cartan subalgebras of an
arbitrary root-reductive Lie algebra and with examples.

4.1. Root-reductive Lie algebras. An inclusion of finite-dimensional reductive
Lie algebras [ C m is a root inclusion if, for some Cartan subalgebra b, of m,
the subalgebra [N by, is a Cartan subalgebra of [ and each [N hy-root space [¢ is
also a root space of m. Informally, root spaces of [ are root spaces of m. A Lie
algebra g is called root-reductive if it is isomorphic to a union UiEZ>0 g; of nested
reductive Lie algebras with respect to root inclusions for a fixed choice of nested
Cartan subalgebras h; C g; with h;_1 =h; Ng;_1.

Finite-dimensional reductive Lie algebras are root-reductive, as are gl,, sly,
5000, and sp_.. The following theorem is a slightly more general version of a result
in [DP1].

Theorem 4.1. Let g be a locally reductive Lie algebra.
(1) There is a split exact sequence of Lie algebras

0—lg.0l —g—g/lg gl = a—0,
i.e. g~ [g,g]|c a, where a is abelian.
(2) If g is root-reductive, the Lie algebra [g,g] is isomorphic to a direct sum
of finite-dimensional simple Lie algebras, as well as of copies of sloo, $00,
and sp .., with at most countable multiplicities.

Proof. (1) Fix an exhaustion g = J; g;, where g; is finite dimensional and
reductive. Let h; C g; be a family of Cartan subalgebras such that h; N
gi—1 = b;—1. Define b := J,; h;. Then g = [g,g] + b. Since b is abelian,
there is an abelian Lie algebra a C b such that h = h N [g, g] ® a. One may
check that g ~ [g, g]@ a.

(2) For the proof see [DP1, Theorem 1].
O

We will apply the following proposition only in the case of root-reductive Lie
algebras, but we prove it in more generality for locally reductive Lie algebras.

Proposition 4.2. Let g = |J, g; be a locally reductive Lie algebra, with g; finite
dimensional and reductive, and g; reductive in g; 1. Let W be a [g, g]-module which
is a direct limit of injections of simple [gi, g:]-modules W;. Then the g, g]-module
structure on W can be extended to a g-module structure.
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Proof. For each i, choose an abelian Lie algebra a; C 3(g;) such that g; = (g; N
[9,9])@a;. Let w1 : g; — g:N[g, g] and 72 : g; — a; be the corresponding projections.
Consider the inclusion ¢ : g; < g;11, and note that meopl,, : a; — a;41 is injective.
Let b; 11 be a vector space complement of w3 0 ©(a;) in a;41.

Given an action of a; on W; by scalar endomorphisms, we define an action of
a;+1 on W;yq by scalars as follows. Let a € a; be arbitrary, and let o denote the
scalar by which a acts on W;. Observe that the image of 71 o p(a) in End W must
commute with the image of [g;, g;]. Hence the image of 71 o p(a) in End W is the
direct sum of a scalar endomorphism of W; and an endomorphism of a vector space
complement of W;. Let 8 denote the scalar by which 71 o ¢(a) acts on W;. Define
the action of ma 0 p(a) on W;41 to be by the scalar a— 3. Since w2 0¢|q, is injective,
this procedure defines an action of 73 0 p(a;) on W;;1. Define the action of b;; on
W41 to be trivial.

We are now ready to define an action of g on W. If x € g and w € W, then
for some ¢ we have x € g; and w € W;. Set - w := m(z) - w + m2(x) - w, where
the second action on the right hand side comes from the preceding paragraph. One
must check that this is well-defined, i.e. compatible with the inclusions g; — g;t+1
and W; — W,;,1. Explicitly, the composition g, — g;+1 — Hom(W;11, W) —
Hom(W;, W) coincides with the map g; — Hom(W,, W). Since elements of a; act
as scalars on W,;, W is a well-defined g-module. (I

In what follows g will always denote a root-reductive Lie algebra.

4.2. The case where so,, is a direct summand of [g,g]. In this subsection
s0(V) = A’V is a direct summand of [g, g], and t is a maximal toral subalgebra
of g. We consider V' as a [g, g]-module in which all direct summands other than
s50(V) act trivially. By Proposition 4.2, V may be endowed with the structure of
a g-module. We write V/ (and more generally A’) for the maximal locally finite
t-submodule of V' (resp. of a t-module A). The key fact about maximal locally
finite submodules is that if A and B are two t-modules then (A® B) = A’ ® B’.
This is a special case of a result of Dimitrov and Zuckerman appearing in [NP,
Appendix Prop. A]. Thus so(V) = (V' @ V)N A’V = A\ V',

Recall that for any Lie subalgebra & C g, @a@upp vee V' is a generalized weight
g-submodule of V. If € = t, it is easy to verify that @aesupp vce V@ coincides with
the maximal locally finite t-submodule V' C V. Therefore

so(V)Y = Y VeAVE,
a,B€supp V
and 340(v)(t) is the O-weight space of this weight decomposition of so(V)’. Thus
2
30 = N Ve @PVenve,
acl

where I U —I =supp V N —supp V' \ {0}.
Theorem 4.3. Let g be a root-reductive Lie algebra for which so(V') is a direct
summand of [g,g]. The following statements hold for any mazimal toral subalgebra
tCg:

(1) If (Ve VB)Y £ 0, then B = —a. If furthermore o # 0, then dimV® =

dimV~—*=1;
(2) If () vaxy-a =0 then VEAV ™ C3(350(v)(1);



(3)
(4)

ELIZABETH DAN-COHEN, IVAN PENKOV, AND NOAH SNYDER

(-, Yvoxyo has rank 0 or 1, and (/\2 VOnt=0;
3s0(v)(t) is nilpotent of depth at most 2.

If g = 50(V), a subalgebra t C g is mazximal toral if and only if (3), (5) and (6)
hold, where

()
(6)

Proof.

supp V = —supp V and dimV® =1 for any o € supp V' \ {0};
t=@, VANV, where I U—I =supp V' \ {0}.

(1) Let v € V¥ and w € V¥ be such that (v,w) # 0. If t € t, then the g-
invariance of (-, -) yields (tv,w) + (v, tw) = 0. Thus (a(t) + 5(¢)){v,w) = 0.
Since (v,w) # 0, it follows that § = —a. In particular, if o # 0, then
(Ve,ve) =0.

Suppose a # 0 and without loss of generality that (v,w) = 1. Each of
v ®w and w ® v satisfies the equation 22 = x and therefore is semisimple.
Furthermore, [v ® w,w ® v] = (w,w)v @ v — (v,v)w ® w = 0. Hence
vAWw =v®w—w®v is semisimple. Since v Aw € 34(t), t == v Aw is
contained in t by maximality. Then a(t)v = t-v = v implies a(t) = 1.
For v € V¥, we calculate v' = «a(t)v' =t v = (v, w)v. Therefore V* is
1-dimensional.

In view of Part (1), V¥ and V'~ are in the radical of the form (-, )|v/xv-
and hence all elements of so(V)’ centralize V AV ~2,

Suppose, for the sake of a contradiction, that the form (-, )|y 00 has rank
greater than 1. Then there exist v,w € V° with pairings given by the

0
lies in t. Since w is in the 0-weight space of t, we calculate 0 = (vAw)-w = v,
which contradicts the choice of v. Therefore the form (-, -)|j0xy0 has rank
0 or 1.

To prove that (A> V)Nt = 0, it is enough to show that elements of A* V°
are nilpotent as endomorphisms of V. Let > v; Aw; € /\2 V0 be arbitrary.
If the form (-, )|y oxyo has rank 0, one may compute that (3~ v; Aw;)? = 0.
If the form (-,-)|y0xyo has rank 1, one may compute that (3~ v; Aw;)? = 0.
We have 340(1)(t) = AN Vo Doc; VOAV~?, and since P, ., VAV
is central in 3441 (t), it is enough to show that /\2 V0 is nilpotent of depth
at most 2.

If (-, )|yoxyo = 0, then /\2 V0 is abelian. Now suppose that (-, -)|y0xy0
has rank 1. Let K be the radical of the form (-,-)|yoxyo. Let v be any
vector in V0 \ K, and we may as well assume that (v,v) = 1. We have
V0 = K @ Cv. To show that /\2 VY is nilpotent of depth at most 2, it is
enough to show that [K A v, K Av] € A*K, since A\® K is central. For
arbitrary a,b € K, we compute

matrix [1 ﬂ . As in Part (1), we see that v A w is semisimple and hence

[aAv,bAV] = [a@v—v®a, bRV —v®1D]
= (a®@v—v®a)- bRV—vR®D) —(bRV—vR®D)- (a®v—v®a)
= —a®b+b®a
= b/\ae/\zK.

