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ABSTRACT. Let K be an algebraically closed field of characteristic 0, and let Ty, be the category
of tensor representations of the Lie algebra gl™ (Vi, V) of endomorphisms of a nondegenerate
pairing Vi ® V' — K of N¢-dimensional vector spaces Vi and V, for some t € N. It is shown in
that for ¢ = 0, the category Ty, is Koszul self-dual, which yields an explicit formula for the
dimension of Ext-groups of simple objects in Ty,. However, for t > 1, Ty, is not known to be
Koszul self-dual and the problem of computing the Ext groups of simple objects remains open.
In this work, as a first step towards solving this problem, we investigate the Ext-groups of
simple objects in the category Ty, . These simple objects will be denoted by Vi, x,,u,» as they
are parametrized by quadruples of Young diagrams. At the end of this paper, we manage to
calculate the Ext-groups Ext%-Nl (Va1 ho.p00 VM,A{,,M,V’) (where the first Young diagrams of

both simple objects are the same) and Ext%—Nl A2V VS V)\/v)\(y@yyl) (where the third Young

diagram of the second simple object is empty).
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CHAPTER 1

Introduction

There have been several advancements in the study of monoidal categories of representations
of infinite matrix algebras in the last two decades. In particular, the category T (o) has been
introduced and studied from different points of view. Notable papers in this direction are |3],
[13], and [15]. The category Ty ) can be seen as the “limit as ¢ — oo” of the category of
finite-dimensional s[(g)-modules, however, a big difference with the finite-dimensional case is that
Tsi(o0) 1s mOt a semisimple category.

The development of the representation theory of the Lie algebra sl(co) also motivated the
study of Mackey Lie algebras g™ (Vi, V) consisting of endomorphisms of a nondegenerate pairing
p: Vi x V — K between two abstract vector spaces V' and V,. Tensor representations of Mackey
Lie algebras are introduced and studied in [12].

As a next step, in the work [1], A. Chirvasitu and I. Penkov have constructed and studied
universal monoidal categories whose objects are more general tensor representations of Mackey
Lie algebras. Throughout the paper, let K be an algebraically closed field of characteristic 0. Let
p: Vi XV — K be a nondegenerate pairing where V' and V, are both a-dimensional vector spaces
over K for an arbitrary cardinal number «. If the pairing p is diagonalizable in the sense that
there are bases {v}} of V, and {vj } of V such that p(v},vi) = dgi, then by definition T, is the
minimal full monoidal subcategory of g[M—mod (the category of modules over g[M) containing V,
V* and closed with respect to subquotients and arbitrary direct sums. Chirvasitu and Penkov
also characterized all simple objects and their injective hulls in T.

When a = 8, for some nonnegative integer ¢, the simple objects in Ty, are parametrized by
t + 3 Young diagrams A, ..., Ag, 4, V:

0
(1.1) Vi oy = QAL /VEA, © Vi

s=t
where o, denotes the Schur functor associated with Young diagram A and V), , is a simple object
in Tg(o0)- The injective hull of Vi, . x, ., is denoted by Vi, . A, .. and has the form

0
(1.2) Vaeodouw = @V /Vi)x @ (V) @ Vo
s=t
In [1], Chirvasitu and Penkov derive an explicit formula for the multiplicity of Vi, .. xgu,» in
|ZVRRS YR
When ¢t = 0, the category Ty, coincides with the category TilM(V V) studied in [2]. In what

follows, we set W :=V and W) ,,,, := V) . in the case when dim V' = Ry. It is showed in |2] that
T;M (W W) has finite length and is a Koszul self-dual tensor category. The Koszul self-duality
yields the following concrete formula for the dimension of Ext-groups between simple objects in
T3 .
gtM (W, W)

(1.3) dim Ext? (W 1,0, W ) = multiplicity of Wy 1, in &q"'l(Wx‘#u’y/),

1



2 1. INTRODUCTION

where + indicates conjugating (transposing) a Young diagram.

However, as shown in |1, Remark 4.31], there is no immediate pattern involving conjugating
Young diagrams that would allow to compute the Ext-groups Ext%xt (Vavrohontirs Vu ot ')
for t > 1 by generalizing formula . In this paper, we will investigate the case t = 1,
taking the first step to solve the open problem of computing these Ext-groups. Our main
results calculate ExtfrRl (VAs xowrs Vag gt vt )s -6 when the first Young diagrams parameterizing

two simple objects are the same, and Ext%Nl (VA xoumvs Vayag.0.01)s 1.6 where the third Young
diagram parameterizing the second object is empty. We introduce certain torsion classes that
allow us to reduce the computation of these Ext-groups to the computation of Ext-groups
in Ty,, where we know an explicit formula. Further work is needed to address the case of
Ethl—Nl (V)\l’)\07l_t7l/7 V>\/1>>\67H’,V’) for )\/1 75 )\1 and /IJI 75 (Z)

This thesis is organized as follows. In Chapter 2, we introduce some relevant background
concepts. Chapter 3 contains some results of Ext-groups and socle filtrations adapted to the
category Ty,. In particular, we construct a minimal injective resolution for a simple object
Vi, 20,00 and define the injective dimension to be the length of such resolution. We then prove
some lemmas regarding the socle filtration of indecomposable injectives in Ty, and Ty,. Most of
the proofs in this chapter are based on Lemma 4.28 bis, Lemma 4.29 bis and Proposition 4.30 in
[1], and on combinatorial properties of Littlewood-Richardson coefficients.

Chapter 4 contains our main results and is divided into four parts. First, we use torsion
theory to show that Ext%Nl (Voo Vorr war) = Ext%ﬂo (Wio,p,vs W, 1), and then tensor

0
each term of the injective resolution of Vp x; v+ with (V*/V{ )x, to obtain a more general result.

yons
Analogously, ExtfrNl (Va1,20,0,05 Vay x0.0,0) = Ext-i,-NO (W1 20,0 Wiz xr 0), and we tensor each term
of the injective resolution of Vi, s 99 with V,/ to compute Ext%Rl (VAl,AO,w,u’»VA’I,A{),@,u’)-

Lastly, in Chapter 5, we collect two conjectures, one of them regarding the injective dimension
of simple objects in Tyx,. We check that this conjecture is indeed true in the case of Ty,. The
other conjecture addresses certain symmetry when we exchange the second and third Young
diagrams of simple objects in Ty,, which might correspond to a certain algebraic duality. The
appendix contains various injective resolutions that are generated by a numerical software script
that we developed.



CHAPTER 2

Preliminaries

1. Some relevant category notions

Following [5], [8], [9] and [14], we first recall some relevant notions in category theory.

1.1. Tensor categories. Let C be a category equipped with a bifunctor ) : C x C — C.
The category C is called monoidal if there is an identity /unit object I and three natural
isomorphisms « (associator) , A (left unitor), p (right unitor) such that they statisty the
following axioms for all objects A, B,C and D in C:

(1) The natural isomorphism associator « specifies the associativity of &):
aspc:A®(BC)=(A®B)®C.

(2) The two natural isomorphsims left and right unitor A and p indicate that I is left and
right identity:

A ARI = A, pa: I A=A

(3) The following pentagon diagram commutes:

A® (B® (C® D))

1®a \

A® (B®C)® D)) (A® B)® (C® D)

(A (BoC)®D —2 % (A@B)®C)® D
(4) The triangle diagram commutes:

A®B

1A(XV' WIB

A(I®B) ———— (A®I)®B

QA I,B

Note that the “tensor product” ) is associative but need not be commutative. In particular, a
tensor/symmetric monoidal category is a monoidal category such that the tensor product is
symmetric, i.e. A ® B is naturally isomorphic to B ® A for all objects A, B. More precisely, we
have: for every objects A, B € C, there is an isomorphism syp : A® B = B ® A such that:

(1) The triangle diagram commutes (unit coherence):

3



4 2. PRELIMINARIES

A
N
ARI —— I® A

(2) The following hexagon diagram commutes (associativity coherence):

SBRC,A

A (BeC)—=(Bo(O)® A

(A®B)®C B®(C®A)

:;ﬁk\ /Aﬁgj

(3) The triangle diagram commutes (inverse):

B®A
SAB SBA
A®@B %", A®B
A®B

1.2. Indecomposable Injective Objects. For a category C, a morphism f: X — Y is
called a monomorphism whenever:

fogi=[fog= g1 =g
Dually, f is called an epimorphism whenever:
gof=g20f= g1 =g

An object P € C is projective if every morphism A : P — X factors through every
epimorphism e : Y — X. Dually, an objective I € C is injective if every morphism h: X — I
factors through every monomorphism m : X — Y.

Y X Y
P
o le J{h o
o v R
P— X 1
FIGURE 1. Projective objects. FIGURE 2. Injective objects.

For two objects A, B € C, their product is an object A[] B together with projections
p: A[[B — A and ¢ : A[[ B — B such that for every object C and morphisms f : C' — A
and g : C — B, f and g factor through a unique h : C — AJ] B. The concept of coproduct
is dual to that of product, i.e. an object A]] B together with monomorphisms i: A - A[[ B
and j : B — AJ]] B such that for every object C and morphisms f: A - C and g: B— C, f
and g factor through a unique morphism h : A[[ B — C. In other words, the following diagrams
commute.

An object S € C is called initial if for for every object A there is exactly one morphism
S — A. An object T is called terminal if for every object A there is exactly one morphism
A — T. A null object is both terminal and initial object. X is called indecomposable if
whenever there is isomorphism X 2 X; [[ X5 then X; or X5 is a null object.
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C C
/ h\‘ / h \
FIGURE 3. Product. FiGURE 4. Coproduct.

