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1. INTRODUCTION

In recent years, the theory of representations of the three simple finitary complex Lie algebras
5l(e0), 0(e0), sp(co) has been developing actively, see [4], [5], [14], [16], [17], [20], [21]. In
general, this representation theory is much richer than the representation theory of a simple
finite-dimensional Lie algebra. Nevertheless, some problems admit a simpler answer for sl(co),
0(e0), sp(e0) than for a finite-dimensional simple Lie algebra. This applies for instance to the
classification of primitive ideals in the enveloping algebra U (sl(0)), see [18].

In this paper we solve a classification problem which also admits a relatively simple answer
compared to the finite-dimensional case: This is the problem of classifying simple bounded
weight modules over the Lie algebras s((e0), 0(c0), sp(c0).

The desirability of such a classification has been clear for about 20 years. Indeed, the classi-
fication of bounded infinite-dimensional simple s(n + 1)-, sp(2n)-modules given by Mathieu in
1998 (and following earlier work of Benkart, Britten, Fernando, Futorny, Lemire, and others) has
been a milestone in the theory of weight modules of finite-dimensional Lie algebras. In the study
of weight modules of sl(e0), 0(e0), sp(e), and especially of weight modules with finite weight
multiplicities, a detailed understanding of the simple bounded modules is absolutely necessary.

Soon after the celebrated work of Mathieu [15], and the work of Dimitrov and the second
author [7], Dimitrov gave several seminar talks in which he sketched a classification of simple
weight sl(eo)-modules with finite-dimensional weight spaces. As this classification has still not
appeared, we consider the problem of classifying the simple bounded weight sl(co0)-, 0(e0)-,
sp(eo)-modules from scratch.

Our starting point was a recollection of Dimitrov’s idea that bounded simple sl(eo)-modules
should be multiplicity free. This recollection turned out to be essentially correct, and we show
that all nonitegrable simple sl(e0)- and sp(eo)-modules are multiplicity free.

A brief account of the contents of the paper is as follows. In Section 2 we have collected all
necessary results on weight modules of finite-dimensional Lie algebras. This section is based
on work of Fernando, Mathieu and others, but also contains some technical results for which we
found no reference. Section 3 is a summary of structural properties of the Lie algebras sl(),

0(0), sp(e0). The main results of the paper are spread over Sections 4-7. Section 4 is devoted
1
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to general results on bounded weight sl(c0)-, 0(c0)-, sp(co)-modules. Integrable bounded weight
modules are classified in Section 5, and nonintegrable bounded sl(o0)- and sp(ec)-modules are
classified in Section 6. Finally, in Section 7 the primitive ideals arising from bounded weight
modules are computed.

Acknowledgment. DG was supported in part by Simons Collaboration Grant 358245. IP was
supported in part by DFG grants PE 980/6-1 and 980/7-1. The results in Subsection 5.1 which
concern the modules ATV have been established by the second author together with Aban Husain
while working on her Bachelor’s Thesis at Jacobs University. We also thank Lucas Calixto and
Todor Milev for useful discussions.

2. BACKGROUND ON WEIGHT MODULES OF sl(n+1), 0(2n+1), 0(2n), sp(2n).

2.1. Notation. In this paper the ground field is C. All vector spaces, algebras, and tensor prod-
ucts are assumed to be over C unless otherwise stated. Upper star -* indicates dual space. We
write { )4 for span over a monoid A. By C%>0 we denote the space of all infinite sequences

a = (aj,ay,...) of complex numbers, and by CfZ 0 the set of all finite sequences. Similarly we

define ZfZ>O and Z>on %, For a finite or infinite sequence a = (ay,ay, ...) of complex numbers, by
Int(a), respectively, by Int™ (a) or Int™(a), we denote the subset of Z~( consisting of all i such
that a; € Z, respectively, a; € Z>¢ or a; € Z¢. If a is a finite sequence, we set |a| := Y ;- a;.
For the sequences (x,x,...,x) and (x,x, ...) we sometimes use the short notations x) and x(=*) .
—_——

(n times)

Sequences like (x,x,...,x,,,...,y) may be abbreviated as (x"), y(™)). For arbitrary sets A and B,
—— ——

(ntimes) (m times)
we write A C B (respectively, A C B) if A is a subset (respectively, proper subset) of B. By S'(-)
and A'(-) we denote respectively the symmetric and exterior algebra of a vector space.

2.2. Generalities. Let g, :=sl(n+1), 0o(2n+1) , 0(2n), sp(2n), and let U, = U(g,) be the
enveloping algebra of g,. By b, we denote a fixed Cartan subalgebra of g, and Q, stands for
the root lattice of g,. We use Bourbaki’s notation for the roots of g,, A, stands for the roots of
g» with respect to b,, and in all four cases we have well-definded vectors €; which belong to b,
for g, # sl(n+1). For g, = sl(n+ 1), the vectors €; belong to the dual of a respective Cartan
subalgebra of gl(n+1). For g, = 0(2n+1),0(2n),sp(2n) we identify b with C": b 5 A =
(Ay... An) = X7 Aigi. When g, = sl(n+ 1) we use the same notation A = (Ay,...,4,41) =

?jll A;€; for the weight of sl(n+ 1) and gl(n+ 1), and automatically consider the projection of
A in b;; when we think of A as a weight of sl(n+1). In this connection, note that if Qg(,11)
denotes the root lattice of gl(n+ 1), the projection Qgi(n+1) = On 1s an isomorphism.

A weight module of g, is a module M for which

M= P m

Aeby
where M* = {m e M | h-m = A(h)m,Yh € b, }. The support of a weight module M is the set
SuppM :={A € b’ | M* £0}.
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Unless stated otherwise, we will assume that dimM* < o for any A € Supp M.

The Lie algebra g, has a natural representation, denoted respectively by V,,.1, V2,41, V2, and
Vo for g, = sl(n+1), 0(2n+ 1), 0(2n) and sp(2n). A natural representation is characterized, up
to isomorphism, by its support:

SuppVyy1 ={&|l <i<n+1}forg=sl(n+1),
Supp Vaut1 = {0,%€ |1 <i<n}forg=o0(2n+1),
Supp Vo, = {%¢€|1 <i<n} forg=0(2n),sp(2n).

Let M be a g,-module. We say that a root space g acts locally finitely (respectively, injec-
tively) on M if g& acts locally finitely (respectively, injectively) on every m in M. A weight
gn-module M will be called uniform if every root space of g, acts either locally finitely or injec-
tively on M. A simple weight module M is always uniform. Indeed, let @ € A and 0 # x € g2.
Then the set M () of all vectors m € M annihilated by a (variable) power of x is a g,-submodule.
If M(o) = 0, then x acts injectively. Otherwise M(a) = M and x acts locally finitely, cf. Lemma
3.11in [8].