()

For the first equality, let us compute t- V' in two different ways. On the
one hand, by definition, t- V' = @ cqupp v V- On the other hand, the
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assumption g = A*V yields t € A’ VO® Yoo v supp v VEAV ™, and
since (V, V5) = {0} for B # —a, we obtain t- V' C Dcsupp vosupp v V-
This implies supp V C supp V N —supp V, and hence supp V = —supp V.
Now consider the fact that t- V* # {0} for a # 0. It follows that
(Vo V=) £ {0}. Part (1) gives dim V' =1 for any a € supp V' \ {0}.
(6) By the proof of Part (1), we have V¥ AV~ C t for 0 # « € supp V. This
gives the inclusions

Pvenvectc /\QVO@EBVO‘AV_“.
a€el a€el

In Part (3) we showed that (A?V°) Nt=0. Hence t =, ., V* AV,

Conversely, assume that Conditions (3), (5), and (6) are satisfied. Since (V' V?)
0 for a« # —pf, the subalgebra t is a direct sum of 1-dimensional Lie subalgebras,
hence abelian. If a # 0, we have t- V¢ 2 0, hence (V*, V~%) # 0. Thus t is spanned
by elements of the form vAw where v € V¥, w € V= « # 0, and (v, w) = 1. These
elements are semisimple as in Part (1). Hence t is a toral subalgebra of g = /\2 V.
The centralizer of t in g is contained in g’ and coincides with t® /\2 V0. Condition
(3) implies that each element in A* V? is nilpotent, so t is maximal toral. O

Corollary 4.4. For any mazimal toral subalgebra t C so0(V'), we have

2
dso(V) (t) =to /\ Vov
which is a Lie algebra nilpotent of depth at most 2.

The result from Theorem 4.3 (3) that (-, -}|y0xyo has rank 0 or 1 enables us to
make the following definition. A maximal toral subalgebra of so., is even if the
rank of (-,-)|yoxyo is 0, and odd if the rank is 1. Likewise, a Cartan subalgebra b
is even if b4, is an even maximal toral subalgebra, and § is odd if b, is odd.

There are two types of exhaustions of so, via root inclusions: as |J, s02; and as
Ui §09;11. A union of Cartan subalgebras of s0g; yields an even splitting Cartan
subalgebra of s0,,, and a union of Cartan subalgebras of so0g;41 yields an odd
splitting Cartan subalgebra of so.,. It is easy to see that any splitting Cartan
subalgebra of so., arises in one of these two ways and is necessarily abelian.

Notice that /\2 V0 is the degenerate orthogonal Lie algebra so(V"). For a de-
generate symmetric form on a vector space W, the Lie algebra so(W) is nilpotent
precisely when the form has rank 0 or 1. Explicitly, the Lie algebra so(W) is nilpo-
tent and nonabelian exactly when the form has rank 1 and dim W > 3. Hence any
nonabelian Cartan subalgebra of s0(V) must be odd and must have dim V° > 3.

Here is an example of a nonabelian Cartan subalgebra of so(V'). Let {e;}icz be
a basis for V' with (e;,e;) = d; ;. Let

t:= @C(el + 61) A (671' + 672).

i>3

Observe that t C so(V) is a maximal toral subalgebra, and we have

2
550(‘/) (t) =t® /\ Span{e(); €_2, 61}'

We see that the Cartan subalgebra 34,1 (t) is not abelian as [e; A eg,e_2 A eg] =
e_o Nej.
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It is easy to check that the centralizer of any even maximal toral subalgebra acts
locally finitely on itself, whereas the centralizer of an odd maximal toral subalgebra
acts locally finitely on itself if and only if V° is finite dimensional.

4.3. The case where sp__ is a direct summand of [g, g]. Let sp(V) = Sym?(V)
be a direct summand of [g, g], and t a maximal toral subalgebra of g. The following
results are proved in the same way as the analogous statements for so(V).

We will write A&B :={a®b+b®a:a€ A,be B} CA® B® B® A for the
symmetrizer of vector spaces A and B. Set also a&b :=a® b+ b®a € A&B for
a€ A be B.

We consider V as a [g, g]-module in which all direct summands other than sp(V)
act trivally, and by Proposition 4.2, V may be endowed with the structure of a
g-module. We have the equality sp(V)’ = Sym?(V’) and the weight decomposition

sp(V) = Y VeV
a,B€supp V
Observe that
3ep(v) (1) = Sym*(VO) & @ V&V,
acl
where I U —I =supp V N —supp V' \ {0}.

Theorem 4.5. Let g be a root-reductive Lie algebra for which sp(V') is a direct
summand of [g,g]. The following statements hold for any mazimal toral subalgebra
tCg:

(1) If (V*,VB) £ 0, then B = —a. If furthermore o # 0, then dimV® =

dimV~—*=1;

(2) If <'7 '>|V°‘><V*Q =0 then V&V~ C 3(55p(V) (t));

(3) (- )lvoxvo =0, and (Sym*(V°)) Nt =0;

(4) 3sp(v)(t) is abelian.
If g = sp(V), a subalgebra t C g = sp(V') is mazimal toral if and only if (3), (5),
and (6) hold, where

(5) suppV = —supp V and dimV* = 1 for any a € supp V' \ {0};

(6) t=D,c; V&V, where I U —~I =supp V' \ {0}.

Corollary 4.6. For any mazimal toral subalgebra t C sp(V'), we have
dsp(V) (t) =td Sme(Vo)v
which is an abelian Lie algebra.

4.4. The case where sl is a direct summand of [g, g]. In this subsection we
generalize a theorem from [NP], which we first recall.

Theorem 4.7. [NP] A subalgebra t C g = gl(V, Vi) is mazximal toral if and only
if the following conditions are satisfied:
(1) (supp V) \ {0} = —(supp Vi) \ {0} and dimV* = dimV,* = 1 for any
a € supp V'\ {0};
(2) (- )voxvo =0, and (VO @ V)Nt =0;
(3) t= @O;ﬁaésupp 1% Ve V'*—Oz‘
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Thus, for any mazimal toral subalgebra t C gl(V,V.), we have
savv) () =ta (VP eV,
which is an abelian Lie algebra.

Assume that sl(V,V,) is a direct summand of [g,g], and let t be a maximal
toral subalgebra of g. We consider V' and V, as [g, g]-modules in which all direct
summands other than sl(V, V,) act trivially, and by Proposition 4.2, V' and V, may
be endowed with the structure of g-modules. We have the equality sl((V, V) =
s((V',V/]) and the weight decomposition

s(V,V2) =sl(V, V)N &b Vee Ve
a€supp V,B€supp Vi

Observe that

3si(viva) () =sl(V, Vi) N @ VeV,
a€esupp V

Theorem 4.8. Let g be a root-reductive Lie algebra for which s\(V,V.) is a direct
summand of [g,g]. The following statements hold for any maximal toral subalgebra
tCg:
(1) If (Ve VP £0, then B = —a. If furthermore the rank of (-, MNvrsve is at
least 2, then dimV* =dim V¢ =1;
(2) If ¢ )yayy-o =0 then V@ V7% C5(3a1v,v.) (1))
(3) If the rank of (-,-)|v'xv: is at least 2, then (-, -)|yoxyo = 0. Hence (-, -)|yoxyo
has rank 0 or 1. Also, (V° @ V)Nt = 0;
(4) 3s1(v,v,)(t) is nilpotent of depth at most 2.

If g = sl(V,V.), a subalgebra t C g is mazximal toral if and only if (3°), (5), and (6)
hold, where
(3) (- )voxve =0, and (VP @ V) nt=0;
(5) (supp V) \ {0} = —(supp Vi) \ {0} and dimV® = dimV, % = 1 for any
a € supp V' \ {0};
(6) t=sl(V,Vi) N @oracsuppv VO Vi ™.

Proof. (1) Suppose (V,V,7*) # 0 and that the rank of (-,-)|y' <y’ is at least
2. Then let v € V and w € V,7® be such that (v, w) = 1. Since the rank
of (-,-)|vrxvs is at least 2, there exist v € VA and w’ € VP such that
(v, w') =1 and (v,w') = (v,w) =0. Wehave t :=v @ w — v Qw’ € t, by
an argument similar to the o, case. Then ¢ - v = v implies a(t) = 1.