1.3. Exact functor.

DEFINITION 2.1. For two categories C and D, a covariant additive functor F' : C — D is
left-exact if whenever we have a short exact sequence 0 —+ A — B — C — 0 in C then the
sequence 0 — F(A) — F(B) — F(C) is exact in D. Likewise F' : C — D is right-exact
if whenever we have a short exact sequence 0 - A — B — C' — 0 in C then the sequence
F(A) — F(B) - F(C) — 0 is exact in D. And F is exact when it is both left-exact and
right-exact.

One of the most important left-exact functors is the Hom(X, ) functor, which is the functor
of our interest in calculating the Ext-groups between simple objects in Ty, .

PROPOSITION 2.2. The functor Hom(X, ) is a covariant left-exact functor. Given short
exact sequences

04 —>A—-A4">0
we have the sequence
0 — Hom(X, A") — Hom(X, A) — Hom(X, A)
is exact. Dually, the functor Hom(_,Y") is contravariant right-exact functor, i.e.
0 — Hom(A”, X) — Hom(A4, X) — Hom(A’, X).

This proposition will be utilized later in the proof of the main result. The standard proof for
this proposition could be found in a category theory or homological algebra textbook.

2. Semi-simplicity and socle filtration

A module M over a ring R is said to be semisimple if it is the direct sum of simple
(irreducible) submodules. Semisimplicity of a module M can be shown [10] to be equivalent to:

(1) M is the sum of its irreducible submodules.
(2) Every submodule of M is a direct summand, i.e. for every submodule N of M, there is
a submodule P such that M = N & P.

For an abitrary ring, an abitrary module M need not be semisimple and hence we would
want to study the maximal (with respect to inclusion) semisimple submodule of M, which is
denoted by soc(M) and is called the socle of M. Equivalently, soc(M) is also the sum of all
simple submodules of M.

For an abelian category C, a chain of objects of C is a set of objects {4, } such that: for
every pair A,, and A,,, exactly one noninvertible monomorphism A,, — A, or A,, = A,
is fixed. We thus have a linear order: w; < wy if A, — A,,. An object A of C is endowed
with a transfinite filtration if there is a well-ordered chain of subobjects {4, } of A such that
UusA, = A.

In the categories introduced in Section [5] below, particularly Ty,, it is shown that every object
X has a transfinite socle filtration, which is built by letting soc!(X) = soc(X) and inductively
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taking the preimage of X/soc’(X) in X. In general enough categories, the socle filtration need
not terminate and may have infinite length. More precisely, we have

0 C soc(X) C soc?(X) = 7, (X /soc(X)) C ... Csoc™(X) = 7r§01( lim (soc?(X))) C ...

q<Rq
where 7; : X — X/(soc’(X)) and my, : X — X/( lim (soc?(X))) are the canonical projections
a<Nq

and we denote the g—th layer soc?(X) = soc?(X)/soc?™1(X).

The socle filtration of an object M has finite length if M = Ugez_,soc®(M) and for some
q € N, the layer soc?!(M) is zero. Then the smallest such ¢ is called the Loewy length of M.
If no such q exists, then the Loewy length is said to be infinite. In [1], the authors have shown
that the indecomposable injectives in Ty, have finite Loewy length. An explicit formula for the
Loewy length of those indecomposable injectives is derived in [L7].

3. Resolution and the Ext functors

We now introduce one of the main concepts in homological algebra, the Ext functor. Let R
be a ring and R—mod be the category of left R-modules. Recall that Hom(A, ) is a covariant
left-exact functor, thus it has the right derived functor Ext®(A, ). We recall the definition of
the functor as follows.

Recall that a left resolution of a R-module M is an exact sequence of modules

d" n
(2.1) L ey op o,

where d,, and € are called boundary maps and augmentation map respectively. Dually, a right
resolution is an exact sequence of R-modules

(2.2) 0 MSE Dy prdy I e 4

With additional conditions imposed on the modules FE,, we can have special types of
resolutions. Specifically, a projective (resp., free, flat) resolution is a left resolution such that all
E; are projective (resp., free, flat) R-modules. Dually, injective resolutions are right resolutions
such that all E* are injective.

A left resolution (resp., right resolution) is said to be finite if there are only finitely many
nonzero modules included in (resp., . In that case, the maximal number n indexing a
nonzero module is called the length of the resolution. Homological dimensions are defined in
terms of length of resolution as well. In particular, the minimal length of a finite injective (resp.,
projective) resolution of a module M is its injective (resp., projective) dimension, and is
denoted id(M) (resp., pd(M)) . Note that id(M) = 0 (resp., pd(M) = 0) if and only if M is an
injective module (resp., projective module).

Given an injective resolution

0=-B—-I1"—>T1"— ..,

we have the corresponding complex for a module A
0 1 2
0 2 Homp(A, I°) 2 Homp(A, I') 25 ...

For i € N, Extlﬁ(A, B) :=ker h'/im h*~! is the homology of the complex at position i. We are
usually concerned with only Ext-groups between simple objects since this functor takes coproducts
(direct sums) in the first variable and products in the second variable to products.

PROPOSITION 2.3. The groups Extg(A,B) defined above are independent of the choice of
injective resolution of B.
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PROPOSITION 2.4 (|18] Proposition 3.3.4]).
(2.3) Extiy(EP Mo, N) 2 [ [ Bxt}y(Ma, N),

(2.4) Extiy(M, [[ Na) = [ ] Bxtiy (M, N).

4. Mackey Lie algebras

From now, all vector spaces and Lie algebras are defined over the fixed algebraically closed
field K of characteristic 0. For a vector space V, we let V* = Homg(V,K) and End (V') = Endk (V)
and abrreviate ®k to ®. Furthermore, all additive categories considered are linear over K and all
additive functors are assumed to preserve this structure.

Here, we will define the Mackey Lie algebra for two vector spaces of the same dimension equal
to Ny, the t-th cardinal number after Xy. For more general definitions and considerations, we refer
the reader to [12] and [1]. Let V and Vi be two X;-dimensional vector spaces, and p : Vi, x V — K
be a nondegenerate pairing that is diagonalizable in the sense that there bases {v}} and {vj } of
Vi and V such that p(v}, vg) = drs. Picking the bases {v}} and {vy} and an arbitrary total
order on the set of indices, we can think of elements of V' (resp., V,) as size-X; column vectors
(resp., row vectors) with finitely many nonzero entries.

For each infinite cardinal g < Ny 1, let VB* C V* the subspace of size-N; row vectors with
strictly fewer than § nonzero entries. We have Vo =V5W =V, and a transfinite filtration

(2.5) ocVic..cVg cVv™

The Mackey Lie algebra g[M = g[M(V*, V') associated to the pairing p is the Lie algebra of
endomorphisms of p, i.e.

(2.6) o™ (Vi, V) = {z € End(V.)|2"(V) € V} = {y € End(V)|y* (Vi) € Vi),

where here * denotes the dual operator. Using the bases {v;}, {v;} and the order as before, we
can think of elements of gI* as X, x N;-matrices with the property that each row and column
has finitely many nonzero entries.

5. The categories Ty, and Ty,
First, we note that V and V* are g[M -modules with the following actions:
g-v=gv forgegMveV,
g-v, = —v,g forgée g[M,v* € V.

Since we have gl - Vi C Vj, the filtration (2.5)) is g[M—stable.i
We now introduce our main categories of interest Ty, and Ty,.

DEFINITION 2.5. Let gl™-mod denote the category of modules over gi™. The category
Ty, is defined as the smallest full monoidal subcategory of g[M—mod containing V' and V, and
being closed under finite direct sums and taking subquotients. The category Ty, is then the full
subcategory of g[M -mod whose objects are arbitrary direct sums of objects in Ty,.

Recall that for a Young diagram A, we have a well-defined Schur functor ey : Vect — Vect
between the category of vector spaces over K. For more detailed treatment, we refer the reader to
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|6] and [7]. For a GL(n,K)-module V, the GL(n,K)-module V) is a direct summand of the tensor
power VI as a GL(n,K)-module. Note that the tensor product V) and V), has the decomposition

(2.7) Vi@V, ~ PNV,

where NY 18 the Littlewood-Richardson coefficient associated to a triple of partitions v, A, u.
We also collect some results in [6], |7], and [17] about the Littlewood-Richardson coefficients
that are used later.

LEMMA 2.6. N, =N},

LEMMA 2.7. If N}, # 0 then |\ = |u| + |v].
LEMMA 2.8. If N;i\,u # 0 then p C A

LEMMA 2.9. If A\, = p; +v; for all i, then N/i‘m =1.

We now look at the classification of simple objects in the category Ty,. First, we introduce
the simple module V,,, over the Mackey Lie algebra g[M . For given partitions p and v, we
have (Vi) € (Vi)®Hl and V,, C V@ and thus (Vi), ® V, C (Vi)®#l @ VeI, By applying the
pairing p : V. x V' — K over |u| - |v| possible positions in VEH @ Vel we get |p||v| different
compositions
(2.8) (V). ®V, C (V*)®|“| Q Vel (V*)®(\#\—1) ® Velri=1),

Let V., be the space of traceless tensors in (V), ® V,, i.e. those annihilated by all

compositions (2.8).
We are now ready to state the classification of simple objects in Ty, .
THEOREM 2.10 (Proposition 4.2 [1]). Given Young diagrams A, ..., Ao, i, v, the object
0

(2.9) Ve = QA Vi), © Vi

s=t
is simple over g[M, and objects obtained for distinct choices of Young diagrams are mutually
non-isomorphic. Moreover, every simple object of Ty, is isomorphic to Vi, . xguw for somet+3
partition Ag, ..., Ao, iy V.