If M is uniform, we set A, = AM=fin | AM=inf where AM—fin (respectively, AM~inT) is the set
of roots that act locally finitely (respectively, injectively) on M. By C(M) we denote the cone
(AM ’i“f>Z>0. Note that, o, 3 € Aﬁ/lfmj ,a+p €A, implies a+f € Aﬁ/lfmf , see [8]. Therefore,
if y € A,NC(M) then y € AM—inJ,

A bounded weight module (or simply bounded module) M of g, is by definition a weight
module all of whose weight multiplicities are bounded by a fixed constant c: dimM* <c. A
weight module is cuspidal if the root vectors of g, act injectively on M. In particular, every
cuspidal module N is bounded since all weight multiplicities of N coincide. The degree of a
bounded g,,-module M is its maximal weight multiplicity:

degM := max{dimM* | A € b’}.

A multiplicity-free g,-module is a bounded g,-module of degree 1. Note that some authors, see
for instance [2], [3] call multiplicity-free weight modules pointed modules. The essential support
of a bounded module M is

Suppe M :={A € SuppM | dimM* = degM}.

By B(g,) we denote the category of bounded weight g,-modules. It is a theorem of Fernando
[9] and Benkart-Britten-Lemire [2] that infinite-dimensional simple bounded weight modules
exist only for g, = sl(n+ 1), sp(2n). In these cases there also exist simple cuspidal modules.
For g, = 0(2n+ 1), 0(2n), the category B(g,) coincides with the category of finite-dimensional
gn-modules.

By (,) we denote the restriction of the Killing form on b,. The induced form on §} will
be denoted by (,) as well. By W,, we denote the Weyl group of g,. We only consider Borel
subalgebras b, C g, such that b, D b,. Fixing b, is equivalent to fixing positive roots A,

Let Z, be the center of U,. By X3 : Z» — C we denote the central character of the irreducible
b,-highest weight g,-module with highest weight A, where p is the half-sum of positive roots.
Recall that ), = yy if and only if u = w(Vv) for some element w of the Weyl group W,,. As usual,



4 DIMITAR GRANTCHAROV AND IVAN PENKOV

we write w- A for the weight w(A + p) —p for w € W,,, A € b}. Finally, recall that a weight
A € b} is b,-dominant integral if (A, ) € Z> for all @ in A}

2.3. Bounded highest weights modules of s[(n + 1). Throughout the subsection, g, =sl(n+1).
In what follows, we fix b, to be the Borel subalgebra of g, with simple roots & — & for
1 <i < n. With a slight abuse of notation, we will denote the corresponding Borel subalge-
bra of gl(n+ 1) also by b,. By L(A) we denote the simple highest weight module with highest
weight A relative to b,. For two weights A, u we write A > p if A — u is a sum of b,-positive

roots. The reflection corresponding to a root & will be denoted by sq. Set s; := s¢,—¢;,, and

] L SiSi+1---Sk fOI‘nZkZiZl,
Sie-oSk = $iSi—1...5x forl<k<i<n.
For a proof of the following proposition we refer the reader to §3.3 in [11].

Proposition 2.1. Assume dimL(A) < oo. The modules of the form L((s;...s;)-A) for 1 <i,j<n
are, up to isomorphism, all infinite-dimensional simple bounded weight modules which are b,,-
highest weight modules and have central character ) . ,. Furthermore,

AL((S,‘...SJ')A)—in — AL((Sk..,Sg)A)—in
if and only if i = k.
Lemma 2.2. With notation as above, SuppL((s;...sj) - 1) C SuppL(s;- ).

Proof. Let sl(i,n— i) be the subalgebra of g which contains h and has roots
{t(epr—¢&) | k< l<i}U{t(e,—&)|r>s>i}.
By a result of Fernando, see Theorem 4.18 in [9], we have

Supp L((si---5;) - 1)) = Supp Ley(j n—i ((8i---87) - ) + C(L((si-..55) - 1))
The inclusion Supp L((s;...sj) - i) C SuppL(s; - i) follows from the facts that (s;...s;) - 1 < s;- 1
and C(L((s;...sj)- 1)) = C(L(s;- n)) (by Proposition 2.1), and that the supports of L((s;...s;)- 1)
and L(s; - u)) are invariant with respect to the Weyl group of sl(i,n —i). O

2.4. Localization of weight modules. In this subsection g, = sl(n+1) or g, = sp(2n). Let
F ={f1,..., fr} be a subset of pairwise commuting elements of U, with the condition that each
fiis alocally nilpotent endomorphism of U,. Let Fy, be the multiplicative subset of U, generated
by F, i.e. Fy, consists of the monomials fl”l f: ¥, nj € Z>¢. By DrU, we denote the localization
of U, relative to Fy,. Note that Fy, satisfies Ore’s localizability conditions as the operators ad f;
are locally nilpotent, see for example Lemma 4.2 in [15].

For a U,-module M, by DpM := DrU, ®y, M we denote the localization of M relative to Fy, .
We will consider DrM both as a U,-module and as a DrU,-module. By 68 : M — DrM we de-
note the map defined by 6r(m) = 1 ® m. Note that O is an injection if and only if every element
of F acts injectively on M. In the latter case, M will be considered naturally as a submodule of
DrM.

It is well known that D is an exact functor from the category of U,,-modules to the category
of DrU,-modules. The following lemma follows from Lemma 4.4(ii) in [15].
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Lemma 2.3. Let a € g;f and F = { fo } for some fo € g,%. Let also M be a bounded g,-module
such that —o € A= Then degM = deg DpM.

We now introduce the “generalized conjugation” in DU, following §4 of [15]. For x € C* we
define the automorphism @3 of DrU, in the following way. For u € DrU, f € F, and x € C, we
set

X . .

01y~ X (%) ()1
i>0

where (7) :=x(x—1)...(x —i+1)/i! for x € C and i € Z>. Note that the sum on the right-

hand side is well defined since f is ad-nilpotent on U,. Now, for x = (x1,...,x;) € C¥ and

F = {fl,...,fk}, let

OF(u) := H @?}j}(u)
1<j<k
(the product being well-defined because F is a commutative set). Note that, if f* := f}... f,fk for
x € Z* then @% (u) = Fuf >,
For a DpU,-module N we denote by ®%N the DrU,-module N twisted by ®%. The action on
®%N is given by
u-v¥ = (0%(u) v)¥,
where u € DrU,,, v € N, and w* stands for the element w of N considered as an element of
®%N. In the case J = {1,2,....,k} and x € 7K, there is a natural isomorphism of DrU,-modules
M — &M given by m — (f*-m)*, with inverse map defined by n* — £~ -n. In view of this
isomorphism, for x € 7k, we will identify M with ®%M, and for any x € Ck will write f* - m (or
simply f*m) for m™™ whenever m € M. Properties of the twisting functor ®} are listed below.
The proofs of (i) and (ii) can be found in §4 of [15], while (iii) is a standard fact.