First assume « # 3. Let v/ € V%, and compute v/ =t 0" = (v @ w —
v @w') v = (v, w)v. This implies that V¢ is 1-dimensional. A similar
argument shows that V.7 is also 1-dimensional.

Second assume, for the sake of a contradiction, that « = 3. Then com-
pute ¢ - v' = —v’, which implies a(t) = —1, contradicting a(t) = 1.

(2) The argument from the so,, case works; see Theorem 4.3.

(3) If the rank of (-,-)[v/xvy is at least 2, and if (V,V,7%) # 0, then as in Part
(1) there exists t € t with a(t) = 1. Hence (V°,V?) = 0. The proof of the
last statement is similar to that in Theorem 4.3.

(4) We have 34v,v,)(t) = sl(V, Vi) NP, V* @ V7. If the rank of (-, -)[v/xvr
is not 1, then one may check that 34(v,v,)(t) is abelian. Suppose the rank
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of (-,-)|lv/xv; is 1. Let 3 be the weight for which (-,-)||,5, -5 has rank 1.
Then €P,,.5 V*®V,"* is central in jqi(v,v.)(t). Therefore it suffices to show

that s((V?, v, P ) is nilpotent of depth at most 2. It is an easy computation
to check that if either V? or V,.f’B has dimension 1, then EI(Vﬁ,V;ﬁ) is
abelian, and that otherwise it is nilpotent of depth 2.

If the rank of (-, )|y xvr is 0 or 1, then tNsl(V,V,) = 0. Thus for any maximal
toral subalgebra t C sl(V,V,), we have that (-,-)|[yoxyo has rank 0, which yields
(3’). One can modify the proofs from Theorem 4.3 to obtain (5) and (6), as well as
the reverse implication. (I

Corollary 4.9. For any mazimal toral subalgebra t C sl(V,V,), we have
v () =te (Ve 1),
which is an abelian Lie algebra.

Note that the degenerate Lie algebra sl(W, W,) is nilpotent if and only if the
form (-,-) : W x W, — C has rank 0 or 1. In the rank 1 case, the algebra is again
nilpotent of depth at most 2. This phenomenon does not occur for gl or sp_,
since in these cases any nilpotent degenerate algebra must be fully degenerate.

4.5. Unified description of Cartan subalgebras of gl , slw, 50, and sp_.

Definition 4.10. (1) A dual system for gl(V,V,) or for s{(V,V,) is a set of
of 1-dimensional vector subspaces L; CV and L* C V, for i € I such that
(Li, L7y = 6;;C. Here I is a finite set or Z~y.

(2) A self-dual system for so(V') or for sp(V) is a set of 1-dimensional vector
subspaces L; C'V for i € I such that (L;, L;) =6, —;C. Here I is a finite
subset of Zizg with —1 =1, or I = Zy.

The following is a corollary to Theorems 4.3, 4.5, 4.7, and 4.8.

Corollary 4.11. Cartan subalgebras of gl (resp. of sleo, 5000, O 8P, ) are in
one-to-one correspondence with mazimal (self-)dual systems for gl (resp. for slso,

5000, OT 5P ).

Proof. A (self-)dual system yields a toral subalgebra by the formulas in Figure 1.
In the case of gl , since (L;, L7) = 0 for i # j, the subalgebra t is a direct sum of
1-dimensional Lie subalgebras, hence abelian. Since (L;, L) # 0, t is spanned by
elements of the form v ® w, where v € L;, w € L*, and (v, w) = 1. These elements
are semisimple since they satisfy the equation 22 = x. Hence t is a toral subalgebra.
A similar argument shows that self-dual systems also yield toral subalgebras.
Consider the map which sends a (self-)dual system to the toral subalgebra ac-
cording to the formulas in Figure 1. This map is injective (except in the case
of sl, where one must not allow dual systems to have |I| = 1). To see injec-
tivity in the case of gl, suppose {L;, L'} and {M;, M7} are dual systems with
@iLi ®L1 =t= @ij ®M] Then Li = tLl = (®jMJ ®Mj) Lz Hence
for some j we have M; = L;. This argument can be adapted to work for self-dual
systems. Moreover, this map preserves containment, and its image includes all
maximal toral subalgebras by Theorems 4.3, 4.5, 4.7, and 4.8. Therefore maximal
toral subalgebras correspond to maximal (self-)dual systems. ([l
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FIGURE 1. Maximal toral subalgebra t and Cartan subalgebra b
associated to a maximal (self-)dual system

g t b
gls @ Ll te (D, L)
sl |8l N(D, Li® L7) | ta (D, LY)T
5050 @i>0 L; NL_; td /\2 ((691 LZ)L)
5P ®i>0 L;&L_; toe Sme((eai Z)J‘)

Explicitly, the maximal toral subalgebra t and the Cartan subalgebra b in g
associated to a maximal (self-)dual system for g are given in Figure 1. Note that a
maximal toral subalgebra t C g is splitting if and only if V =V’ and V, = V. In
that case necessarily (€0, L;)* = 0 and (€D, L") = 0 for gl or sl, (P, L)t =0
for sp.., and for soo (€D, L;)* is 0 or 1-dimensional. In fact, these conditions are
equivalent to being splitting.

4.6. The case of a general g. The following theorem is our main result on Cartan
subalgebras of general root-reductive Lie algebras and strengthens Theorem 3.2 in
this case.

Theorem 4.12. Let g be a root-reductive Lie algebra and b C g a Cartan subalge-
bra. Then b is nilpotent of depth at most 2, and b = g°(h).

Proof. Let t := by, s0 b = 34(t). We first show that 3i4 4)(t) is nilpotent of depth
at most 2. Recalling the decomposition of [g, g] in Theorem 4.1 (2), let grq be the
direct sum of all finite-dimensional simple direct summands of [g, g], and g;4 the
direct sum of all infinite-dimensional simple direct summands of [g, g]. As there are
no nontrivial extensions of an abelian Lie algebra by a finite-dimensional reductive
Lie algebra, we get the decomposition

9=0s4 D (9:iaC a),
where a is abelian. Then t = t; @ t> where t; is a maximal toral subalgebra of g4
and tp is a maximal toral subalgebra of g;a@ a. So 3(g,41(t) = 3q;,(t1) @ 3g,4(t2). As
t; is self-centralizing in g4, it remains to show that 34,,(t2) is nilpotent of depth at
most 2. Let g;q = ®;5; be the decomposition of g;q into simple direct summands.
Since [s;, g] C s;, we have

3(@,e) (t2) = Djis; (t2).
Theorems 4.3 (4), 4.5 (4), and 4.8 (4) imply that 34,,(t2) is nilpotent of depth at
most 2. Thus 3[4 ¢)(t) is a Lie algebra nilpotent of depth at most 2.

Recall from Theorem 3.2 that 34(t) is splittable. If h = hgs + hpni € 34(t), then
hss, hnit € 34(t). By definition hgs € t, and hyi € [g, 9] as hpg is nilpotent. Thus
3g(t) = t+ 3g,g(t). Since t is central in 34(t), it follows that 34(t) is nilpotent of
depth no greater than 2.

Finally, the nilpotence of b implies h C g°(h). Therefore the condition h = g°(h)
together with the inclusions h C g°(h) C g(h) yields h = g°(p).

O

In the case of g = gl,,, any maximal toral subalgebra of g surjects onto g/[g, g]
[NP]. In general, the map t — g/[g, g] does not have to be surjective. For example,
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consider the Lie algebra g defined as the direct limit of the inclusions

gly, = glyio
Tr(A)

A — A

Clearly we have the exact sequence
0—sle=][g9—g—C—0.

Let Bs, € gl,,, denote the matrix

ITL On

oo
and let B denote the element of g defined by the sequence (Ba,). Then as a vector
space g is isomorphic to sl & CB. We will exhibit a Cartan subalgebra of g whose
image in C is trivial.

For n € Z~g, let C,, € sly, be the matrix whose only nonzero entry is a 1 in the
upper right corner, and let C_,, € sls,, be the matrix whose only nonzero entry is a
1 in the lower left corner. Then t := Span,, ({C, +C_,} is a toral subalgebra of g.
We will show that 34(t) C sl. A general element of g lies in gl,, for some n > 0,
and hence it may be expressed as M + aB for some M € sly, and a € C. The
computation [M +aB, Cpy1+C_(n41)] = a(Cpy1—C_ (1)) implies that if M +aB
centralizes t, then a = 0. Let h be a Cartan subalgebra which is the centralizer
of any maximal toral subalgebra containing t. The containments h C 34(t) C sl
imply that h maps trivially in C.