.....

Next, the injective objects in Ty, are arbitrary direct sums of indecomposable injective
objects. Thus it suffices to study the indecomposable injectives in Ty,. The following proposition
characterizes these objects.

THEOREM 2.11 (Corollary 4.25(b) in [1]). The indecomposable injective objects in the category

Ty, are (up to isomorphism,)

t
0

(210) VAt,...,AO,,u,u = ®(V*/V}~i)>\s ® (V*)H @ Vi,

5=t

with respective socles V... xo,u,v @S in@far arbitrary Young diagrams A, ..., Ao, b, V.



CHAPTER 3

Ext-groups and socle filtrations of indecomposables in Ty,

1. Ext-groups in Ty,

In this chapter, we will explore the Ext-groups of simple objects in the category Ty, more
carefully, and will motivate our research question. Recall that from Theorem and we
know that simple objects in Ty, are characterized by 4 arbitrary Young diagrams A1, A, i, v:

Vaiaomw = V5V )Da @ (VR /Vi)x © Vi,
and has injective hull
Vo = (VDA @ (VF/Vi)ry © (V) @ V.
We will now explain the process of building the minimal injective resolution of Vi, xg,uv

0— V>\1,)\07M7V — 1Y — It — ...
First, we let 10 := ‘7>\1-,)\0“Uf11/7 the injective hull of Vi, x,..,v, and thus the sequence
0— V)\17)\07p‘71/ S1°

is exact. Next, we identify Vi, x, ., with its image in 10 = f/,\l,)\o%,,, and construct the quotient
module coker e = I°/Vy, 5, ... Choose I; to be the injective hull of cokere. Then we have an
injective homomorphism ¢° : coker e — I'', which induces a homomorphism d° : I° — I'* whose
kernel is V), xo,u,»- Thus, we have constructed an exact sequence:

0— VAlJ\o,H»V — IO — Il.

Inductively, suppose we have chosen IV, ..., I™ along with d°, ...,d™~!. We consider the quotient
module coker d™~! = I /im d™~! and let I"™*! be the injective hull of coker d™~1. The injective
homomorphism ¢™ : coker d™~ ! — I™*! induces a homomorphism d™ : I"™ — I"™*! with kernel
equal to im d™~!. We thus have a following exact sequence (with possibly infinitely many nonzero
terms), denoted by I*

0 1 n—1 n
(3.1) 0= Vapmopw = 105 4 2 &
The injective resolution I* above is by definition the minimal injective resolution of Vi, x,,u.»
and its length equals the injective dimension of Vx, g, v

PROPOSITION 3.1 (cf. [1]). The minimal injective resolution I* of a simple module Vx, xq,uv
has finite length, i.e. there exists n € N such that I'™ = 0 for all m > n. Thus, every simple
object in Ty, has finite injective dimension.

From now on, we only speak of the injective resolution when referring to an injective
resolution of Vi, xg,uv

We now motivate the research question: In the paper [1], Chirvasitu and Penkov have
established the striking result that the category Ty, is Koszul self-dual, in the sense that a certain
type of Koszul coalgebra C' is isomorphic to the opposite of its Koszul dual. This yields a corollary
that helps us calculate the higher extension groups for simple objects of Ty,.

9



10 3. EXT-GROUPS AND SOCLE FILTRATIONS OF INDECOMPOSABLES IN Ty,

COROLLARY 3.2 (|1, Corollary 3.37]). For two simple objects in Ty, and every i > 0, we have
(3.2) dim Ext? (W .0, W 1) = multiplicity of Wy ()1, in &q+1(W)\/7(#/)L,V/).

This corollary establishes a relation between socle filtrations and higher extension groups for
simple objects in Ty,. However, it does not hold in general. Indeed, already in the category Ty,
this relation fails and there is no simple conjugating pattern, as explained in this example.

ExXAMPLE 3.3. Consider the socle filtration of the indecomposable object %7(1)7(1),@:

Vi2),0,0,0 ® V(1 1),0,0,0
2V 0,0
Ve, .0 © V@,(z),w,@ S W, (1,1),0,0
V(b,(1),(1),(z)

and the injective resolution of its socle
0= Vo.ay.m.0 = Vo.a.m.0 = Vw.e.me © Vo0 © Vo100 = Vay.a).00 = 0.

It shows that dim E><t2(V(1)7(1),@,@7 Vi1),(1),0,0) = 1. Note that by conjugating any Young diagrams
from the indices of Vj (1),(1),0 and V(1) (1),9,0 We obtain the same objects Vy (1) (1),0 and V(1) (1),0,0
again. On the other hand, the multiplicity of V() (1),9,¢ in @3(‘7@7(1)’(1)7@) is 2.

Therefore, we are motivated to study the open problem of computing Ext-groups of simple
objects in Ty, .

2. Socle filtrations of indecomposable objects in Ty, and Ty, and supporting lemmas

In this chapter, we will prove some lemmas about the multiplicities of the socle filtrations
of indecomposable injective objects, which will be of much use in the next chapter. Note that
most proofs here are combinatorial and use properties of Littlewood Richardson coefficients. We
denote by [soc?(X) : Y] the multiplicity of Y in the g-th layer of the socle filtration of X.

First, we describe the socle filtration of an indecomposable injective W,\O%V € Ty,. From
|1, Proposition 4.30 and Lemma 4.28 bis|, we have

(3.3) s0¢! (Wi ) 2 > (W /W)y, @ soc (W), @ W,).

From [1, Lemma 4.29 bis|, we have for ¢ = 1+ (Jv| — |&]|) + |no],

(3.4) [s0c (W), © Vy): Wyl = 3O NE | NZSNY .
0,0

Similarly, for the indecomposable injectives Vi, ay. v € Tx,, from |1, Proposition 4.30 and
Lemma 4.28 bis|, we have for ug +y = g + 1:

(3.5) 50¢! (Vi nguuw) 2 D0 (V7 VI @50 (V7 /V)s,) @ s0c! (V) @ V).

From |1, Lemma 4.28 bis|, the only simples appearing as constituents of soc"® ((V*/V,),,) are of

the form V;,, ;0.0 with || = uo — 1, and

(3.6) [0 (V" /Vi)xe)t Vi mo,0,0] = Nmo,no

Furthermore, from |1, Lemma 4.29 bis|, when y = 1 + (|v| — |£]) + |no] + 2 |m1]

(3.7) [soc? (V") @ Vi)t Viogcl = D N2, N7 NESGNE 5.
1,70, S

We now prove some useful lemmas for later chapters. We first show that the multiplicity of
Wie.e,¢c in the socle filtration of W,\0 v 18 the same as the multiplicity of Vp . ¢ ¢ in V@ Aospior-
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LEMMA 3.4.
(3-8) [My(%,xo,u,u)i V@mo@(} = [&y(WAo,u,u)i ans,c} :
Proor. First, from , we have for ug +y =q+ 1,
(3.9) $0¢? (Vo ag ) = D s0c" (V7 /Va)x,) @s0c! (V) @ V).
When n; = 0, from it follows that the simples Vj ,, 9.0 can only appear in soc!((V*/Vi)x,),
and
B0 el < - IR

In that case, from (3.7), we have for y = 1 + (|| — [£]) + |no|
[s0c (V) @ Vo): Vimeec] = N oNzs g NEGNE 5

0,70
T1,70,0

— 12 ™o 14
=D N W NISNEs,
7T0,5

since NT‘:I o 7 0 only when 7 = p and Nl’j@ = 1. Note that this latter multiplicity is the same as

(3.4), the lemma thus follows.
OJ

The next lemma shows that no simple modules of the form V;, ;¢ ¢ with [£] +|¢| > 0 appear
in the socle filtration of Vi, x,.0.0-

LEMMA 3.5.
[@q(f/)m)\o,@_,@): Vm,no,ﬁ,c} =0 wunless £ =¢=0.

ProOF. This follows immediately from (3.5). Since soc?((V#)g ® Vj) will not contribute to
the tensor product, we have

(3.11) 0! (Va, a0.0,0) = D (VF/VR A, @s0c™ ((V*/Vi)x,)-

From (3.6)), soc"*((V*/Vi)x,) has only irreducible submodules of the form V;,, ;. 9 4. Since there
is no modules of the form V), x,,u. with [£] 4+ || > 0 in either of the tensorands, they will not
appear in the final result as well. O

Here is the analogous result for VT/AO, 10,0

LEMMA 3.6.
50" (W 00): Winec| =0 if ¢ # 0.

PRrROOF. From (3.3)), we note that the first tensorand is (W*/W,),,, thus we only need to
check that no modules of the form W, ¢ . with ¢ # () appear in soc?((Wx), ® Wy). From (3.4),

we have

[s0c(W*),, @ Vo) Wagecl = 3 NE . NISNE s =0

ﬂ'(),6
since N?,é =0 for all ¢ # 0. O

The next lemma is an important ingredient in Proposition 4.30.
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LEMMA 3.7.
[@y(f&l,xo,m,m)i Vm,nu,@,m} = [&y(WAI,AO,@)i W00 -
PrROOF. When p=v =), becomes
(3.12) S0 Vs, r000) = SV /U ) @500 (V* Vo)),
whereas for Wy, x,.05 becomes

[s0c!(W*)xo @ Vo) : Wiy o0] = Z NT)V\:’WIN"%Ov(;N(g),& = ZNﬁg’mN:”Oﬂ@ = Nr?oo,m'
70,0 )
Thus [soc((W*)r, ® Ve): Wy, o) = [506% ((V*/V2)x,)): Vi o] From (B12) and (B3),
we have
{ﬂy(f/}\l,/\o,@,@): Vm,ng,@,@} = [@y(v’v)\l,)\g,@): Wm,no,@} *
O

Last, we prove a lemma that would help us obtain a new injective resolution when we tensor
with a factor.