Lemma 2.4. Let F = {fi,..., fx} be a set of locally ad-nilpotent commuting elements of U,, M
be a DrU,-module, m € M, u € U, and X,y € C*,

(i) DX DLM =~ OLYM, in particular, DX DM ~ M;

(1) X (u-(F%-m)) = OF(u) -m;

(iii) @} is an exact functor;

For any U,-module M, and x € CX we define the twisted localization Dy-M of M relative to F
and x by DyM := ®%.DpM. The twisted localization is an exact functor from U,-mod to DrU,,-
mod. In the case when F = {fq,, ..., fo, } for some ¢; such that o; + ¢¢; ¢ A and fq, € an %, we
will write DyM and D¥M for DM and DY M, respectively, where £ = { @, ..., 04 }. By definition,
DsM=Mif X =0.

The following provides a classification of simple bounded g,-modules in terms of twisted
localization of highest weight modules, see [15, Theorem 13.3].

Theorem 2.5 (Mathieu, [15]). Let M be a simple infinite-dimensional bounded g,-module. Then
there is a simple highest weight module L, a subset ¥ = {Qy, ..., 04} ofAI,;_mf, and x € C*l such
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that M ~ D§L. Moreover, the central characters of M and L coincide, degM = degL, and
SuppM = x1Q; + - - - +x, 0 + Supp L+ ZX.

Corollary 2.6. Let g, = sl(n+ 1) or g, = sp(2n) and let My and M, be two infinite-dimensional
bounded g,,-modules with the same central character and such that Supp M and Supp M, are in
a single coset A + Qy of Oy in b;. Then either C(M;) = C(M,), or C(M;) NC(M,) is contained
in a hyperplane of .

Proof. The statement follows from description of the singular parts of the semisimple irreducible
coherent families in Sections 9 and 10 in [15], but for the reader’s convenience, a short proof is
provided.

We apply Theorem 2.5 simultaneously to M| and M; and find highest weight modules L;, ¥ C
Aﬁ"_inf, and x € CI*/ ,so that M; ~ D3L;,i=1,2. The fact that we can choose the same X and x for
both M| and M, is not trivial and follows from the notion of coherent family, see Section 4 in [15].
More precisely, since M and M, have the same central character and SuppM; — SuppM> C Qp,
we may assume that M7 and M> are in the same irreducible semisimple coherent family (replacing
M, with a module M) such that C(M,) = C(M)) if necessary). From M; ~ D{L; we easily check
that C(M;) is generated by (—X) UAL ™™ i =1,2. Hence, it is enough to prove the corollary for
highest weight modules.

In this case, the statement follows from the following description of the sets AL=I"" of any
infinite-dimensional simple highest weight bounded g,,-module L.

Let I :={1,...,n+ 1}, I,y :== {1,...,n}. For subsets I of I;; and J of I, set

Aﬁ[(l) = {8i_8j | i 617] ¢I}7 Asp(-]) = {8i+8j78i_8k7_8k_8€ | l7.] GJ’ kve ¢J}
Note that by definition Ag(0) = Ag((I51) = 0. Then the following holds:

(i) If g, = sl(n+ 1) and L has integral central character, then AL~I"f = A(T) for some nonempty
proper subset I of .
(ii) If g, = sl(n+ 1) and L has nonintegral central character, then AL="" = A(1) UA(TU {io})
for some proper subset I of I and some iy € Iy.
(iii) If g, = sp(2n), then AL~ = A, (J) for some subset J of Ip.

Claims (i)—(i11) are direct corollaries from Proposition 8.5 and Lemma 9.2 in [15]. [

Corollary 2.7. Let g, = sl(n+1), and let M be a simple bounded g,-module such that Ext;3 (g0) (F,M) #
0 for some simple finite-dimensional g,-module F. Then M is a highest weight module.

Proof. This is a known fact, nevertheless we provide a proof. Assume that M is not a highest
weight module. Then by Theorem 2.5, there is a nonempty set ¥ and x € C/*lsuch that M ~ DL
for some highest weight module L. The condition ExtIB( gn)(F’ M) # 0 implies that M and F
have the same central character ¥. Since twisted localization preserves central characters, L
has central character y as well. Next ExtIB ( gn)(F ,M) # 0 forces SuppM, Supp F and SuppL to
be in the same Q,-coset in h;. The isomorphism M ~ DL implies that C(L) C C(M). Then
C(M) = C(L) by Corollary 2.6, and hence M is a highest weight module. O
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An important property of the twisted localization is that it preserves annihilators in U,. We set
Ann(-) := Anny, ().

Lemma 2.8. Let M be an U,-module. Then AnnM C AnnDpM.

Proof. Let u € AnnM. Observe that (ad f)'(u) € AnnM for all f € F. This implies that u
belongs to the annihilator of the U,-module DpM. Now the statement follows from the fact that
u- (Fm) = X(@:*(u)-m) = 0 for m € M and x € C¥, by Lemma 2.4(ii). O

Corollary 2.9. Let M be a simple infinite-dimensional bounded g,-module. Then there exists a
simple bounded highest weight module L such that AnnM = Ann L.

Proof. From Theorem 2.5, there is an isomorphism M ~ D}.L for some highest weight module
L. Then AnnL C AnnM by Lemma 2.8. On the other hand, by Lemma 2.4(i), L is a submodule
of DL ~ D;*M. Hence, again by Lemma 2.8 we have AnnM C AnnL. U

2.5. Uniform bounded weight modules of sl(n+ 1) and sp(2n). Recall that every bounded
gn-module, whose support lies in a single Q,-coset, has finite length, see Lemma 3.3 in [15].

Lemma 2.10. Let M be an infinite-dimensional uniform bounded g,-module whose support lies
in a single Q,-coset, and let My, ...,My, F,...,F; be the simple constituents of M, counted with
multiplicities. Assume that the modules M; are infinite dimensional and the modules F; are finite

dimensional. Then Aﬁd —inf _ Aﬁ/l"_inf for all i, and
degM = degM; + - -- +deg M.

Proof. The uniformity of M implies that M has no finite-dimensional submodules. Since M has
finite length, without loss of generality we may assume that M is a simple submodule of M. It is
easy to see that AM—inf = AM=Inf AM—fin _ AMi—fin - AMi=inl - AM—inf g q AM—fin = AMi=fin g
i > 1. Assume that AM=inf £ AMi=I0f £ some i > 1. Then C(M;) # C(M;) and, by Corollary 2.6,
C(M,)NC(M;) is contained in a hyperplane. Therefore there is a root in AY ™ which does not
lie in AM1—inf — AM=inf contradicting the inclusion AMi—inf — AM=inf  Thug AM—inf — AMi=inf ¢
all 7, and consequently, C(M;) = C(M) for all i.