Theorem 4.12 also leaves open the question whether the intersection t N [g, g]
is in general a maximal toral subalgebra of [g,g]. Clearly in the case of gl the
intersection of a maximal toral subalgebra with sl is maximal. As the following
example shows, the intersection is not in general maximal, and it can even be trivial.

Let {e; : i € Zso} be a basis of V, and let V; := Span{ei,...e;}. Define
constants ¢;; for 4,5 € Z~o by

_J1 j=i(mod271)
G : 0 otherwise.

Let f; := Ziez>o cijes, and notice that f; is a well-defined vector in V; as ¢;; = 0 for
i > j. Observe also that {f1,... f;} is a basis of V;. We construct a root-reductive
Lie algebra g with [g, g] = s[(V, Vi) and g/[g, g] countable dimensional. We consider
the maximal toral subalgebra in g consisting of all elements of g which have all the
fj’s as eigenvectors. No nontrivial element of sI(V, V) has this property.

By construction, f; —e; = f; for some unique ¢ < j. Let p : Z>2 — Z>; be
defined by f; —e; = fp;)- In addition, define inductively positive integers d. for
k,l € Zso by

o[k 1<k<i
dk} =

l
dy k>l
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Let g; := sl(V;, V;*) @ C?, and let g be the root-reductive Lie algebra defined as the
direct limit of the inclusions

g9 7 Git1

(4,0) ([A ]o)
0
Lol g gl
(0, Zk=_1 kml> s ( =1 117 k=1 kxl :
7 Vi 7+1

where {z; : 1 <1 < i} is a basis of C’, ; is the identity matrix in gl(V;, V;*), and
V= (i-d =Y dy)/(i+1). Clearly [g,g] = sl(V, V.), where V, :=J, Vi
For | € Z¢, define the element ¢; € g; by
1

l+1 _ l+1
tr = | (cijicij< -l (ciigijer T

l
Since t; is the sum of a central element and the conjugate of a diagonal element of

s(V1, V/*), t; is semisimple. Because ¢; and t,, have the same set of eigenvectors,
they commute. Explicitly, if m > [, the image of ¢; in g,, is

dy
>k dis o Smdl
d,
ie. fi,..., fm are eigenvectors of the image of ¢; in g,,,. Let t be the toral subalgebra

of g generated by the elements ¢;. We will show that no nontrivial element of
5[(V, Vi) centralizes t.
Suppose C' € sl(V,V.) centralizes t. Since C' € sl(V},V}") for some j, we may

consider C as ([g 8

o= ([o 5]e)- e
o= [([5 8]0)- (5 519 = (s 57 0)

The k-th column of Sy is (j+k —p(j +k)) D_]_, i j+rei. Let I be sufficiently large
that the vectors {>7_, ¢;j+xe; 1 1 <k <1 —j} span V;. Since the columns of S
span Vj, it follows that C' = 0. Hence no maximal toral subalgebra containing t
intersects sl(V, V) nontrivially.

} ,0) € g; for any [ > j. In the same block notation, write

5. CONJUGACY OF CARTAN SUBALGEBRAS OF SIMPLE ROOT-REDUCTIVE LIE
ALGEBRAS

We define a toral subalgebra t of g, where g is one of gl_, slw, 5000, O sp, to
be submazimal if t is associated to a not necessarily maximal (self-)dual system via
the formulas in Figure 1. Any nonzero submaximal toral subalgebra is associated to
a unique (self-)dual system. Clearly not every toral subalgebra of g is submaximal,
but any maximal toral subalgebra of g is submaximal, as seen in Corollary 4.11.

Let GL(V, V4) be the subgroup of GL(V) consisting of those elements which in-
duce isomorphisms on V, C V*. In terms of dual bases for V and V,, elements of
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GL(V, V,) are invertible matrices with finitely many nonzero entries in each row and
column, whose inverse matrices also have finitely many nonzero entries in each row
and column. Observe that gl(V, V) = V @V, is a representation of GL(V, V), as is
s[(V, Vy). Similary, each of so(V) and sp(V) is a representation of the correspond-
ing subgroup of GL(V') preserving the bilinear form. Accordingly, the subgroup
GL(V,V) is denoted SO(V) or SP(V). In what follows we describe submaximal
toral subalgebras of gl(V,V,) (resp. of so(V) or sp(V)) up to conjugation by the
group GL(V,V,) (resp. by SO(V) or SP(V)).

Proposition 5.1. Let g be one of gl,, Sleo, 5000, 07 8P, and G its corresponding
group defined above. Two finite-dimensional submazximal toral subalgebras of g are
conjugate by an element of G if and only if they have the same dimension.

Proof. Let t; and ty be finite-dimensional submaximal toral subalgebras of g of the
same dimension. Then t;,t; C g; for some ¢, where g = Ul g; is an exhaustion by
finite-dimensional reductive Lie algebras under root inclusions g; C g;11. It is clear
that t; and t;, being submaximal, are conjugate in g; by an element of the classical
algebraic group G; associated to g;. Hence they are conjugate in g, since there is
an obvious injective homomorphism of G; into G. O

In what follows, we assume that all (self-)dual systems we consider are infi-
nite. Their corresponding submaximal toral subalgebras will be infinite dimen-
sional. Clearly all maximal (self-)dual systems are infinite.

Definition 5.2. (1) A dual system {L;, L'} for gl(V,V,) (resp. for s{(V,V.))
with (-,-) : V x Vo — C and a dual system {M;, M*} for gl(W,W.) (resp.
for sW, W.,)) with {-,-) : W x W, — C are equivalent if there exist
isomorphisms ¢ : V. — W and ¢ : V, — W, and a bijection o : Z~g — Z>q
such that (-,-) = ¢*(-,-), ¢(L;) = My, and p(L?) = M.

(2) A self-dual system {L;} for so(V') (resp. forsp(V)) with (-,-) : V xV — C
and a self-dual system {M;} for so(W) (resp. for sp(W)) with (-,-)" :
W x W — C are equivalent if there exist an isomorphism ¢ : V. — W and
a bijection 0 : Zpo — Lz such that (-,-) = ¢*(-,-)" and p(L;) = My;).

It is clear that equivalent (self-)dual systems for the same algebra are precisely
those which are conjugate.

Lemma 5.3. Any dual system {M;, M*} for gl(W,W,) is equivalent to a dual
system for gl(V, V). Similarly, any self-dual system {M;} for so(W) (resp. for
sp(W)) is equivalent to a self-dual system for so(V') (resp. for sp(V)).

Proof. The first statement follows directly from Mackey’s result [M, p. 171], which
implies the existence of isomorphisms W — V and W, — V, which send (-,-)" to
{-,-). Under these isomorphisms, the dual system {M;, M*} maps to an equivalent
dual system. Similarly, any nondegenerate (symmetric or antisymmetric) form on
a countable dimensional vector space can be diagonalized, hence there exists an
isomorphism W — V which sends (-,-)" to (-,-). This isomorphism sends {M;} to
an equivalent self-dual system. (I

Given a dual system {L;, L*} for gl(V, V), consider the following construction.
Let X be a vector space complement in V' of @, L;, and Y a vector space comple-
ment in V; of @, L. Choose for each i € Z~ a generator v; € L;, and let v* € L’
be the vector such that (v;,v*) = 1. Forgetting the dual system, we can consider
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the bilinear form (-,-) restricted to X x Y, together with the linear functionals
i = (,v") : X - Cand p; := (v;,-) : Y — C. This information encodes the entire
structure of the dual system, together with V', Vi, and (-,-), up to isomorphism.
Hence we suggest the following as a useful concept.

Definition 5.4. (1) A complement datum for gl or sl s a pair of at most
countable dimensional vector spaces X andY, a bilinear map w : X XY —
C, a sequence of linear functionals (A\;) on X, and a sequence of linear
functionals (p;) on'Y, for i € Zy.

(2) A complement datum for sos, (resp. for sp..) is an at most countable di-
mensional vector space X together with a symmetric (resp. antisymmetric)
bilinear form w on X and a sequence of linear functionals (\;) on X, for
xS Z#O.

From a dual system for gl(V,V.) and choices of v;, v*, X and Y as described
above, we can produce a complement datum for gl,,. Such a dual system and
complement datum are said to be compatible. Similarly, a dual system for sl(V, V)
and a complement datum for sl,, obtained from it by the same procedure are said
to be compatible. We will think of compatibility as a relation.