LEMMA 3.8. For an injective module I in Ty, , the following modules are also injective:
(1) (V*/Vi ) @1,
(2) (V*/Vi)x, @1,
(3) (V") @1,
(4) Va1

Proor. We will prove the statement for (V*/Vyy )i, ® I, the rest of the Lemma follows a
similar argument. We can write each injective module I as finite direct sum of the indecomposable
injectives Vy, 1 = (V¥ /VE )ar @ (V¥ /Vi)a, @ (V*)w ® V,r. By the Schur functor, we have

* * * * AY * *
(3.13) (V*/a ® (VS /ViEn = NG (V7 Vs
Y
where the multiplicities N ;‘,1/1/ A, are Littlewood-Richardson coefficients given by Littlewood—Richardson

rule. Therefore, (V*/ VR, )a, ® I is again a finite direct sum of indecomposable injectives, thus an
injective module. O



CHAPTER 4

Results

1. First result

In this section, we compute Exti(‘/}n’)\oyﬂyl,, ‘/@’)\67#/’1,/) by reducing to a result in the category
Tx,- As pointed out in the Introduction, we write V), ;.0 and Wy, .., for the simple modules
in Ty, and Ty, respectively. We first look at an example.

EXAMPLE 4.1. An injective resolution of Vj g (1,1),(1) is

0 — Vio,(1,0,1) = Vao..1).1) = Voo ® Vo a),a).) = V1,00 B Vo, 2),0,(1) — 0.

Hence the nonzero Ext-groups Ext’ (X, Vp 9 (1,1),1)) for simple modules X are

Ext®(Vp.0,01,1),(1) V0.0,,1),(1)) = K,
Ext! (Vo,0,).0: Vo.0,0,0,0) = Ko Bxt! (Vi ),0),1): Voo, 11.(1)) = K,
Ext®(Vo,(1),0.0: Vo.0,0,0),1) = K Ext®(Vi,2),0,1): Vo.0,0,0),1) = K-
Motivated by this example, our goal of this section is to show the following Theorem.
THEOREM 4.2.
(4.1) EXt?er (Vo xoumrs Voryw ) = Eth4r,<0 (Wg s Wyt 0r)-

Our main strategy goes as follows: We will use a reduction process suggested by torsion theory.
In particular, we define a torsion class 71 that contains Vj », ..., then reduce the Ext-groups for
simple objects in 77 to Ext-groups for simple objects in Ty,. Following [4], we first recall the
notion of a torsion theory.

DEFINITION 4.3. [4] A torsion theory for an abelian category C is a pair (7, F) of strictly
full subcategories (i.e. full and closed under isomorphisms) 7, F of C satisfying:

(1) Extension Axiom: For each object X of C there is an exact sequence:
0—->T—>X—F—0,

with T € T and F € F.
(2) Orthogonality Axiom: Hom(7T,F) =0 for each T € T,F € F.

T is then called a torsion class, and F is called a torsion-free class.

Let 71 be the strictly full subcategory of Tx, whose objects Y admit filtrations with simple
subquotients of the form V. . For each object X, let X; be the maximal subobject of X
which is an object in 7;. On the other hand, let F; be the strictly full subcategory whose objects
admit filtrations with simple subquotients of the form V;,, ., ¢ ¢ for n; # . We will show that
(71, F1) is a torsion theory of Ty, . First, we study the maximal subobjects in 77 of simple objects
and indecomposable injectives in Ty, .

13
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LEMMA 4.4. We have

4.2) (Voo )t = Vo xo s

4 3) (VAl,Ao,u l/)t 0 if M1 ?é 0,

4.4) Voo )t = (Vi /Vidro @ (Vi) @ Vi, and
4.5) (Vaidopw)t =0 if A #0.

PRrROOF. The first two equations are obvious since Vp ., € T1 and Vi, x, 0 € F1 for
A1 # 0. For the last equation, note that soc (f//\l)\o,u v) = V10,00 18 & simple module with
A1 # 0. Thus, all nonzero subobjects of V)\I’AO’# v contain Vy, xy.u,v, and (V)\l,)\(] ww)e =0 in this
case.

Note that Vp x,, ., is of dimension at most N; thus (f/@’)\o’u,y)t is the maximal subobject
of Vi x,u,» With dimension at most ®; (so that the subquotients of its filtration have the form
Vi.no.€,¢)- Thus, the third equation follows

Voo )t = (V& /Vidro ® (Vi)u ®@ V.

LEMMA 4.5. The quotients VAlonyﬂyy/(Vxl’Aoyﬂyy)t are objects in Fi.

PRrROOF. We note that for A1 # 0, Va, xo.uw/ (Vay dopiw )t = Vardouw 15 an object of Fy. For
the quotient Vi x, .0/ (Vo xg,uv)t» We have the filtration:

(4.6)  (VR,/Va)ao @ (Vi) @ Vo € (Vi /Vi)ao © (V) @ Vi C (VF/Vi)x, @ (V) @ Vo

The first quotient of the filtration (4.6]) is of the form (V /Vi)x, @ (V*/V{ ), ® V., and the
second quotient of the filtration (4.6) is of the form (V*/V{ )i, ® (V*), ® V,,. Therefore, we

can see that all subquotients of the filtration of ‘7@,,\07“#/(‘7@,,\07%”% have the form V;), n, ¢.c with
M # 0. Thus Vo xg i/ (Vo 30 )t € Fi- -

PROPOSITION 4.6. The category T1 defined above is a torsion class.

ProoF. There is no nontrivial module homomorphism between two nonisomorphic simple
objects. Moreover, simple subquotients in the filtration of T' € 77 and F € F; are of different
forms Vj ;.. and Vi, no ¢.c with 71 # 0 respectively. Therefore, the Orthogonality Axiom follows.

We now check the Extension Axiom: for each object X of Ty,, we embed X into an injective
module I. Let I; be the maximal subobject of I such that I, € 77. Note that I/I; can be written
as direct sum of corresponding quotients of indecomposable injectives V>\1 rospv] (VA1 Aos v )t
Lemma shows that Vi, xo.u/(Vayhe.uw )t (and hence T/1;) has only subquotients of the form
Vir moe,c with my # 0. Thus I/I, € Fy. Let X; = X NI, then X + I; is a submodule of I and
the quotient module X/X; = (X + I;)/I; is a submodule of I/I;. Hence X/X; admits a filtration
with subquotients of the form Vj, ,, ¢.¢ with 71 # 0. In other words, X/X; € F; and we have the
short exact sequence:

0—-X;—>X—X/X; —0.

Therefore, the Extension Axiom is statisfied and 77 is a torsion class. O
We now collect some facts about torsion theory.

PROPOSITION 4.7 (|4} Proposition 2.4]). Let (T, F) be a torsion theory, and M be an arbitrary
object in C. Then there is a unique largest subobject My of M such that M; € T. Moreover,
M/M; € F.
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COROLLARY 4.8 (|4, Corollary 2.5]). The correspondence M — My defines a functort:C — C:
(1) given f : A — B, then t(f) : Ay — By is the restriction of f,

(2) v(A/x(A)) =0,
(3) v* =r.

Hence there is a functor t: Ty, — Ty, is defined by the correspondence X — X; as above.
Lemma [£.4] can be reformulated in terms of this functor t.

We calculate the Ext-groups of a pair of simple objects by building an injective resolution of
the second object. This injective resolution is finite, as explained in Chapter 3. In particular, let

(4.7) 0= Vo =101 = .= 1" =0
be an injective resolution for Vj, Ayt We have the corresponding cochain complex with
Voot
(4.8) 0 — Hom(Vi, xg, s I%) — Hom(Va, ag s I') — oo = Hom(Va, ag s I™) — 0.
COROLLARY 4.9. For the reduction functor v as defined above, we have
Hom(Vp g, L") = Hom(Vp 5y s tI™).

PROOF. This follows immediately from the definition of Torsion theory. As Hom(Vj x, v, )
is left-exact, the exact sequence from the Extension Axiom

0— (") —I"— I"/t(I") — 0
gives rise to the exact sequence:
0 — Hom(Vj xg, i t(I™)) — Hom(Vp xg s ™) — Hom(Vy 5y s I /t(I™)).
Since Hom(Vj x,, 0, I /t(I™)) = 0 due to the Orthogonality Axiom, we obtain
Hom(Vy xg, 0, ©(1™)) = Hom (Vi xg i, 1)
O

Hence, we have an immediate corollary that transfers the Ext-groups of simple objects of the
form Vj 5, .., in Ty, to those in 77.

COROLLARY 4.10.
(49) EXt%'Nl (V(D,/\o,u,l/7 V(D,)\(),u’,l/’) = EXt%—l (V(D,/\o,u,l/7 V(D,)\(),u’,u’)-

.We are now equipped to reduce the Ext-groups Ext%—1 (Vo x0,,00 %7A67H,7ul) to the Ext-groups
Ext?rNO (Wo vy Wiy ). To do so, we utilize a result on ordered categories.