Let X be a basis of Q, such that it consists of commuting roots of Aﬁ’f —inf — Aj,‘,li_inf. Such
a basis exists by Lemma 4.4(1) in [15]. We apply the localization functor Dy with respect to
the Ore subset F of U, generated by fy € g, %, a € X. The functor Dy is exact and DsF; = 0,
j=1,...,0. Therefore DyM has a filtration with consecutive quotients DyM, fori = 1, ..., k. Each
of the k + 1 modules DgM, DyM,...,DyM; has support A + Q, for any A € SuppM, and its
weight spaces have equal dimension. Hence, degDyM = ):f?: 1degDyM;. On the other hand,
after multiple applications of Lemma 2.3, we obtain deg Dy M = degM and deg DxM; = deg M;
fori=1,...,k. Therefore,

k k
degM = degDsM = Z degDsM; = Z degM;.
i=1 i=1



8 DIMITAR GRANTCHAROV AND IVAN PENKOV

Let U,? denote the centralizer of b, in U,,.
The following proposition is crucial for proving Corollary 4.3 below.

Proposition 2.11. Ler g, = sl(n+ 1) and let M’ be an infinite-dimensional bounded uniform
weight g,-module. Assume (M')* is a simple U%-module for some A € Supp.M'. Then, for every
me (M )7‘, the module U, - m is either simple, or is an extension of a simple finite-dimensional
module by a simple infinite-dimensional module.

Proof. Note that since M’ is bounded uniform module, the module M := U, -m is a bounded
uniform module whose support lies in a single Q,,-coset. Therefore, M has finite length. Consider
a short exact sequence

O—-M —M—My,—0,

where M is a simple module. Since M is infinite dimensional, M; is also infinite dimensional,
as otherwise M would not be uniform. We have a short exact sequence of U?-modules

0— M} — M = (M) - M2 —o0.

As (M’ )’l is a simple U%-module, either M fl =0or M% = 0. In the latter case M% = M*, hence
M = M is simple.

Suppose M?* = 0. In the rest of the proof we show in several steps that M, is simple finite
dimensional.

Step 1: Let M, be uniform. Assume to the contrary that dimM, = co. Then Lemma 2.10, ap-
plied to both M and M;, implies deg M = deg M| 4 degM;. On the other hand, degM = dim M A=
dimM% < degM,. Therefore, degM = degM, and degM; = 0, which is a contradiction, hence
dimM, < 0. The simplicity of M, follows form the simplicity of M% as a U-module.

Step 2: Assume that M, is not uniform. Then M, must have a simple finite-dimensional sub-
quotient, as otherwise Lemma 2.10, applied to M, would imply that M; has infinite-dimensional
composition factors M* with AM =inf — AM'=inf gop o] k,¢. In turn, this would imply that M, is
uniform.

Moreover, M, must have a simple finite-dimensional submodule F. Otherwise, M, would

again be uniform. The uniformity of M implies ExtIB ( gn)(F ,M1) # 0. By Corollary 2.7, M| is

a simple highest weight module. As the category B(g,) is stable under the automorphisms of g
from the Weyl group W,,, after twisting M by an appropriate automorphism, we may assume that
M is highest weight module relative to the Borel subalgebra b,,. Since dim M = oo, Proposition
2.1 shows that M| ~ L((s;...s;) - u) for some i, j, 1 <i,j <n, and some dominant integral .
Then F ~ L(u).

Step 3: We note that M ~ L(s; - i) for some i. Consider first the case u = 0. By Lemma 2.2,
there is no o € A such that & € Supp L((s;...s;) -0) for i # j, which shows that Ext{, (L(0), L((s;...s})-
0)) =0 for i # j. For a general u, the statement follows by applying an appropriate translation
functor. In the rest of the proof we fix i.

Step 4: We note that A € SuppL(u) but A ¢ SuppL((s;...s;) - 1) for all j. Indeed, by assump-
tion A ¢ Supp M, where we write 3z < 1 if ) — 5 is a sum of positive roots, therefore Lemma
2.3 implies A ¢ Supp((s;...s;) - u) forall ;.
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Step 5: Next, we claim that [M : L(u))] = [M : L(s;-n)] and [M : L(v)] =0 forall v # u,s;- L.
Let 0 = & — €41 and let 0 % x € g%. Then x : M%) — M5H js injective. On the other hand,
since s;(1) > s;- [ > (s;...5}) - U, the following holds:

M L(s;- )] = dimM** [M: L(p)] = dimM* ).
The injectivity of x : M*i(®) — MSiH yields
(D [M: L(u)] < [M: L(s; - )]

Setd :=degM = dimM*. The previous step shows that degM = d[M : L(ut)]. On the other hand,
one can check that L( ) is isomorphic to a subquotient of the module D fereryy D fej e L((si...s})-

), and by Lemma 2.3 we have deg L((s;...s;) - 1)) > degL(u). Thus

dM : L(n)] = degM > ZdegL((si...sj) W) [M : L((sg...57) - )] > dZ[M : L((si..55) - )]
J J

This together with (1) implies the statement of this step.

Step 6: Consider now the socle filtration of M’. Since there are no self-extensions of L(s; - it)
or of L(u) in the category of weight modules, all nonzero odd layers of the socle filtration of M’
are direct sums of copies of L(s; - i), and all even nonzero layers are sums of copies of L(it). This
shows that the Loewy length of M is at most 3. Indeed, otherwise the submodule of M’ generated
by the preimage in M’ of Layer 4 would be a quotient of a direct sum of Verma modules with
highest weight u, and those do not have finite-dimensional subquotients of their radicals. Next,
the irreducibly of M? as U%module shows that there is a single copy of L(u) in Layer 2. This
together with Step 4 implies that M, is isomorphic to L(u), and we obtain a contradiction with
our assumption that M5 is not uniform.

The result follows. 0

Corollary 2.12. Let g, = sp(2n) and m, A, and M’ be as in Proposition 2.11. Then U, -m is a
simple g,-module.

Proof. The corollary follows from Lemma 2.10 and from the fact that there are no nontrivial
extensions between a simple infinite-dimensional bounded g,-module and a finite-dimensional
gn-module. The latter is a consequence of the observation that the central characters of simple
bounded infinite-dimensional g,-modules are never integral [15]. ]

2.6. The Weyl Algebra D, ;. Denote by D, | the algebra of polynomial differential operators
of (C[Xl,...,xn+1]. Namely, Dn+1 = C[xl,...,xn+1,81, ...,8n+1] with relations x,-o"?j —Xjai = 5,‘]',
XiXj = XjXi, 8i8j = 8j8,~.