The notion of compatibility between a self-dual system and a complement datum
for s04 or 8P, is similar. Fix a self-dual system {L;} for so(V) or sp(V'), and we
construct a complement datum as follows. Let X be a vector space complement of
@, L; in V, and choose a nonzero v; € L; for i > 0, and let v_; € L_; be determined
by (v;,v_;) = 1. Consider the restriction of (-,-) to X x X together with the linear
functionals on X given by \; := (-, v;) : X — C. Again, the self-dual system and
any complement datum obtained from it in this way are said to be compatible.

We will say that two sequences a; and b; are almost equal, and write (a;) == (b;), if
a; = b; for all but finitely many i. Let X be the set of 2 € X such that (\;(z)) =~ 0.
In the case of gl or sly, let Yy be the set of y € Y such that (u;(y)) =~ 0.

For a fixed (self-)dual system, one might choose a compatible complement datum
in such a way that X would actually contain the set of z € V such that X\;(z) =0
for all ¢. In this case, Xy would be this orthogonal complement. The examples we
give will all have this property. We do not require this property in general because
it is not necessary and complicates the statements and proofs.

Given a complement datum (X,Y,w, (), (i) for gl or sls, consider the
formal sum

wi=w— Z )\Z®/I,Z,
1€ZL>0
where in what follows we consider w as a linear map X ® Y — C. Note that @ is a
well-defined linear map when restricted to Xg ® Y or X ® Yj.
Given a complement datum (X,w, ();)) for s0., we define analogously

wi=w— Z /\z&)\—z
1€Z>0
In the case of sp_,, we define
wi=w— Z i A ;.
1€Z>0

Observe that @ is a linear map when restricted to Xy ® X or X ® Xy. Moreover,
we see that @ retains from w the property of symmetry or antisymmetry.
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Definition 5.5. (1) A complement datum (X,Y,w, (N\;), (i) for gly, or sls
is nondegenerate if for any nonzero xo € Xy there exists y € Y such that
&(xo,y) # 0, and for any nonzero yo € Yy there exists x € X such that
O(x,y0) # 0. Moreover (X,Y,w, (\;), (1;)) is maximal if @ restricted to
Xo ® Yy s trivial.

(2) A complement datum (X,w, (\;)) forsos is nondegenerate if for any nonzero
xg € Xo there exists x € X such that &(xg,x) # 0. Moreover (X, w, (\;))
1s maximal if @ restricted to Xy ® X¢o has rank 0 or 1.

(3) A complement datum (X,w, (A\;)) forsp,, is nondegenerate if for any nonzero
xg € Xo there exists x € X such that ©(xg,x) # 0. Moreover (X,w, (\;))
is maximal if © restricted to Xo ® X is trivial.

Proposition 5.6. Any complement datum which is compatible with a (self-)dual
system is nondegenerate. For any compatible pair, the complement datum is maxi-
mal if and only if the (self-)dual system is maximal.

Proof. We prove the proposition in the case of gl__, and the other cases are similar.

Suppose (X, Y, w, (A;), (1t;)) is a complement datum compatible with a dual sys-
tem for gl(V,V,). Take a nonzero vector xy € Xy. Since (A;(zo)) ~ 0, we see that
xo— Y Ai(xo)v; is a well-defined nonzero vector in V. Hence, by the nondegeneracy
of (-, ), there exists w € V, such that (zo—>" A\i(zo)vi,w) # 0. Let w = y+ bjv7,
with y € Y. We compute:

0# (wo = > Nilwo)vi,y + > bjv’) =w(zo,y) = D Nilwo)pa(y)
- ‘:j(‘r07 y)

Similarly, if yo € Yp the analogous calculation shows that there exists x € X such
that ©(x,yo) # 0.

We turn to maximality. Suppose that the dual system {Cuv;, Cv*} for gl(V, V,) is
not maximal. Then there exist vectors vg € V and v° € V, such that (v;,v7) = §;;.
Let vo = 2+ Y a;jv; and v° =y + Y byo* for 2 € X and y € Y. Note (a;) ~ 0 and
(bj) = 0. We calculate \;(z) = (z,v") = —a;, and p;(y) = —b;. Hence (\i(z)) ~ 0
and (u;(y)) =0, so z € Xy and y € Yy. Now,

1= (v0,0°) = (2,9) + Y bede(@) + D aju(y) + Y asbe
= w(@,y) = Y M(@)mly) = &(@,y).

In the other direction, let (X,Y,w, (\;), (1;)) be a nonmaximal complement da-
tum compatible with a dual system for gl(V,V,). Fix x € Xy and y € Y, such
that @(x,y) = 1. Let v := 2 — > Aj(z)v; and v° ==y — 3 ux(y)v*. We calculate
{(vg,v") = Xi(z) — \i(x) = 0 for i > 0. Similarly, (v*,v9) = 0 for i > 0. Finally,
{(v0,1°) = &(x,y) = 1. O

Lemma 5.7. Any nondegenerate complement datum is compatible with some (self-
)dual system.

Proof. Let (X,Y,w, (\;), (1;)) be a nondegenerate complement datum for gl or
slo. Define V := X @ @, Cv; and V, :=Y @ €, Cv’. We define a bilinear map
{-,+) on V x V, by extending w via (z,v?) := \;(z) for x € X, and (v;,y) := pi(y)
for y € Y, and (v;,v7) := ;.

Consider a nonzero element v =z + >, a;v; € V. We see that (v,v7) is nonzero
for some j, unless x € Xy and a certain condition on a; is satisfied, namely that
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a; = —X\i(z). But if v =2 — ", X\j(x)v; is nonzero, then x must be nonzero, and
there exists y € Y such that 0 # &(z,y) = w(z,y) — >, N(@)ui(y) = (2, y) —
> Ai(@)(vi,y) = (v,y). Similarly, any nonzero element in V, pairs nontrivially
with an element of V. Hence (-, -) is a nondegenerate pairing between V and V.. So
{Cuv;,Cv'} is a dual system for gl(V,V.) or for sl(V,V,) which is compatible with
the given complement datum.

Now suppose we are given a nondegenerate complement datum (X, w, (A\;)) for
505 or sp_.. Define V := X & P, Cv;,. We define a bilinear form (-,-) on V by
extending w appropriately (i.e. symmetrically or antisymmetrically) via (z,v;) :=
Ai(z) for € X, and (v;,v;) := 0 for i # —j, and (v;,v_;) :=1 for i > 0.

Consider a nonzero element v = x + >, a;v; € V. We see that (v,v;) is nonzero
for some j, unless z € Xy and the coefficients a; satisfy some condition. In the
S0 case, the condition is a; = —A_;(z). But if v =z — >, A_;j(2)v;, then z is
nonzero, and there exists y € X such that 0 # &(z,y) = w(z,y) — >, A_i(x)\i(y) =
(2, y) = 22 Ami(@)(vi y) = (v, y).

In the sp_, case, the condition is a; = —sgn(i)A_;(z). Butifv = z—3 ", sgn(i)A_;(z)v;,
then z is nonzero, and there exists y € X such that 0 # ©o(z,y) = w(z,y) +
S sen(i)Ai(@) i (y) = (25) — 3 sgn(i)A (@) {vs,y) = (0,).

Thus, in either case, (-,-) is a nondegenerate bilinear form. So {Cuv;} is a self-
dual system for so(V') or sp(V) which is compatible with the given complement
datum. (]

Definition 5.8. (1) Two complement data (X,Y,w, (A;), (1i)) and (X', Y, ', (A), (1))
for gl orsls are equivalent if there exist a bijection o : Zso — Z>q, 150-
morphisms m: X — X' and 7 : Y — Y’, and nonzero constants «;, such
that (Ai(x)) = (X, ;) o m(x)) for all v € X, (ui(y)) = (a;lu;(i) om(y))
forallyeY, andwo —7*(0") =0 on X QY.

(2) Two complement data (X,w, (\;)) and (X' ', (A\})) for so are equivalent
if there exist a bijection o : Zzo — Zxo such that o(—i) = —o(i), an
isomorphism 7 : X — X', and nonzero constants o; with c_; = a;l, such
that (Ai(x)) = (a; A}y om(x)) for allx € X and & — 7" (&) =0 on X ® X.

(3) Two complement data (X,w, (N;)) and (X' ', (X)) for sp,, are equiva-
lent if there exist a bijection o : Zzo — Zzo such that o(—i) = —o(i),
an isomorphism m : X — X', and nonzero constants «; with a_; =
a; tsgn(i)sgn(o (i), such that (\(z)) ~ (X, o w(@)) for all z € X
and o —1*(@')=0o0n X ® X.