PROPOSITION 4.11. Let C and C' be two ordered finite length tensor categories of finite type
with the property that a bijection between their classes of simple objects

(4.10) a:Se — Ser

is given and is compatible with the socle filtrations of the injective hulls of simple modules in the
sense that o commutes with passing to each layer. Then

(4.11) dim Extf (A, B) = dim Ext, (a(A), a(B)).
PrOOF. Let B be an arbitrary object in C and let

(4.12) 0=+B—=I'"—=..=1"=0

be a finite length minimal injective resolution of B and

(4.13) 0 — Hom(A, I°) — ... = Hom(A, I") — 0.
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Since « is compatible with socle filtrations, we have Hom(A, I*) = Hom(a(A), a(I*)). Thus
(4.14) 0 — Hom(a(A), a(I%) — ... = Hom(a(A), a(I™)) — 0
is the cochain complex for a(B), and dim Extfs(A, B) = dim Ext, (a(A), a(B)). O

First and foremost, we note that all simple objects in the category 77 are (isomorphic to)

Vo,20,1,0» and hence we define the map o between simple objects:
[N 87-1 — STNO,
V@,AO,M,V — W/\07H7V'

Since each of these simple objects are mutually non-isomorphic for different choices of Ag, u, v,
we can see that « is a bijection. Next, we need to check its compatibility with the socle filtration
of the indecomposable injectives.

In [1], we recall the underlying set I of the poset indexing the objects X; € Ty, consists of
all finite tuples

(ng, ..., np, M, M)
of nonnegative integers where each ns = [As|. A partial order on I is defined by setting
(4.15) (ngy ..y no,mym) = (ny, ...,ng,n',m’)
if and only if the following conditions hold:

C.1 If k is the largest index with ny # nj,, then nyg > nj;
C.2 m<m and n <n;
C3ni+..+ng+n—m=n,+..+nj+n —m.

PROPOSITION 4.12. The partial order in Ty induced by the order (4.15|) in Ty, is the same
as the order (4.15)) in Ty, .

PRrROOF. We only need to check that the two sets of conditions in (4.15)) for the two orders in
71 and Ty, are the same.
The conditions in (4.15)) in 77 become

D.1 ng > n{ (as both ny =n} =0),
D.2 m<m and n <n/,
D.3 ng+n—m=ny+n —m,
which are identical to the conditions of the order on the underlying poset of Ty,. O

Lastly, we need to check the following

PROPOSITION 4.13.
(4.16) [50C (¢(Vorg ) Vo] = (506 (W) Wag ]

PrOOF. We prove that both sides of the equation above equal {@y(%’%’%w): V@,Ao,u,v]

First, we need to show that
(4.17) [s0c (¢(Vaxg ) Virospw] = [306 (Vong ) Viorg o]
To do so, we will show that v(Vj, .t ,v) Preserves all simple subquotients of the form Vp 0 ¢ ¢
Note that v(Vp x; ur0r) = (VR /Vi)r, @ (V) ® Vo, and consider the filtration
(4.18) (VR /Vi)a, @ (V) @ Vir (VR /Vi)a, @ (V) @ Vir C(VF/Vi)a, @ (V5 ) @ Vi

The first quotient defined by the filtration (4.18) is of the form (Viy /Vi)x, @ (V*/V{ ) @ Vi
and hence has no subquotients of the form Vj,, ¢ .. Likewise, the second quotient defined by
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is of the form (V*/Vg, )X (V*)w ® Vir and has no subquotients of the form Vj , ¢ .

Therefore all subquotients Vp . ¢ ¢ of V@ .t are preserved in t(f/@ xyout o )s and Equation (4.17)
follows.
The equation

(4.19) [s0C (Voxg ) Vorguwr] = [s06" (Wag ) Wit
was proven already in Lemma which completes the proof. ]

These propositions together with the Proposition [I.11] yield immediately a corollary, which
gives us the desired Theorem [£.2]

COROLLARY 4.14.
(4.20) Ext, (Vo xo . i) = BXET (Wag s Wy ur)-
O

REMARK 4.15. Note that this result does not completely characterize all nonzero Ext-groups
between arbitrary simple objects Va, xg,up with Vi xr v, as it only indicates what happens when
A =10. One might think that all the indecomposable mjectwes appearing in the injective resolution
. have the V@ no.&,¢- But this is not true in general, as shown in the following ezample.

EXAMPLE 4.16.
0= Vo..m.0 = Vo.m.0.0 = Vom0 @ Voo © Vo@.o.w © Voa .0
= Vin,000 © Viuy,,0,0) = 0.

Thus, we have EXt-er1 (‘/(1)7@7(1))(1), V@)(1)7(1)7(1)) =K.

2. Second result

In this section, we will extend the first result from the case where the first two diagrams are
empty to the case where they are nonempty but equal, i.e. EthTNl (Vs xowars Vg gt ). We
start by looking at an example to get some intuition.

EXAMPLE 4.17. We have the resolution for Vp (1) (1), 0
0 = Vo,1),0.0 = Vo.0,00.0 = Vo000 @ V@00 ® Vo100 = Viny,a).00 — 0.
And the resolution for V(1 1) (1),(1),0
0 = Vi, 1),0.00 = Vi, 1,).1).0
= V200,00 @ Vi, 10000 © V0,000 ® Vi .0,1,00
= Vio,0,1,00 ® Via,1,1,),00 = 0.
Thus, we notice that
Bxtr,, (Via, .0, Vi, 1.0),0.0) = Bxtr (Vo,w),).0: Vo,(1),1).0)
= Extr, (W),1).0 W, 1),0);
Extr, (Vi1 1),2,00 Vi1, 1),0),10).0) = Extr, (Vi 2),0,0, Vo,1),(1),0)
= Extr, (W(2),0,0, W(1),1),0)-

More precisely, we will show the following Theorem.
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THEOREM 4.18.
(4.21) Extr, (Vae o Van g ) = EXCr (Vo g s Vorguw )
(4.22) = Extr, (Wi, Wour v)-
PrOOF. To this end, let I* be an injective resolution for Voxg
0= Vonyu =101 — .= 1" 0.

Tensor each term of I* with (V*/V{ ), and note that since VAl,Ag,u’,v’ =V"/VR ) ®‘~/@7)\67#/7y,,

we have an exact sequence

o = (VVEDAM @I = (VF Vi) @I — o= (VF/VE ) @ I" — 0.
Lemma in the previous chapter showed that each (V*/Vy )x, ® I" is injective, and we

thus have an in:jective resolution of Vi, xs v .- Sin~ce Vs xgrwr = (VI VE ) @ Vg vy We

observe that if Vo.xy v 18 & submodule of I*, then Vi, Ap, 07,00 18 @ submodule of (V*/Vljl))\l Ik,

0— V@,XO

i ~ Trosi
Extr, (Vanoumws Vaagrw) = Extr (Voo Vo e)-

3. Third result
Similarly to the first section, in this section, we will compute Ex‘cfrNl (Va120,0,0 V>\'17>\61@70) by
reducing to results in the category Ty,. We first look at an example.
EXAMPLE 4.19. Consider the injective resolution for Vi) (1,1), 9,0:
0 = Vi, 0,00 = Vi, 0,00 = Vim0 @ Vaun,m.00 = Va0 © Vie,n,000 = 0.
Thus, the nonzero Ext-groups are:
Ext?(Viay 1,1).0.0: V.. 1.00) = K,
Ext' (Vi2),1),0.0 V), 0,00) = K Ext! (Vi1 1),1),0,0, V(1)1 1).0, w) K,
Ext®(Vi3)0.0.0, Vi1),1,1).00) =K, Ext’ (‘/(2,1),(2),0,(07 (1),(1,1),0,0) =
Our goal of this section is to establish the following theorem.
THEOREM 4.20.
(4.23) EX’E%NI (Va120,0.05 Vag xg.0.0) = EXt?rRO (W1 20,00 Wy xg0)-

Our main startegy goes as follows: We first define a torsion class 72 in Ty, and then reduce
the Ext-groups of simple objects in Ty, to those of 72. We then define another torsion class 73 in
Ty, and reduce the Ext-groups of simple objects in Ty, to those of 75. Lastly, we show that the
Ext-groups in 75 and 73 are isomorphic.

Let 73 be the strictly full subcategory of Ty, whose objects Y have socle filtrations with
simple subquotients of the form V,,, . 4¢. For each object X, let X; be the maximal subobject
of X which is an object of 75. We will show that 73 is a torsion class.

LEMMA 4.21.
4.24) (Va1 20.0.0)t = Vs 20,0,05
0 ifu#0orv#0,
Ao 0.0)t = =7, 120,00, and
=0 ifu#t0orv#0D.

<z

)t =
(VA dowpr )t

e =

)

(Va
( A1, Ao,pv )t =
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Proor. The first and second equations are obvious since Vi, x,.0.0 € T2 and Vi, x,,uv € F2
for  # 0 or v # (). The third equation follows from the assertion that all simple subquotients in
the socle filtration of the indecomposable injectives of f/,\l,,\m@@ are of the form V,, , ¢ ¢, which
was proven in Lemma in the last chapter. For the last equation, note that SOC(V,\I,M,M’,,) is
simple object Vi, x,u,» With o # 0 or v # (. Thus, all subobjects of VAl,Ao,u,u have Vi, ag,u,v @8
a subobject, hence (Vi x,.u.0)¢ = 0 in this case. O

PROPOSITION 4.22. The category To defined above is a torsion class.

PROOF. Let F; be the strictly full subcategory whose objects admit socle filtrations with
subquotients of the form V;, n ¢ ¢ with & # 0 and ¢ # . The simple subquotients in the
filtration of T € T3 and F € F; are of different form: V,,, ;. 09 and V;, noe.c with £ # 0 or ¢ # 0
respectively. Therefore, the Orthogonality Axiom follows.