In what follows, we set x* ::xiLl xfl’jj]l for A = (A1,...; Any1) €C"FL Let = (Uy, ..., oy 1) €
C"*!. The space of shifted Laurent polynomials

F(u) = {#p|peChi',....x=l ).

is a D, 1-module in a natural way.
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2.7. Simple multiplicity-free modules of sl(n+1). In this subsection g, = sl(n+1). The
classification of simple multiplicity-free weight g,-modules was first obtained in [2]. Recall the
homomorphism U, — D,,;| defined by the correspondence e;; — x;d;, where e;; = €g—g; are the
elementary (n+ 1) x (n+ 1)-matrices. The D, -module F(u) becomes a g,-module through
this homomorphism, and in particular,
€ij oM = ‘lijx#+£i_8j.
Moreover,
Fai(p) = {xp | p € Cl',ox, ! ], deg p = 0} = Span{x* | X — pt € Qgyiuyn)}

is a multiplicity-free g,-submodule of F(u). It is clear that Fg () = Fg(¢') if and only if
p—p' € Qginr)-

Recall that Int(u), Int™ (i) and Int~(u) stand for the subsets of Z~q consisting of all i such
that u; € Z, W; € Z>o, W; € Z~o, respectively. Set

Ver(i) := Span{x* | A — p € Qyy(ns 1), Int™ (1) C Int™ (1)},
Note that V(1) is an sl(n+ 1)-submodule of Fg (). Furthermore, V(') C Vg (u) if and only
if u—p' € Qginy1) and Int™ () C Int™(u').
Definition 2.13. Let V()" = 0 whenever Int* (1) = Int(u). For g with Int™(u) C Int(w), let

Vaw = Y Va).

Vs[(u/)gvs[(“)
Then set X (1) == V(1) /Var (1) ™

The sl(n+ 1)-module Xg(u) is clearly also a gl(n+ 1)-module, and moreover it is simple
(both as a gl(n+ 1)- and an sl(n+ 1)-module). The modules X, (1) have been first studied in [2]
(where Xg(1) is denoted by N(u)).

In what follows, for L = (Uy, ..., Uy+1) we sometimes write Xq((U1, ..., Uyt1) instead of Xq(1t).
The same convention applies to other modules like L(ut), etc.

Definition 2.14. Let u, ' € C*+1.
(i) We write i ~q W' if i — p} € Z for all i, Int* (1) = Int™(1’) and Int~ (1) = Int~ (u').
(ii) We write p ~g ' if t— p' € Q1) and Int™ (u) = Int™(u'). In particular, p ~q p'" if
and only if  ~p ' and u — ' € Qg 1).
In what follows we will sometimes consider elements of C"*! as weights of sl(n+ 1), and
we recall (see Subsection 2.2) that this means that we consider the projection of the respective

sequence into b.
The next theorem follows from Theorem 5.8 and Proposition 3.4 in [2].

Theorem 2.15. Every simple multiplicity-free weight s [(n+ 1)-module is isomorphic either to
X,i(u) for some p € C'1, or to Ai(Vyyy1) for some i, 2 <i<n-—1.

Some properties of the sl(n + 1)-modules Xg(pt) are listed in the next proposition.

Proposition 2.16. Let i € C""! and n > 1. Then the following statements hold:
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(i) The root space s\(n—+1)%~%i acts locally finitely on X4 (1) if and only ifi € Int™ (1) or j €
Int™ (u). In particular, Xs (W) is finite-dimensional if and only if Int™ (1) = {1,...,n+1}
orIntt (1) = {1,....n+ 1}, and X4(v) is cuspidal if and only if Int(v) = 0; in the latter
case Xg(v) = Fgi(v).

(i) SuppXei(p) ={A € C"" | A ~vg u}.
(iii) The central character of Xs((UL) equals |y, +p, where p = (7, %, = 5).

Proof. Parts (i) and (ii) follow in a straightforward way from the definition of X;(ut). For part
(iii) one can use the fact that for a € C, the module M(a) := @y|— Fsi(1)* is a semisim-
ple irreducible coherent family as defined by Mathieu in [15], Section 4. Here -** denotes the
semisimplification of a module of finite length, and the direct sum runs over a complete set u
of representatives of the quotient C"+!/ Qgi(n+ 1) satisfying the condition || = a. Since all sim-
ple subquotients of such coherent family have the same central character (see Proposition 4.8
in [15]), it is enough to look at the central character of the simple highest weight submodule
X:1(a,0,...,0) of M(a). The latter central character is Yy, +p by definition. O

Recall that x*) stands for the k-tuple (x,x, ...,x).

Lemma 2.17. Letn > 1.

(i) Xs((p) and X5(U1') are isomorphic as gl(n+ 1)-modules if and only if i’ ~4 L.
(i) Xg (1) and Xs(U1') are isomorphic as sl(n+ 1)-modules if and only if either L' ~g [ or

{, 'y = {0l (=)t b},

Proof. The “if” parts of the lemma easily follow from the definition of X((t). The “only if” parts
follow by looking at the support and central character of X (1) ~ X4(¢t'), and using Proposition
2.16(i1),(1ii). U

The previous lemma together with Proposition 2.16(i1), (iii) implies the following.

Corollary 2.18. If X, (1) has central character Xce, +p and A € SuppXg((L), then |1 ~g V where
Vi =i+ g (= [A)),

n+1
Let b/, be a Borel subalgebra of sl(n+1). Forip € {1,2,...,n+ 1} and a € C, define

—1 if & — g, is a b),-positive root,
Sb;(io,a)i =4 a ifi= i,
0  if &— g, is a b)-negative root.

By definition &y (io,a) € C™*!, and &y (io,a) = &y (jo,b) if and only if (ip,a) = (jo,b), or iy =
jo+landa=0,b=—1.

Proposition 2.19. Let b), be a Borel subalgebra of s\(n+1). Then Xg (1) is b),-highest weight
module if and only if [t ~( &y (io,a) for some a € C and some iy € {1,...,n+ 1}, and in this case
&y (io,a) is the by-highest weight of Xg (). Equivalently, X5 (W) is by -highest weight module if
and only if there is i € {1,...,n+ 1} so that ; € Z if € — &, is a b),-positive root and |Lj € Z>q
if &, — €; is a b,-positive root.
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Proof. We use the definition of X, ((ut) and verify that, if w € Xg(u) is such that ¢;;-w =0
whenever € — €; is b} -positive root, then w has weight &y (ix,a) for some k and a. The statement
also follows form Proposition 3.4 in [2]. O

Corollary 2.20. If dim X (1) < oo, then Xq(1t) = 8™ (Vay1) for m > 0 or Xg (1) = S™(V,y, ) for
m > 0.