Note that the left hand side of the equation @ — 7*(@’) = 0 in (1) above is in
fact a finite sum when applied to any z ® y € X @ Y. Likewise, ©® — 7*(&') in (2)
and (3) is a finite sum when applied to any z ® 2’ € X ® X.

The following theorem is our main result in Section 5.

Theorem 5.9. Let g be one of gl(V, V), sl(V,V.), so(V), and sp(V). The com-
patibility relation between (self-)dual systems and complement data induces a bijec-
tion between conjugacy classes of submazimal toral subalgebras of g and equivalence
classes of nondegenerate complement data. Under this bijection, conjugacy classes
of maximal toral subalgebras of g correspond to equivalence classes of nondegenerate
maximal complement data.
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Proof. We will prove the proposition in the case of g = gl(V, V), and the other
cases are similar.

There is a bijection between conjugacy classes of submaximal toral subalgebras
of g and conjugacy classes of dual systems for g, which comes from the bijection of
submaximal toral subalgebras of g and dual systems for g. There is also a bijection
between conjugacy classes of dual systems for g and equivalence classes of dual sys-
tems, by Lemma 5.3. We will show that compatibility induces a bijection between
equivalence classes of dual systems and equivalence classes of nondegenerate com-
plement data. The second statement then follows immediately from Proposition
5.6, which says that compatibility preserves maximality.

We first prove that compatibility induces a well-defined map from equivalence
classes of dual systems to equivalence classes of complement data. Let {L;, L'} be
a dual system for gl(V, Vi), and {M;, M} an equivalent dual system for gl(W, W,).
Choose complement data (X, Y,w, (A:), (1:)) and (X', Y",w', (A}), (17)) compatible
with these dual systems. We have implicitly chosen generators v; € L;, v* € L,
w; € M;, and w' € M?. We have isomorphisms ¢ : V — W and ¢ : V, — W,
and a bijection ¢ : Zso — Zso such that (-,-) = ¢*(-,-)", ©(L;) = My, and
(L) = M°®. Let o; € C be the nonzero constant such that p(v') = aw?® (and
hence ¢(v;) = a;lwg(i)).

The map

olx : X — X' @ Span,{M;}
T (W(x),zyi(a:)wi)

defines a map m : X — X’ and linear functionals v; : X — C. Notice that
(vi(z)) = 0 for all x € X. Clearly = is an isomorphism. Similarly,

¢ly : Y — Y@ Span,{M'}

v), > mi(y)w')

defines m: Y — Y’ and 7, : Y — C. Again, (n;(y)) = 0 for all y € Y. Compute

Ai(z) = <$vi> (p(@), (v"))
= Z vi(z)w;, aw’®) = @i\ (m(2)) + Qivos (2).

Hence for any € X we have (Ai(z)) =~ (X[, ;) om(z)). The analogous calculation
shows (11:(y)) ~ (a; ! u som(y)) for all y € Y. Then compute

w(z,y) = <x y> (e(x), 0 (y))’

= )+ > vi@ws, m(y) + Y mk(y)w”)
= w’(ﬂ (@), 7(y) = > Mm@ () + D Ni(@)m

ie. o—m*@" = 0on X®Y. This shows that the two complement data (X, Y, w, (A;), (1))
and (X', Y, w', (X)), (p})) are equivalent. Hence the compatibility relation induces
a map from equivalence classes of dual systems to equivalence classes of nondegen-
erate complement data, where nondegeneracy follows from Proposition 5.6.

The surjectivity of this map follows from Lemma 5.7. For injectivity we will
show that if two dual systems are compatible with equivalent complement data,
then the two dual systems are equivalent.
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Suppose that the dual systems {Cv;, Cv*} for gl(V, V,) and {Cw;, Cw'} for gl(W, W)

are compatible with complement data (X, Y, w, (A;), () and (X', Y, o', (X)), (1})),
respectively, and that these complement data are equivalent. There exist isomor-
phisms 7 : X — X’ and 7 : Y — Y’, nonzero constants «; together with a
bijection o : Z»g — Z>o such that (Ai(z)) = (a;\} ;) o w(x)) for all 2 € X and
(1i(y)) = (a;lu;(i) om(y)) forally € Y, and @ —7*@’ = 0 on X ® Y. Define linear
functionals v; on X and 7; on Y by
vi: X — C, z— N(x) — ai\ ;) (m(2))

and

it Y = €y i(y) — o7 i (7()).
Then (v;(z)) =~ 0 for all z € X and (n;(y)) =0 forally € Y. We have V = X @
@, Cv; and Vi, = Y&, Cv'. Similarly, W = X'&, Cw; and W, = Y' &, Cw'.
We define

p:V - W
T+ Z aiv; +— 7(z)+ Z (vi(z) + a;)a; 1wg(1)
and
p: Ve — W,
y—«—Zami — 7r —|—an +alaw()
These isomorphisms establish the equivalence of dual systems. ([

We are ready now to draw some corollaries from Theorem 5.9.

In the spirit of [NP], we introduce the five standard invariants of an infinite
dual system (and hence of an infinite-dimensional submaximal toral subalgebra or
a Cartan subalgebra of gl or sly):

(rank (-, )| 1w g1, dim T, dim S+, codim (T+ @ S), codim (S* @ T)),

where S := @, L; and T := @, L*. The invariants take values in Z>o U {R¢}. If
a dual system for gl(V,V,) or sl(V, V) is compatible with the complement datum
(X,Y,w, (\;), (1)), then one may check that the five standard invariants are

(rank &|x, x vy, dim X, dim Yy, dim X/ X, dim Y/Yp).

Similarly, there are three standard invariants of an infinite self-dual system (and
hence of an infinite-dimensional submaximal toral subalgebra or a Cartan subalge-
bra of s0, or sp.):

(rank (-, -)|gr x g1, dim S+, codim (S+ @ S)),
where S := @, L;. If a self-dual system for so(V') or sp(V') is compatible with the
complement datum (X,w, (A;)), then the three standard invariants are

(rank ©|x,x x,, dim Xo, dim X/ Xj).

Corollary 5.10. (1) There exists a submazimal toral subalgebra of gl or sls
with standard invariants (d,p,q,m,n) precisely when 0 < p —d < n and
0<qg—d<m.

(2) There exists a submazximal toral subalgebra of s0 with standard invariants
(d, p,m) precisely when 0 <p—d < m.
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There exists a submazimal toral subalgebra of sp., with standard invariants
(d, p,m) precisely when 0 < p—d <m and d is even when it is finite.

Proof. We will give proofs which assume that the invariants are all finite, and we
leave it to the reader to make the necessary modifications for the cases when the
invariants are allowed to equal Rg.

(1)

From the definition of a nondegenerate complement datum, @ yields sur-
jections X/Xo — (right ker ©|x,xv,)* and Y/Yy — (left ker @|x,xv,)*
Thus dim X/ Xy > dim Yy — rank @|x,xy, > 0 and dimY/Yy > dim X, —
rank @] x,xy, > 0.

Given 0 <p—d <nand 0 < g—d<m, we construct a nondegenerate
complement datum for gl or sly with standard invariants (d,p, g, m,n)
as follows. Let X be a vector space with basis {z_p,...,2_1,%1,...,Zm},
and let Y be a vector space with basis {y_q,...,¥—1,¥1,...,Yn}. Definew :
X xY — C by setting w(x_p45,Y—q+;) = 1for j =0,...,d—1, and setting
w(z_j,y;) == 1for j =1,...,p —d, and setting w(z;,y_;) := 1 for j =
1,...,q9—d and letting all other pairings in this basis be trivial. For t € Z~q

define A, := ¥ where7 € {1,...,m} and 7 = ¢(mod m), and p, := y where
te{l,...,n} and ¢ = «(mod n). Then Xy has basis {z_p,...,z_1}, and ¥p
has basis {y_gq,...,y—1}, and @|x,xv, has rank d. This complement datum

is nondegenerate, hence it gives rise to a submaximal toral subalgebra of
gl or sly, with standard invariants (d, p, ¢, m,n).

From the definition of a nondegenerate complement datum, @ yields a sur-
jection X/ Xy — (rad @|x,xx, )" Thus dim X/X, > dim Xo—rank @|x,x x,
0.

Given any 0 < p — d < m, we construct a nondegenerate complement
datum for so., with standard invariants (d,p,m) as follows. Let X be
a vector space with basis {x_p,...,2_1,21,...,%m}. We define w : X x
X — C by setting w(r_ptj,T—pt;) = 1 for j =0,...,d — 1 and setting
w(x_j,z;) ==1for j =1,...,p—d. For ¢ € Zyo define A\, := =¥ where
re€{l,...,m} and 7 = ¢(mod m). Then X, has basis {z_p,...,z_1}, and
the rank of @|x,xx, is d. This complement datum is nondegenerate, hence
it gives rise to a submaximal toral subalgebra with standard invariants
(d,p,m).