We now check the Extension axiom: for an object X of Ty,, fix an embedding of X into an
injective module I. Let I; be the maximal subobject of I such that I; € 7T5. It immediately follows
from Lemma 4.21 that Vi, x, .0/ (VA xo0)¢ € Fo. And since /I, can be written as direct sum

of quotients of indecomposable injective VAl,Ao.,u,@/(vh,)\o,u,@)u I/1; has only subquotients of the
form Vj,, o .¢.c with & # 0 and ¢ # 0. Thus I/I; € T5. For X; := X NI, by the second isomorphism
theorem X + I; is a submodule of I and X/X; = (X + I;)/I;. By the third isomorphism theorem
(X + 1,)/1; is a submodule of I/I;, hence we infer that all subquotients of X/X; have the form
Vi mo.e,c with € # 0 and ¢ # (0. In other words, X/X; € F; and we have the short exact sequence:

0—-X;—>X—X/X; —0.

Thus, the Extension Axiom is satisfied and 75 is a torsion class. O

Analogously, following Proposition 4.7, we define the functor s : Ty, — Ty, by the corres-
pondence X — X; as above. Lemma 4.21 can be reformulated in terms of s.

REMARK 4.23. We note that the functor s is actually nicer than the previous functor t in the
previous section. The reason is that it sends simple objects and indecomposable injectives either
to themselves or to 0, depending on the last two diagrams.

Due to this nice property, we immediately get
s0c? (Vi x0.0,0): VAQ,A&,{D,@} = [@Q(E(Vxl,xo,@,@))i s(Vay x.00)] -
Following the same steps, we build a finite injective resolution of Vi, x; 0.0
0 1
(4.28) 0=V noo =1 =1 = .. =1"=0
with the corresponding cochain complex for V}, . ¢.0:
(4.29) 0 — Hom(Vi, xg,0,0: 1°) = Hom(Vy, g0 I") = .. = Hom(Va, xg 0, 1)

Similarly to Section 1, we note that the sequence obtained by the functor s is in fact the
same cochain complex (4.29)) due to the following corollary.

COROLLARY 4.24. For the reduction functor s defined above, we have
Hom(V)\l,)\o,w,(Zh In) g Hom(V)\l,)\(),@,m? 51”)'
PROOF. The proof is analogous to the proof of Corollary [£.9]so we will not repeat it here. [J

Therefore, we have also the following.
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COROLLARY 4.25.

(4.30) Extr, (Vay20.0.00 Vayag.0.00) = Exti (Va, x.0.00 Vag xp.0.0)-
O

Unlike Section 1, note that we have to define another torsion category 73 in Ty, to apply the
Proposition [£.11] concerning ordered categories.

Let 73 be the strictly full subcategory of Tyx, whose objects Y admits the socle filtrations with
simple subquotients of the form W, , ¢. For each object X, let X; be the maximal subobject of
X which is an object of T3. We will show that 73 is a torsion class.

PROPOSITION 4.26.

(431) (WAO,/L Q))t = W)\o,y 0>

(432) ( )\o,#,@)t = W)\o,y,@ﬂ

(4.33) (Wxou)t =0 if v#0, and
(4.34) (Wagu)t =0 if v #0.

PROOF. The proof again is analogous to the proof of Lemma together with Lemma
@ showing that all simple subquotients in the socle filtration of the indecomposable injectives
W0 are of the form Wi x.0- O

PROPOSITION 4.27. The category T3 defined above is a torsion class.

PrOOF. Let F3 be the strictly full subcategory whose objects admit socle filtrations with
subquotients of the form W), ., with v # (). The proof is then analogous to the case of 75.
O

The functor t: Tw, — Ty, is defined by the correspondence X — X; as above. Analogously,
we get

COROLLARY 4.28.
(435) EXt}I'RO (W)\O,H,Vh W)\{),u’,@) = EXt’ZE,(W)\o,;L,@a W)\/U,,u/,@)'
O
To reduce the Ext-groups Ext%-2 (VA1,20.0.05 Vs x;,0,00) to the Ext-groups ExtiT3 (Wxi 20,00 Wz xg.00)

we can follow the same steps as above. To do so, we utilize again Proposition [£.11] with the
following map:

5: 87—2 — 87*3,
V>\17)\07@7® — W>\17>\o,@'
Since each of these simple objects are mutually non-isomorphic for different choices of A1, Ag,

we easily see that (3 is a bijection. Next, we need to check its compatibility with the socle filtration
of the indecomposable injectives.

PROPOSITION 4.29. The partial order in Tz induced by the partial order (4.15) in Ty, is the
same as the partial order in Ts induced by the partial order (4.15]) in Ty, .

PROOF. We only need to check that the two sets of conditions (4.15]) for the two orders in 73
and 73 are the same. We use the same notatuon that n; = |A1|, np = |Ag|-
The set of inequalities (4.15]) in 73 becomes:

E.1 If k is the largest index with ng # n), then ny > nj;
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E.2 ny 4+ ng = n} + ny;
If k =0, then n; = nf, thus np = n/0. If kK = 1, then ny > n), then the second condition adds
another condition that ng < n{. Thus, we have

F.1 ny > ni;
F.2 ny < ny;
F.3 ny +ng = nj + ng;
which is identical to the order of the underlying poset of T3 induced by Ty,. O

Since E(VAL/\&@)@) = V)\Q’Aé’@,@ and ’c(VNV,\/l,A(/))@) = WMJ\E)’@’ Lemma gives us the final piece
from Proposition [£.11] on ordered categories.

PropPOSITION 4.30.
[@y(S(VAMg,@,@)): VAI,AO,@,@] = {&y(f(m;%,@)): WAI,AO,@} :

These propositions, together with the Proposition yield an immediate corollary, which
gives us the desired equation (4.20]).

COROLLARY 4.31.
(4.36) Ext?, (Vi 20.0,00 Vagag,0,0) = Extr (W, xo.0, Wy a,.0)-

With that, we have successfully shown the third result from Theorem
Extﬂl (V120,000 Vg xg.0,0) = ExtfrNO (Wi, 20.00 Wy xg.0)-

REMARK 4.32. Note that unlike the first result, Theorem [{.20 completely characterizes all
the nonzero Ext-groups of simple objects of the form Vi, x,.0.0 in Tx,. This is because, as we can
see in Example there are no indecomposable injectives of the form Vg with p £ 0 or
v # 0 in the injective resolution of Vy, x,.0.0-

THEOREM 4.33.

(4.37) EXt%—Nl Va0, .0 VA&J\E),@@) =0 foru#0 orv#0.

Proor. We will show that the indecomposable injectives that appear in the injective resolu-
tion of Vi x,.0,0 all have the form VM,AO,(D,W by induction on the injective dimension.

Base case: k = 0. Since [0 = VAL,\&@,@, the statement holds for k£ = 0.

Induction step: Suppose the statement is true for k. Let M = coker d*~! where d*~! :
I*=1 — I*. By induction hypothesis, the indecomposable injectives in 7*~! and I* are both of
the form V)\W\m@,@. Moreover, by Lemma we note that all simple subquotients of ‘7,\1,)\07@7@
(hence of M = coker d*~! and of I**1) are of the form Virmo,0,0- Thus, the statement holds for
k+1.

Therefore, there are no indecomposable injectives of the form ‘7,\17%7”7” with p# 0 or v #£0
in the injective resolution of Vy; x; g.¢. Since the Ext-groups of simple objects are independent of
the choice of the resolution, we have

Extr, (Vas s Vagap00) =0 for ju# 0 or v # 0.

Putting everything together, we have

EX’C?rNO (Wi 20,0 Wz xg0) if =0, =10,

4.38 Extt (V5 R VY =
(4.38) Ty Vas oy Vag g 0.0) { 0 otherwise
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4. Fourth result

In this section, we will expand the previous result to the case where the last diagrams are the
same, i.e. we will show that:

THEOREM 4.34.
EXtérNO (W)\l,)\o,@a W)\/l,)\é,@) Zf/’[’ = Q)a V= Vlv

4.39 Extt  (V; s VAN 00 ) S
( ) TNl( A1, 0,4, ALAGD, ) {O otherwise .

Proor. This proof follows the proof of Namely, we take the injective resolution of
Vi .00 and tensor each term with (V) (Lemma then shows that each term is again

injective) to get the injective resolution of f/)\/l .07~ Moreover, note that only indecomposable
injectives of the form ‘7,\1’)\079)7@ appear in resolution of V), /g9, thus only indecomposable
injectives of the form VM, 0,0,/ @ppear in resolution of Vyr x/ ¢ .. Consequently,

Extr, (Wi 20,0, Wi g 0) if = 0,0 =1/,

Exti (V; Vv ar o) =
T A1, 0,109 VXN D,v .
Ry AT ALAO 170 0 otherwise .

EXAMPLE 4.35.
0—Vo,,1).0,0,1) f/(2),(1,1),0),(1,1) — ‘7(1),(1),(2),(1,1) — ‘7(2),(2),(2),(1,1) — 0.
Thus, all the nonzero Ext-groups are:
EXtO(V(iJ,(l,l),V),(l, 1) V(Z),(l, 1),0,(1, 1)) =K,
K,

Eth(V(l)7(1),®7(1,1)7‘/(2),(1,1),@,(171)) =
Ext*(Vi2).0.0.(1, 1)+ Vo,(1,1).0,1, 1)) = K.