Proof. The irreducible highest weight module with b/, -highest weight &y (io,a) is finite dimen-

sional if and only if ip =1 and a =m € Z>¢, orif ip =n+1 and a = —m € Z . In the former
case, Xg(f) ~ 8™ (Vyi41), and in the latter case, Xg () =~ S™ (V). 0

In order to describe the structure of the restriction Xg (1 )] gi(n) forany g € C1, we set

S(u) = {ke Z | u+ p(k) — ke ~g u for some p(k) € ZZS,}.
i=1

Note that the definition of ~g implies | (k)| = k in the definition of S(ut) above. Also, note that
the set S(u) has one of the following three forms: (—oo,a]NZ, [b,c|NZ, or [d,e) N Z, for some
integers a, b < ¢, d. For k € S(u) we put

S(u)lk] == {u(k> € iZ& | 1+ p(k) — k€1 ~ar u}.

The following lemma is straightforward.
Lemma 2.21. Letk € Z and . = (I, 1) € C**! for some i € C".
(i) Let v=Y" | vigi with v; € Z. Then v € S(u)[k| if and only if:
V[ =k, L+ V ~p [I, —k€rt1 ~D Hpt1€En+1-
(i) Ifk e S(u) and v,v' € S(u)[k|, then Xg(+ v) = Xs(W+ V') as gl(n)-modules (hence

as sl(n)-modules).

Lemma 2.22. Let i = (U,...,Up+1), and & = (U1,..., Uy). Then
Xot(11, - ) gty = D Xar(B 4 p(k)),
keS(u)

where in the sum above (k) is any element of S(1)[k] (¢f. Lemma 2.21(ii)). Moreover, such a
decomposition arises from the eigenspace decomposition of a central element E,, of gl(n) con-
sidered as an endomorphism of Xg((U1, ..., Un+1)-

Proof. The result is straightforward if we consider the linear operator E, = Y\ | E;; — nE,, on
Xsi(M1, ..., nt1). Note that E, maps to Y7, x;dy, —nx,dx, under the homomorphism U (sl(n+ 1)) —
Dn+1 . U

The above lemma together with Lemma 2.17 implies the following.

Corollary 2.23. Letn>2 and u € C"*'. Then the restrictions Xq( (11, ooy M 1) |gi(n) @nd Xst ([ - M) s1(m)
are semisimple and each irreducible constituent enters with multiplicity one.
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Example 2.24. The case n = 2 in the above corollary is special. For example, the statement of
Corollary 2.23 holds for the gl(2)-module X5((—1,1,0)|512) = Xs1(—1,1) ® D0 Xe1(i,0), and is
false for the s1(2)-module X5 (—1,1,0)]42) as the sl(2)-modules X5 (—1,1) and X5(—2,0) are
isomorphic.

Lemma 2.25. Let n > 3. Assume that A = (Ay,...,Ay11) satisfies A; — Aiy1 € Z>q fori > 2 and
that L(A) is infinite dimensional. Then

degL(A) > dimL(A)

where A= (A3,..., Aut1) and L(z) is the finite-dimensional gl(n— 1)-module with highest weight
A.

Proof. Let s := gl(1) @ gl(n) and [ := gl(n) ® gl(1) be the subalgebras of gl(n+ 1) with root
systems {& —€;|2<i## j<n+1}and {g—¢; |1 <i## j<n},respectively. Then p :=s+b,
is a parabolic subalgebra of gl(n+1). Set p:=pNlands:=sN[ There is an isomorphism
s~gl(l)@glln—1)®gl(l).

In the rest of the paper, for a reductive subalgebra a of gl(n+ 1), we sometimes use the notation
Lq(v) for a simple highest weight a-module of highest weight v relative to the intersection of
b,Na.

For a dominant integral gl(n+ 1)-weight 1 = (11, ..., Muy1) and 1 <i<n, set N[i] := s157...5;-
7. Recall that s; is the simple Weyl reflection corresponding to the root €; — €;,1. In coordinate
form we have

77[’] = (nH—l —iL,Mm+ L, s Mi 17ni+2> "-7nn+1)'
By Proposition 2.1, there is a unique dominant integral gl(n+ 1)-weight 1 and a unique i > 1
such that A = n[i]. Set A[1] :=n[i+ 1] if i <n.
Next we note that Lg(,4.1)(4) is isomorphic to the simple quotient of the parabolically induced
module

My(A) =U(gl(n+1)) @yp) F ().

where F(A) denotes the simple finite-dimensional s-module Lgy1y (A1) X Ly, (A2; -, Ant1).-
Furthermore, Mp(A) = Lgy(,11)(2) if i = n, while for i < n there is an exact sequence

0— Lg[(n+1)(2‘[1]) - Mp ()L) - Lg[(nJrl)(A) — 0.

This follows for example from Lemma 11.2 in [15]. Also, for A= (11 ,IZ, ooy Ay A1) We set

M;(A) = U() @y F(A).

where F(I) = Lg[(l)(fi]) &Lg[(n—l) 012, ,fin) &Lg[(l)(fin_kl) isa simple s-module.
Applying the Gelfand-Tsetlin rule we decompose F(A) into a direct sum of simple s-modules:
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where F([") = Lgy1y (A1) B Lgyp—1) (5, -, ) B Lgy1) (1}, ;) and the sum runs over all s-weights
u" with the properties A; < f < 441 and Z;“:Lé Aj= Z;’i; {1 For convenience we assume that
.ul = ()“171‘27 ---aﬂ'n7)~n+1) and .uk = (2‘171‘35 "'7)“n+17)"2)~

It is not difficult to prove that

k
chMy(2) =Y Y chMy(fi' +(—},0,..,0, ).
=1;>0

We claim that the simple [-module L;(ft* + (—;,0,..,0, j)) is isomorphic to a subquotient of
Lgi(ng1)(4) for all j > 1. Indeed, assuming the contrary, we see that Li(i* + (—j,0,..,0, 7))
occurs as a subquotient of Lgy(,4.1)(A[1]) and, in particular, (1 — j, 43, ..., Ay+1,242 + j) belongs
to Supp Lgy(,11)(A[1]). Using Weyl group invariance, we obtain

(2) (2‘1 - j7)“2 +j72‘37 ---7An+1) € SuppLg[(n‘I»l)(A[l])

On the other hand, we easily check that (2) is impossible since A[1] — (A — j, A2+ j, A3, ..., App1) =
(j—x)€1 — j& +x€i 42, where x = 1);1 — Ni+2 + 1, and the weight of the latter form are not sum
of positive roots.