The proof of the inequality is the same as for so,,. We see that d, being
the rank of an antisymmetric bilinear form, is even if it is finite.

Given any 0 < p —d < m and d even, we construct a nondegenerate
complement datum for sp., with standard invariants (d,p,m) as follows.
Let X be a vector space with basis {z_,,...,2_1,21,...,2,}. We define
w: X x X — C by setting w(z_pya;, T_pyoj+1) :=1for j=0,...,d/2 -1
and setting w(z_j;,z;) = 1 for j = 1,...,p —d. For ¢ € Zy define
A, = af where 7 € {1,...,m} and 7 = ¢(mod m) . Then X, has basis
{x_p,...,z_1}, and the rank of &|x,xx, is d. This complement datum is
nondegenerate, hence it gives rise to a submaximal toral subalgebra with
standard invariants (d, p, m).

O

A submaximal toral subalgebra of gl , sls, or sp_, is maximal if and only if its
first standard invariant is 0. A submaximal toral subalgebra of so,, is maximal if
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and only if its first standard invariant is 0 or 1. Hence we immediately conclude
the following corollary.

Corollary 5.11. (1) There exists a Cartan subalgebra of gl or slo, with stan-
dard invariants (d,p,q, m,n) precisely when d =0 and p <n and ¢ < m.
(2) There ezists a Cartan subalgebra of s0o, with standard invariants (d,p, m)
precisely when d =0,1 andd < p <m+d.
(3) There exists a Cartan subalgebra of sp., with standard invariants (d,p, m)
precisely when d =0 and p < m.

Corollary 5.12. (1) The cardinality of the set of conjugacy classes of Cartan
subalgebras of gl or sl with given standard invariants is 0, 1, 2, or
continuum. One conjugacy class occurs precisely for standard invariants
(0,0,0,0,0). Two conjugacy classes occur precisely for standard invariants
(0,0,0,1,0), (0,0,0,0,1), (0,1,0,0,1), and (0,0,1,1,0).

(2) The cardinality of the set of conjugacy classes of Cartan subalgebras of $0
with given standard invariants is 0, 1, or continuum. One conjugacy class
occurs precisely for standard invariants (0,0,0) and (1,1,0).

(3) The cardinality of the set of conjugacy classes of Cartan subalgebras of sp
with given standard invariants is 0, 1, or continuum. One conjugacy class
occurs precisely for standard invariants (0,0,0).

Proof. (1) Let (X,Y,w, (\), (1)) be a complement datum for gl or sl with
standard invariants (0, p, g, m,n). After possibly interchanging the role of
X and Y, we may assume that m > n. First we consider each of the special
cases for gl, and then prove that in all other nontrivial cases the set of
conjugacy classes has cardinality continuum. Let {e;} and {e'} be dual
bases of V' and V,, indexed by Zy.

(0,0,0,0,0) Here both X and Y have dimension 0, so there is exactly one linear
functional on each space and exactly one pairing between them. Thus
there is exactly one complement datum, and it is nondegenerate and
maximal. Up to equivalence there is still exactly one complement
datum. A dual system in this class is {L; = Ce;, L' = Ce® : i € Zq}.

(0,0,0,1,0) We see that X is 1-dimensional and Y is O-dimensional. By setting

(170) Z'€Z>O
iy i) == Q- )
D) {(z,0> i € Zso,

where i = i(mod 2) and w = 0, we define two complement data. These
are inequivalent because whether \; is zero infinitely often or finitely
often is an invariant.

Notice that in the case under consideration y; = 0 and w = 0 for an ar-
bitrary nondegenerate maximal complement datum (X, Y, w, (A;), (1:))-
Up to equivalence, we may assume that A; € {0,1}, where A; = 1 must
occur infinitely often since Xy = 0. Therefore, up to equivalence, there
are just two possibilities: \; = 0 occurs infinitely often or finitely of-
ten. These equivalence clases are represented by the above comple-
ment data. A dual system in the first class is {L; = C(e; —e;41), L' =

C (2221 ek) i i € Zso}, and a dual system in the second class is
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{L; = C(e; —ie;y2), L' =C (ei’ —l—iz,(;;l)m er_l) i € Z=o}, where
i €{0,1} and i = i(mod 2).

We see that X is 1-dimensional and Y = Yj is 1-dimensional. We
define two complement data by setting

(/\iaﬂi) = (}70) Z € Z>o
(1,0) i€ Zso,

where i = i(mod 2) and w = 1. These are inequivalent because
whether or not A; = 0 occurs infinitely often is an invariant.

Since Y =Y, (i) ~ 0, so every complement datum is equivalent to
one with p; = 0 for all i. Fix x € X, and we may assume \;(z) € {0,1}
for all 4. Since Xy = 0, we must have \;(z) = 1 for infinitely many 1.
Now @ = w is nonzero by nondegeneracy, so we may fix y € Y such
that @(z,y) = 1. Up to equivalence, there are just two possibilities:
Ai(z) = 0 occurs infinitely often or finitely often. A dual system in
the first class is {L; = C(ej11),L" = C(e! + €'™1) 1 i € Z=o}, and a
representative of the second class is {L; = C(e;11), L' = C(ie! +e'1) :
i € Zso}, where i € {0,1} and i = i(mod 2)

Now suppose that p < n and ¢ < m and that we are not in one of the
above cases. Thus either m =n =1 or m > 2. Since the cardinality of the
set of all complement data for X and Y is at most continuum, it is enough
to show that the cardinality of equivalence classes in each of these cases is
at least continuum.

24
(0,0,1,1,0)
m=n=1

We will construct a family of complement data which represents con-
tinuum many equivalence classes. The space (X/X)* ® (Y/Yy)* is
a vector space of dimension 1 which we identify with C. For any
z € C\ {0,1} we define a complement datum D, as follows. Choose
A; and p; to vanish on X and Y respectively, such that \; ® p; is 1
or z and each of these two values occurs infinitely often. Choose w to
give surjections X /Xy — Y and Y/Y, — X§. Since @ coincides with
w when restricted to X ® Yy or Xg® Y, such a complement datum D,
is nondegenerate and maximal for any z.

For D, and D, to be equivalent, there must be an element © € GL(C)
and a permutation o such that (7(A; ® pi)) = (A, ;) ® p, ;). Thus
there must be an element of C* sending {1, 2} to {1,2'}. Hence the
only other element from this family in the equivalence class of D, is
Dy .. Therefore there are continuum many equivalence classes.
Consider the projective space P = P((X/X)*), and let S C P be
an at most countable subset. We define a complement datum Dg as
follows. Choose 0 # \; € X* such that for each s € S, \; lies on the
line s for infinitely many 7. Choose p; € Y* such that that (u;(y)) ~ 0
implies y € Yj. Finally, choose w to give surjections X/Xy — Y and
Y /Yy — X§. Since @ coincides with w when restricted to X ® Yj or
Xo®Y, such a complement datum Dg is nondegenerate and maximal
for any S. Clearly if Dg and Dg are equivalent, then there must be an
element 7 € GL(X), a bijection o, and nonzero constants «; such that
(\i) =~ (Ozi)\;(i) o). Thus there must be an element of Aut(P) mapping
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S to S’. Hence it is enough to show that there are uncountably many
equivalence classes under Aut(P) of at most countable subsets of P.
Suppose that m is finite. Fix a set of m + 1 points in general position
in P. For each z € P in general position, let S, be the union of the
fixed set and {z}. Since Aut(P™~!) acts with finite stabilizers on sets
of m + 1 points in P!, each S, is equivalent to at most a finite
number of other such S,/. Thus there are at least continuum many
equivalence classes.

Suppose that m > 1, where we allow m = Rj. The following argument
was suggested by Scott Carnahan and Anton Geraschenko. Choose
countably many distinct lines ¢1, /5, ... in P, which is possible since
m > 1. Fix a subset T of Z~,. Let t; be the ith smallest element of
T. On /¢y choose t; distinct points. On ¢y choose t, distinct points.
On /3 choose t3 distinct points each of which is not colinear with any
pair of the chosen points on ¢; and ¢». This is possible because there
are only finitely many lines going through two of the previously chosen
points. Continue choosing points to get a set S in P satisfying the
property that exactly one subset of ¢; points lie on the same line in P,
and such that ¢; points lie on ¢;. Since linear transformations preserve
colinearity, we see that St is equivalent to Sy if and only if T = T".
Since there are continuum many subsets of Z~s, we have constructed
representatives of continuum many equivalence classes.