CHAPTER 5

Conjectures

During the course of this bachelor project/thesis, I have written a numerical Python program
that extends Abhik Pal’s program [11] to calculate the Ext-groups of simple objects in Ty,.
The program outputs the injective resolution of an arbitrary simple object Vi, .., as in the
Appendix. This allows to calculate any Ext-group Ext?rNl (Mai.20,.00 Vg, ho,p,v)- In this chapter,
we collect some conjectures (verified by that program).

1. Injective dimension conjecture

In this conjecture, we consider another aspect of the Ext-groups of simple objects, that is its
injective dimension. Recall that the injective dimension of a simple object Vi, xy.u,» € Ty, is the
minimal length of a finite injective resolution of Vi, x,,u.- It is also characterized as the largest
integer n such that there exists a module A such that EX‘L?Nl (A, Vi, xo,u,v) is nonzero.

CONJECTURE 5.1. The injective dimension of Vi, v 5 the sum of the lengths of the
middle diagrams (leaving the first and last diagrams out), i.e. |Xo| + |-

EXAMPLE 5.2. The injective resolution for Vy (2) (1), ¢ is

0= Vo, @, @), 0= Vo, @, 1,0~ V), @, @08V, @000 V%, 21,00
— ‘7(1,1), 0, (1), 0 D ‘7(1), (2), 0,0 D ‘7(1), (1,1), 0,0 — ‘7(1,1), 1), 0,0 0.
It is of length 3, and thus the injective dimension id(Vp, (2), (1), ¢) equals |(2)] + [(1)].
We also have the injective resolution of V(1,1 1), (1), (1), (2):
0= Vi, 1,1,0).00.2) = ‘7(1’1’1)’(1)’(1),(2)
- ‘7(1,1,1,1),0,(1),(2) D ‘7(2,1,1)70,(1),(2) D ‘7(1,1,1),(1)7(2)7(1) S ‘7(1,1,1),(2),(2)7(2) ® ‘7(1,1,1),(1,1),(2),(2)
- ‘7(1,1,1,1),(2),(2),(1) D ‘7(1,1,1,1),(1),(2),(2) D ‘7(2,1,1),(2),(2),(1) & ‘7(2,1,1),(1),(2),(2) — 0.

We notice that with the large first and last diagrams, the injective resolution becomes
complicated with several indecomposable injectives in each term. However, the length of the
resolution and thus the injective dimension is still 2 = |(1)] + |(1)].

We also expect that a generalization of this conjecture is true in all other categories Ty, .

CONJECTURE 5.3. The injective dimension of a simple module Vi, x,_,,...xo,uv I Tx, equals
the sum of lengths of the middle diagrams |Ai—1| + ... + [Xo| + |pt].

Note that this conjecture indeed holds for the category Ty,, as proven in the following
corollary. We first recall the following proposition about the Loewy length of an indecomposable
injective in Ty, .

PROPOSITION 5.4 (|16, Theorem 2, Section 5] ). The Loewy length of WA’W, in Ty, equals
ul + 1.

23
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COROLLARY 5.5. The injective dimension of Wy ,,,, in Ty, equals the length of the middle
diagram |u|.

PROOF. Due to Corollary [3.2] we conclude that the injective dimension of W) ,,, equals the
Loewy length of W) (,)+ , minus 1. By Theorem L this Loewy length is equal to ( ’ )+ ’ +1)—
()] = Il D

2. Symmetry conjecture

For the case Vj 5, .0, We noticed a symmetry relation with regards to interchanging the
permutations A and . In particular, we have a conjecture that:

CONJECTURE 5.6. Let n = |Xo| + |p|. Then

Ext’ (Vay ao.m05 Vorgu0) = EXt" ™ (Ve () -, 00400 Vo 3.0)-
ExAMPLE 5.7. Here are the injective resolutions for Vy (2) (1), 0 and Vp (1), (2), 0:
0=V, @, @, 0= Vo, @, 1,0~ V), @, @00 V%, 6,009V, 21,00
= Vi1, 0, 1), 0 ® Vi), @, 0,0 ® V), 1.1, 0,0 = Vi1, 1), 0,0 = 0
0—=Vo, @, @, 0= Vo, . @. 0= V. 0. @02 Vo @ @0 Vo @1, @0
= Vi, @, 1,0 © Vo, 21,00 © Vo, 1.1,1), 0, 0 = V), (1,1), 0, 0 = 0
We notice that both resolutions have length 3. Then we have the following symmetry relation:
Ext’(Vi, 2), 1), 0> V0, @), (1, 0) = Ext* (Vo) (1, 1), 0, 05 Vo, ), 2, 0):

Ext"(Via), (1), (1), 05 Vo, 2), (1), 0) 2 Ext*(Via), (1), (1), 05 Vo, (1), (2), 0)-

) = (

Ext'(V, 3), 0. 0: Y0, @. (1), 0) = Ext*(Vo, 1,1.1), 0, 0, Vo, 1), @), 0)»
Ext'(Vo, 2,1), 0, 0: Vb, 2), (1), 0) =2 Ext*(V, (2,1), 0, 0 Vo, (1), 2, 0)»
Ext®(Vi1, 1), o, myV@, @, . 0) =ZExt'(Viay, 0, 2, 0, 0, V0, (1), @), 0)
Ext®(Viy), (2), 0, v)qu), @, (1), 0) ZExt' (Vo 1,1y, 1), 0, V0, (1), (2), 0);
Ext®(Viyy, (1,1), 0, 0- V0, @), (1), 0) = Ext' Vo, @), 1), 0: V0, (1), (2), 0);
Ext* (Vi1 1), 1), 0, 0 V0, @), (1), 0) = Ext®(Vy, 1), @), 0> V0, ), (@), 0)-



Appendix

1. A1+ [Xol + |l + v =2

0= Viy, ), 0,0 = Vi, ), 0,0 = Vi), 0, 0,0 ® Vi1, 0, 0,0 = 0.

0= Vi, 0, 1), 0 = Vi, 0, @, 0 = Vi, @y, 0,0 = 0.

0= Vo, @, 0,0 Vo, 2,0 0= V), @, 0,0 V1,0 000

0= Vo, 1,1, 0,0 = Vo, 1), 0,0 = Vv, ), 0,0 = Vi2), 0, 0, 0 = 0.

0= Vo, 1), 1, 0= Vo, ), (1), 0 = Vi), 0, 1, 0 ® Vo, 2, 0,0 @ Vo, 1), 0,0 = Vi), 1), 0,0 = 0.
0=V, ), 0, 1) = Vo, @y, 0, ) = Vi, 0, 0, 1) = 0-

0= Vo, 0, 2.0 Vo, 0 @ 0=V, @ a0V, a1,0 00

0= Vo, 0, 1,1, 0= Vo, 0, 1,1), 0 = Vo, 1), 1), 0 = Vo, @, 0,0 0.

0= Vo, 0, 1), 1) = Vo, 0, 1), 1) = Vo, 0, 0,0 ® Vo, 1), 0, 1) = 0.

2. Ml ol + [l + v =3

0= Vi), (1), 0,0 = Vi2), (1), 0,0 = Viz), 0,0, 0 © Viz,1), 0,0,0 = 0

0=V, 1),0,0— ‘7(1,1), 1, 0,0 — ‘7(2,1), 0,0, 0D ‘7(1,1,1), 0,0, 00

0= Vi), 0, 1, 0 = Vi2), 0, 1), 0 = Vi2), (1), 0,0 = 0.

0=V, 1,0 q),0 ‘7(1,1), 0, (1), 0 — ‘7(1,1), @, 0,0 0.

0=V, @,0 0 ‘7(1), ), 0,0 — ‘7(2), 1), 0,0 D f/(1,1), 1), 0,0 — ‘7(2,1), 0,0, 0D ‘7(1,1,1), 0,0, 00
0=V, a,1),0,0 ‘7(1), (1,1), 0, 0 — ‘7(2), 1), 0,0 P ‘7(1,1), 1), 0,0 — ‘7(3), 9, 0,0 D ‘7(2,1), 0,0,0 0.
0= Vi), 0, ), 0 = Voo, @), @, 0 = V2, 0, 0,0 @ Vi, 0,0, 0 © Vi, 2, 0,0 © Vay, (1), 0, 0

— ‘7(2), , 0,0 D ‘7(1,1), ), o, » — 0.

0= Vay, 1), 0, 0 = Vi, @, 0, ) = V2, 0,0, 1) © Vi, 0,0, 1) = 0.

0=V, 0, @, 0= Vi, 0, @, 0 = Vi, 0, @y, 0 = Y, 0, 0,0 = 0.

0=V, 0, 1,1, 0 = Vi, 0, a,m, 0 = Vi, ), 1, 0 = Y, @), 0,0 = 0.

0= Vay, 0, ), 1 = Vi, 0, @, ) = Va, 0,0,0 @ Vo, ), 0, @) = 0-

25
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0= Vo, @31, 0,0 = Vo, 3, 0,0 = V), @, 00 = Vi1, 1), 0,0 = V11, 0, 0,0 = 0.
0=V, @), 0,0 Vo, @1, 00V, @ 060V, w00~ Ve, @00 ® V), q), oo
— ‘7(2,1), 0, 0,0 0.

0—=>Vp, 1,1,1), 0,0 — V@, (1,1,1), 0, 0 — ‘7(1), (1,1), 0,0 — ‘7(2), (1), 0, 0 — ‘7(3), 0, 0,0 0.
0= Vo, 2, 1), 0 = Vo, @, 1), 0 = Vi), (0, (1), 0 ® Vo, 3), 0,0 @ Vo, 2,1), 0, 0
>V, 0 @0 @ Vay, @,0 09 V), .1, 0,0 = V1), @), 0, 0 = 0.