We finally note that g% + (—=N,0,..,0,N) = (4 — N, 23, ..., Ant1,A2 + N) and that there is N
such that the gl(n)-weight (A — N, A3, ..., A4,11) is of the form v[n — 1] for some gl(n)-dominant
integral weight v (in fact N > A; — A, 1 +n — 1). In particular,

M(i* + (=N:0,..,0;N)) = L(u* + (—N:0,..,0;N))
and, hence,
degL(A‘) > degMﬁ(ljk + (_N707 707N)) = ding[(n—l)(A{% "'7An+1)'
U

2.8. Simple multiplicity-free modules of sp(2n). In this subsection g, = sp(2n). We use the
homomorphism U, — D, defined by the correspondence eire; Fr XiXj if i # j, exe, — %xiz,
e_gg; > —0i0; ifiF£ j, e e — —%&iz, where ey, € g are appropriate nonzero vectors. We also
fix b, to be the Borel subalgebra with positive roots {& — &;,—& — & | i < j,k < ¢} and write
L(A) for a simple b,-highest weight module with highest weight A. We call the g,-modules
Cevlx1, ...y xn] and C,ylx1, ..., x,], consisting respectively of polynomials of even and odd degree,
the Shale-Weil modules. Their respective b,-highest weights are (%, %, ey %) and (%, %, ey %)
The two Shale-Weil modules have the same central character which we will denote by Y-

For any u € C", we consider F(u) as a g,-module through the homomorphism U, — D,,.
Then

Feop(1t) == {x'p| p € Clxi, ..., x;"],deg p € 2Z} = Span {x* | A — 1 € Qupom)}

is a multiplicity-free g,-submodule of F(u). It is easy to check that Fgp (1) = Fep(u’) if and
only if u — ' € Qg,. Similarly to Definition 2.13, we define the g,-module X, (1). In particular,

Xep(0,0,...,0) =~ L(3,%,..., 1) and Xgp(1,0,...,0) ~ L (3,4,...,3).
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Definition 2.26. If 1, u' € C", we write fl ~gp ' if @ — U’ € Qy, and Int™(u) = Int™(u’). In
particular, if [l ~gp p' then Int™ (u) = Int™(u').

The following theorem follows from Proposition 3.6 and Theorem 5.21 in [2].

Theorem 2.27. Let n > 3 and let be a simple multiplicity-free weight sp(2n)-module. If M is
infinite dimensional, M is isomorphic to Xg, (1) for some p € C". If dimM < oo then M ~ V5, or
M~ C.

Proposition 2.28. Let u € C" for n > 3.
() If & € Agy(2n), then sp(2n)* acts locally finitely on X (1) if and only if

o € {+e—¢€;,—2¢j, & +¢€,2¢ | jeInt" (1), k €Int (u)}.

In particular, Xqp (1) is always infinite dimensional and is cuspidal if and only if Int(u) =
0, in which case Xgp (1) = Far(10).

(ii) SuppXep() ={A+ (3:3:---,3) [ A ~ep 1},
(iii) The central character of Xsp (L) is Xsw-

Proof. The proof is similar to the proof of Proposition 2.16. Parts (i) and (ii) follow from the defi-
nition of Xgp(14). For part (iii) we use that the module SW := @ ccr /g, Fsp(1)™ is a semisimple
irreducible coherent family all simple subquotient of which have the same central character. Here
the sum runs over a complete set of representatives of the quotient C"/Q,,. Since the simple high-
est weight submodule X;,,(0,0,...,0) of SW has central character ¥, the statement follows. [

Lemma 2.29. The sp(2n)-modules isomorphism X, (1) and Xs, (') are isomorphic if and only
if e .

Proof. Like in the proof of Lemma 2.17, the “if” part follows from the definition of Xsp (1),
while the “only if” part follows from Proposition 2.28(ii). U

To each Borel subalgebra b/, of sp(2n) we assign integral weights @y and &y in Z" as fol-
lows. Let 6 = oy be the map {1,...,n} — {+1,~1} defined by o(i) = & whenever +2¢; is
a bj,-positive root. Let also jo be the unique element in {1,...,n} such that o(i)g; & €j, are b)-
positive roots for all i # jo. Then we set (@ ); = 0if 6(i) = —1, and (@y ); = —1if o (i) = +1.
Furthermore, (& ); = —8;j, if 0(jo) = +1 and (& ); = &;j, if 6(jo) = —1. In particular for the
Borel subalgebra b, that we fixed in the beginning of this subsection, we have w,, = (0,0, ...,0)
and &, = (1,0,...,0).

Proposition 2.30. Let b}, be a Borel subalgebra of sp(2n). Then X, (1) is a b),-highest weight
module if and only if [l ~ep Oy OF WL ~sp Oy + Oy and in this case, @y + (%, e %) and @y +
Oy + (%, s %) are the b),-highest weight of Xsp (L), respectively.

Proof. The statement is straightforward. It also follows from Proposition 3.6 in [2]. 0J

In what follows, we fix the subalgebra g, 1 = sp(2n—2) & C of g, for which the roots of
sp(2n —2) contain &1,...,&,_ 1. Let 4 = (I, u,) € C" for some @ € C"~ 1. We write X5, (F )
for the g,—-module X, (1) XCy,, where C,,, is the C-module of weight p,,. The decomposition
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Xep(1)lg, , can be described analogously to Lemma 2.22. In the case of sp(2n), the analog of
S(u) can be written in more explicit terms. For this we introduce the following notation: for
7€ C, we set neg(z) := —1if z € Z, and neg(z) := 1 otherwise; for a € Z, we put p(a) := 0 if
a is even, and p(a) := 1 if a is odd.

Lemma 2.31. Let n > 2 and p € C" be such that i = (I, W) for some @ € C*~!. Then

Xa(Wlg, , ~ P X5, (H+ p(tn — 1))neg ()€ ).
MnNDﬂn

Proof. The statement follows from considering x,,d, as an endomorphism of X, () and decom-
posing Xsp (1) into a direct sum of eigenspaces of this endomorphism. O

3. THE LIE ALGEBRAS 5l(c0), 0(c), sp ()
In what follows we consider a fixed infinite chain of embeddings of simple Lie algebras
g1 =02 —= ... = 0n — Gnt1 — ...

such that rkg,, = n. In addition, we assume that Cartan subalgebras b, of g, are fixed, and the
embeddings are root embeddings, i.e. 0, is mapped into b, and any h,-root space of g, is
mapped into a root space of g,-1. Then necessarily almost all g,, are of one of the possible four
types sl(n+1), 0(2n+1), 0(2n), sp(2n).

We define g to be the direct limit Lie algebra g = 113 gn- Then, up to isomorphism, g is one
of the three Lie algebras sl(ec), 0(c0), sp(eo), the Lie algebra o(eo) arises from both choices
gn ~0(2n+1) and g, ~ 0(2n). This follows for instance form Baranov’s classification [1].

By h we denote the direct limit ligh i- Then b is a maximal toral subalgebra which is splitting,
1.e. gis a weight module over h. Such splitting maximal toral subalgebras are Cartan subalgebras
according to the definition in [6]. In what follows we refer to b simply as Cartan subalgebra,
and will have b fixed throughout the paper. We recall that, if g, ~ s[(e), sp(ec) there is only
one Autg-conjugacy class of maximal toral subalgebras, and if g ~ o(c0) there are two such
Autg-conjugacy classes [6]. In the latter case we write h = hp if g, ~ 0(2n+1) and h = bhp
if g, ~ 0(2n). The Cartan subalgebras hp and hp are representatives of these two conjugacy
classes.