(X,w, (A;)) be a complement datum for so., with standard invariants

(d,p,m). There are two special cases for s0.,, and then we prove that in
all other nontrivial cases, there are continuum many conjugacy classes.

(0,0,0)

(1,1,0)

In this case Xg = X = 0, hence there is exactly one equivalence class
of complement data. A Cartan subalgebra with these invariants arises
naturally from the realization of so, as |Jsoay,.

In this case Xo = X is 1-dimensional and @ is nontrivial. Since (\;) =
0, there is exactly one equivalence class of complement data. A Cartan
subalgebra with these invariants arises naturally from the realization
of 5000 as |Js02p41.

Consider the vector space U = (X/X()* ® (X/Xo)*. Consider an at
most countable set S C U. We define a complement datum Dg as
follows. Choose A; to vanish on Xy such that A\; ® A_; € S and each
element of S occurs for infinitely many i. Choose w to have rank d on
Xy and to give a surjection X/ Xy — (rad w|x,xx,)*. Since @ coincides
with w when restricted to Xg ® X, such a complement datum Dg is
nondegenerate and maximal for any S. Clearly if Dg and Dgs are
equivalent, then there must be an element 7 € GL(X) and a bijection
o such that (A ® A—;) & (A ;) om @A ;) o). Thus there must be
an element of Aut(U) mapping S to S’. Hence it is enough to show
that there are uncountably many equivalence classes under Aut(U) of
at most countable subsets of U.

Now we can use the same two arguments from the analogous case for
gl.. If m is finite, we can choose m?+ 1 points in general position and
proceed as before. If m > 1, including m = Wy, then we can choose
points on lines in U satisfying certain collinearity properties as before.
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(3) Let (X,w,(\;)) be a complement datum for sp_, with standard invariants
(0, p,m). There is one special case for sp_.

(0,0,0) In this case Xo = X = 0, thus there is exactly one conjugacy class of
Cartan subalgebras, and they arise naturally from the realization of
5P as U5p2n'

m > 1 Repeat the proof of the m > 1 case for so,, choosing A; such that
sgn(i))\i RA_; €8S.
O

In particular, for so, and sp,, if there are finitely many conjugacy classes of
Cartan subalgebras with given standard invariants, then the Cartan subalgebras
with these standard invariants are splitting.

We conclude the paper with a description of a case with uncountably many
equivalence classes. Let {e;} and {e’} be dual bases of V and Vi, indexed by Z~.
Consider for any pair of sequences (a;) and (b;) the dual system for gl(V, V,) given
by {L; = C(bie1 + e;y2), L' = C(a;e?® + e'*2?) 1 i € Z=o}. This dual system has
invariants (0,1, 1,1, 1) if and only if the sequences (a;) and (b;) are not almost equal
to 0. The following are three binary invariants of these dual systems: whether for
infinitely many 4, a; is zero and b; is nonzero; whether for infinitely many i, a; is
nonzero and b; is zero; and whether for infinitely many ¢, both a; and b; are zero.

We define a multiset on aset S asamapm : S — Z>oU{R¢} such that m vanishes
outside a countable subset of S. We say m(z) is the multiplicity of x. Suppose the
group C* acts on S. Two multisets m, m’ on S are almost proportional if there
exists ¢ € C* such that for all € S, |m(x) — m/(cx)| < oo, and m(x) = m/(cx)
for all but finitely many « € S. A sequence (a; € S) gives rise to a multiset
m S — ZsoU{RXo} by setting m(z) := |{i : s = z}|. Two sequences are
almost proportional if the multisets arising from them are almost proportional.
Consequently, two sequences («;) and (3;) are almost proportional if and only if
there exists ¢ € C* and a permutation o such that («;) = (cfs(;))-

Proposition 5.13. Every dual system with standard invariants (0,1,1,1,1) is
equivalent to one of the form {L; = C(bje; + ei12), L' = C(a;e? +et2) i € Zo}.
Two such dual systems are conjugate if and only if their three binary invariants
agree and the sequence (a;b;) is almost proportional to the sequence (a}b}).

Proof. Fix a dual system with standard invariants (0,1,1,1,1), and choose a com-
patible complement datum (X', Y’ o', (A), (;)) which satisfies the further condi-
tion that the A, vanish on X{ and the p/ vanish on Yj. Choose nonzero vectors
xo € X and yo € Y. Since the complement datum is nondegenerate, we can
choose vectors x € X' and y € Y’ such that '(x,y0) = w'(z0,y) = 1. As the
complement datum is maximal, we have w'(xo,y9) = 0. After possibly replacing
x with = + Bzo, we may assume without loss of generality that w’(z,y) = 0. Let
a; := N(z) and b; := pl(y). _ _

Consider the dual system {L; = Cv;, L* = Cv* : i € Z~¢}, where v; := bje1 +€;42
and v’ := a;e? + e 2. Let X := Span{ej, ez} and Y := Span{e!,e?}. Define a map
7: X — Xbyxzy— e,z ey, and define 7 : Y — Y by yo — €2, y — el. It
is clear that 7 is an equivalence of dual systems. Thus every equivalence class of
dual systems has a representative of the required form.

It remains to show that two such dual systems are equivalent precisely when
they have the same binary invariants and the sequences (a;b;) and (a;b}) are almost
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FIGURE 2. Parameter space for (a;,b;)

proportional. Suppose two dual systems, given by sequences (a;), (b;), (a}), and (}),
are equivalent. There exist a bijection o : Z~g — Z~¢, isomorphisms 7 : X — X
and 7 : Y — Y, and nonzero constants a;, such that (A;) ~ (oA ;) om) and (p;) ~

(ozi_l,u;(i) o7). We adopt the notation x¢ := ey,  := ey, yo := €2, and y := el.

Suppose 7 : X — X is given by xg — axg + bz, © — cxo + dz. Then (A\;(xg)) =~
(i A, iy (azo + bx)) implies 0 ~ (baja;), hence b = 0. Since 7 is an isomorphism,
it follows that a and d are nonzero. We also have (Ai(z)) & (oAl ;) (czo + dx)),
thus (a;) ~ (eiday, ;). Similarly, there is a nonzero ¢ such that (b;) ~ (o L0 .0).

Therefore the binary invariants agree. Moreover (a;b;) =~ (ddal (i)b; (i)), S0 (tile
sequences (a;b;) and (aib}) are almost proportional.

Conversely, suppose that (a;b;) =~ (ca!, (i)b; (i)) with ¢ nonzero and that the binary
invariants agree. Choose nonzero constants «; such that (a;) ~ (ajcal (i)) and
(b)) = (a;lb; (i)). This will be possible precisely because the sequences’ binary
invariants agree. Let v be the constant v := ¢! >_(cag bl ;) — aibi). Define
7:X — X by g — 20 and z — cx, and define 7 : Y — Y by yg — ¢ lyo and
y — Yo +y. One calculates that ();) =~ (Oéi)\:,(i) om), (1) ~ (a;lu;(i) o), and
& — (@) = 0. O

We can visualize the preceding proposition as follows. Cartan subalgebras of
gl with standard invariants (0,1, 1,1, 1) are in bijection with certain ”admissible”
multisets on the parameter space depicted in Figure 2, modulo almost proportion-
ality. More precisely, the parameter space is (C x C)/C*, where the action of
C*onCxCisc-(x,y) = (cx,cly). A multiset is admissible if infinitely many
points lie on each of the two lines. The action of C* on the parameter space is
c-[(z,y)] = [(cz,cy)] = [(c*x,y)], and hence elements of C* simply rescale the line.

A similar analysis holds more generally. Let S be the quotient ((X/Xg)* x
(Y/Yy)*)/C*, where C* acts on (X/Xo)* x (Y/Yy)* by ¢ (z,y) = (cz,c y).
There is a residual diagonal action of C* on S, which enables us to define almost
proportional multisets on S. If two complement data are equivalent, then the images
of (A, p;) and (N, p}) in S must be almost proportional. However, the converse
does not hold, as different choices of w often yield inequivalent dual systems. It is
difficult to clarify this dependence in general; nonetheless, in practice one should be
able to distinguish nonconjugate dual systems. For example, consider complement
data with standard invariants (0,0,0,1,1) and a fixed sequence (\;, ;) of S with
no unusual symmetries. It is easy to see that any two choices of w yield inequivalent
dual systems.
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