0—=Vy, 1,1, (1), 0 — f/@ (1,1), (1), 9 — f/(1)., 0, (1), 0 D ‘7(7), (2,1), 0,0 © V@ (1,1,1), 0, 0
=V 0, .0 ® Vi, @, 00 © Vi, .1, 0,0 = V), 1), 0, 0 = 0.

0= Vo, @, 0, Vo, @0V, @0 0= Ve e w0

0= Vo, 0, 0,1 = Vo, v, 0, @) = Vi, @), 0, ) = iy, 0, 0, ) = 0.

0=V, 1), 2,0 = Vo, 1), @,0—= Vi, 0, 2,09 Vo, @ 1,0 @V, 11,10

— ‘7(1), 1), (1,0 D VV), 2,1), 0,0 @ % (1,1,1), 0, 0 = ‘7(1), 1,1), 0,0 = 0.

0=V, (1), 1,1), 0 — Vo, ), (1,1), 0 — f/(1), 0, (1,1), 0 D Vo, @), @, 0 D Vo, 1,1), (1), 0
=V, @, .0 ® Ve, 3).0,0 9 Vo, 21,00 V1), 2,0,0 0

0= Vo, y, 1, (1 = Vo, 0, 0, ) = Vi, 0.0 @ Vo, 0,0 9 Vi, @,0, 0 @ Vo, @, 0,
=V, 00,0 @ Vi, @), 0, 1) = 0.

0=V, 1), 0. 2 = Vo, 0, 0, @ = Vi, 0,0, 2 = 0.

0= Vo, 1,0, 1,0 = Vo, @, 0, 1,1) = V), 0, 0, 1,1) = 0

0= Vo, 0, 3,0 Vo, 0, 3,0 Vo, @, 0= Ve 1), 1,0 Ve, @11, 000
0= Vo, 0, 21,0 Vo, 0 @1, 0= Vo, @, @, 09 Vo, ), 1,1, 0

= Vo, @, 1,0 ® Vo, 1,1, 1), 0 = Vo, 2,1), 0, 0 = 0.

0=V, 0, 11,0 = Vo, 0, 1,1, 0 = Vo, ), (1,10, 0 = Vo, @), 1), 0 = Vo, 3), 0, 0 = 0.
0= Vo, 0,2, Vo0, @ = Voo 0@ Vo ), q). q)

= Vo, @, 0,0 ® Vo, 1,1, 0, 1) = 0.

0= Voo, 1), (1) = Vo, 0, (1,1, 1) = Vo, 0, (1), 0 @ Vo, (1), (1), (1)

Vo, ), 0,0 ® Vo, 2,0, 1) = 0.

0= Vo, 0, 1), @ = Vo, 0. 1), @ — Va0, 0, 1) ® Vo, 1), 0, 2 = 0.

0=V, 0, 1), (1,1 = Vo, 0, (1, ,1) = Vo, 0,0, 1) @ Vo, (1), 0, 1,1) = O
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3. (M| + [Xo| + [p] + v =4

0= Vi), ), 0,0 = Vi), 1), 0,0 = Viay, 0, 0,0 @ V3,1, 0, 0,0 = 0.

0—= Vo, 1), 00— ‘7(2,1), (1), 0,0 — ‘7(2,2), 0,0, 0D ‘7(3,1), 0,0, 0D ‘7(2,1,1), 0, 0,0 0.
0—=Vu,1,1), 1), 0,0 ‘7(1,1,1), 1, 06,0 — ‘7(1,1,1,1), 0,00 D f/(2,1,1), 0, 0,00

0= Vi), 0. 1), 0 = Viz), 0. ). 0 = Via), 1), 0,0 = 0.

0= Va1, 0. 1), 0 = Ve, 0, 1), 0 = Vizn), ), 0, 0 = 0.

0= Vi, 1,10, 0, (1), 0 = V1,10, 0, (1, 0 = Vi, 1,1), (1), 0, 0 — O-

0= Vizy, @, 0,0 = Vi2), @, 0,0 = Vi), 0, 0,0 ® Vi, @, 0,0 = Vs, 0,00 @ Vie,1,1), 0,0, 0 = 0.
0=V, 1,1), 0,0 =~ ‘7(2), (1,1), 0, 0 — ‘7(3), (1), 0,0 © ‘7(2,1), 1, 0, 0

— Viay, 0,00 © Vis,1), 00,0 © Vi2,2), 0, 0,0 = 0.

0= Va1, 2,00 ‘7(1,1), (2), 0,0 — ‘7(2,1), 1), 0,0 © ‘7(1,1,1), 1, 0, 0

— ‘7(2,2), 0,0, 0D ‘7(2,1,1), 0,0,09D ‘7(1,1,1,1), 0, 0,0 0.

0=V, 1, 0,0 = Vi, . 0,0 = Ve, @, 0,0 © V11, (1), 0, 0

= Va1, 00,0 ® Vie,1,1), 0,00 0.

0= Viz), @, . 0 = Vi, ), 0,0 = Vi, 0, 0,0 @ Ve 0, 0,0 © Vi, ,0,0 ® Vi), (0, 0,0
= Vis), 0, 0,0 ® Viz,1), 1), 0, 0 = 0.

0= Viu,n, 1, . 0 = Va0, . ). 0

— ‘7(2,1), 09, (1), 0 D ‘7(1,1,1), 0, (1), 0 D ‘7(1,1), (2, 0,0 D ‘7(1,1), (1,1), 0, 0

— ‘7(2,1), 1), 0,0 D ‘7(1,1,1), 1), 0,0 0.

0= Via), ., 0. 1) = Ve, ). 0. 1) = Vi 0,0, ) & Ve, 0,0, 1) = 0-

0—=Vu, 1, 1), 0, 1) ‘7(1,1), 1, o, (1) — ‘7(2,1), 9, 0, (1) D ‘7(1,1,1), 9, 0, 1) — 0.

0= Vi2), 0, 2,0 = Vizy, 0, 2. 0 = Vi, ), (0, 0 = Vi), @0, 0,0 = 0.

0= Vi2y, 0, (1,1, 0 = Vi 0, 1) 0 = Vi), 0, 0. 0 = Vi), 23, 0,0 = 0.

0= Vi, 1), 0, 2, 0 = V1), 0, 2, 0 = Vi1, (0, (1), 0 = V1), (1,1), 0, 0 — O

0=V, 0 w1, 0 = Vi, 0, w1, 0 = Vi, @), 1, 0 = V1, @), 0,0 — 0.

0= Vi2), 0, (1. (1) = Vi 0, 0, ) = Vi), 0,0,0 @ Vi), ), 0, (1) = 0-

0= Vi, 0, 0, 0 = Vi, 0, . @ = Vi, 0.0,0 © Vi, @), 0, 1) = 0.

0=V, 3. 0,0 = Vi), 3, 0.0~ Vi, @, 0.0 @ Vi1, @, 0,0

— ‘7(2,1), (1), 0,0 © ‘7(1,1,1), (1), 0,0 — ‘7(2,1,1), 0,0, 0D ‘7(1,1,1,1), 0, 0,0 0.

0=V, 2,1), 0,0 = ‘7(1), (2,1), 0, 0 — ‘7(2), ), 0,0 D ‘7(1,1), ), 0,0 D ‘7(2), (1,1, 0,0 D ‘7(1,1), (1,1), 0, 0
— ‘7(3), 1, 0,0 D 2‘7(2,1), 1, 0,0 © ‘7(1,1,1), (1), 0,0 — ‘7(3,1), 0,0,09D ‘7(2,2), 0,0, 0D ‘7(2,1,1), 0,0,0—0.
0=V, 1.1, 0,0 = Vo, ., 0,0 = Vi), @, 0,0 © VL), (1,1, 0, 0
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= Vi), @), 0,0 ® Vo), (1, 0,0 = Viay, 0, 0,0 ® Viz 1), 0,0 0 — 0.

0= Vi, @), 1,0 = Vi, @, ), 0 = Vo), ), 0,0 @ Vi, 1), 0,0 @ Voo, @, 0,0 @ Vo), 2,1), 0, 0
— ‘7(2,1), 9, (1), 0 D ‘7(2), @), 0,0 D ‘7(2), (1,1), 0,0 D ‘7(1,1,1), 9, (1), 0 D ‘7(1,1), @), 0,0 D ‘7(1,1), (1,1), 0, 0
— ‘7(271)7 1, 0,0 D ‘7(17171), @, 0,0 — 0.

0= Vo, a1, 0, 0 = Vo, @a,m), (0, 0 =

Vi), ), 0,0 ® Vi, @), 0,0 ® Y, @1, 0,0 @ Vi), .11, 0, 0

— ‘7(3), 9, 1), D ‘7(2,1), 9, 1), D ‘7(2), 2),0,0 D ‘7(2), (1,1), 0,0 @ ‘7(1,1), 2),0,0 D ‘7(1,1), (1,1), 0, 0
= Viay, (1), 0,0 ® Viz,1), (1), 0, 0 — 0.

0=V, @, 0, 1) = Vi, @, 0, ) = Vo), ), 0, 1) @ Vi, 1), 0, 1)

=V, 00 1) ® Va1, 0,0, 1) — 0.

0= Vi, (1,1, 0, 1) = Vay, om0, 0 = Vo), ), 0, ) @ Vo, (1), 0, )

— ‘7(3), 0,0, (1) D ‘7(2,1), 9, 0, (1) — 0.
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