In this paper we consider only splitting Borel subalgebras b containing b, that is, direct limits
of Borel subalgebras of g, containing h,. Equivalently, b = h® P cp+ g% for some triangular
decomposition A = AT LUA™, where A is the root system of (g,h). Henceforth, we omit the
adjective splitting”. We now consider the cases of sl(c0), 0(c0), 5p(c0) in detail.

For all three Lie algebras there are well-defined linear functions & on h which coincide with
the linear functions &; from Subsection 2.2, when restricted to b, for every n. The weights A € h*
are identified with formal sums X | A;&;, or with infinite sequences (41,A2,...). In the case of
g = sl(e0), two infinite sequences determine the same weight if their difference is a constant
sequence (c,c,...).

Let g = sl(e0). The root system of (g, h) is

5((o0) :{gi_8j|i7éj7 iaj€Z>0}-
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The Borel subalgebras b containing b is parameterized by arbitrary linear orders on Z-. Given
such an order <, the (positive) roots of the Borel subalgebra b = b(<) are {&; — €;|i < j}.
Let now g = sp(c0). The root system of (g,h) is

Agp(oo) = {85—8j,:|:(8k+85) | l#]ak S E, i7j7k7£ S Z>0}'

The Borel subalgebras b of g = sp(ec) are parameterized by pairs (<, o), where < is a linear
order of Z~¢ and 0 : Z~o — {£1} is an arbitrary map. The roots of the Borel subalgebra b(<, o)
are

{G(i)s,- — G(j)€j|i < Jj,i,j€ Z>0} L {G(i)si-l- G(j)8j| i,j€ Z>0}
Let g = 0(e0). Recall that there are two fixed Cartan subalgebras of g: hp of type B, and hp of
type D. The corresponding root systems are
Ap={xe,tete|i#j,i,j€ Lo}, Ap={xe L€ |i# ], i,j€ Lo}

The Borel subalgebras of g containing hp or hp are parameterized by pairs (<,0), where
< is a linear order of Z~ and o : Z~o — {£1} is an arbitrary map, satisfying the following
condition in the case of Ap: if < has a maximal element iy then ¢ (ip) = 1. The roots of the Borel
subalgebra b(<, o) are

{o(i)&li€ Zso}U{o(i)ei—o(j)gjli < j,i,j € Zsot U{o(i)ei+0(j)Ej|i# j,i,j € Z>o}

for h = hp, and are

{o()ei—o(j)gli<j,i,j€Zo}U{o(i)e+0())Ejli# j,i,] € Z=o}

for h = hp.
In all cases, Q4 will denote the root lattice of the pair (g,h). By V we denote the natural
module of g. It is characterized by the fact that

{&ili € Z=o} for g = sl(0)
SuppV — {Oai?i’iez>0} for g =o0(e), h =bhp
{zx&ili € Z-o} forg=o0(),h=bp

{£&ili€ Zso}  forg=sp(eo).

For g = sl(e), we also have the conatural module V,: SuppV, = {—¢l|i € Z~¢}. Furthermore,
note that V ® V, is an associative algebra; the associated Lie algebra is by definition the Lie
algebra gl(e0). Clearly, g = sl(c0) can be identified with the kernel of the trace map gl(e0) — C.

The notions of weight g-module, bounded weight module, multiplicity-free weight module,
cuspidal weight module, and uniform weight module, are carried over verbatim from the case of
gn, see Subsection 2.2. The same applies to the notions of support and essential support, denoted
again by Supp(-) and Supp,(-), respectively.

The enveloping algebra U = U(g) is a weight g-module (with infinite-dimensional weight
spaces) with respect to the adjoint action of f : U = EBBEQQ UB. The weight space U is the
centralizer of h in U.
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Since our fixed embeddings g, — g,+1 are root embeddings, they induce natural monomor-
phisms on Weyl groups: W, — W, 1. We set W := lian and call W the Weyl group of g.

4. GENERAL FACTS ON BOUNDED 5[(0)-, §p(0)-, 0(c0)-MODULES

Let g = sl(c0), sp(e0), 0(c0). A g-module M is locally simple, if for any 0 # m € M there exists
no > 0 such that the g,-module U, - m is a simple g,-module for n > ny.

Lemma 4.1. If M is a simple weight g-module and A € SuppM, then M is a simple U°-module.

Proof. Note that any m € m* generates M over U ,i.e. U -m = M. Hence

U-m= @Uﬁ m= @ M.

BeQq YESuppM
that is UP - m = MP** for every B € Q,. Therefore UP - M* = MP**, and for B = 0 every
m € M* generates M* as a U%-module, i.e. M* is a simple U°-module. U

Lemma 4.2. Let M be a simple weight g-module and let A € SuppM. Then there exists N > 0
such that M* is a simple UY-module for n > N.

Proof. Note that by the previous lemma M? is a simple U%-module. Let d, be the smallest
dimension of an irreducible U?-submodule of M A The sequence d1,d>, ... grows monotonically,
hence it stabilizes at dimM* or at d < dimM?*. In the first case we are done.

Assume we are in the second case. Then let M,’} be the sum of all irreducible U?-submodules
of M* of dimension d. The spaces M,’} form a descending chain of subspaces of M* of di-
mension bounded by d from below, hence have a nontrivial intersection. This intersection is
a U%-submodule of M*, therefore it coincides with M* (as M* is a simple U 0_module) and is
necessarily simple. This means that M* = M,% for sufficiently large n, which completes the
proof. OJ

Corollary 4.3. Every simple bounded weight g-module is locally simple.

Proof. Let M be an infinite-dimensional simple bounded g-module and let A € Supp,, M. Then
by Lemma 4.2 there is N > 0 such that M” is a simple U%-module for n > N. Let m € M* and
set M,, = U,, - m. The same argument as in §2.2 shows that the simplicity of M implies that M is
uniform. Hence M, is uniform. We have two possible cases: dim M,, < oo for all n, or dimM,, = oo
for almost all n. In the first case, for n > N, the simplicity of M as a U,?—module implies the
simplicity of M), as a g,-module.

The second case is possible only for g, = sl(n+ 1),sp(2n) as there are no infinite-dimensional
simple bounded modules of g, = 0(2n+ 1),0(2n), see Subsection 2.1. In this case, Proposition
2.11 implies that all but finitely many M,, are simple or all but finitely many M,, are extensions
of finite-dimensional by simple modules. To complete the proof, it is sufficient to consider the
latter possibility. By Corollary 3.3, this could occur only for g = sl(e0). Assume that for each
n > N we have an exact sequence

0—M —M,—F,—0,
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where M) is an infinite-dimensional simple g,-module and F, is a finite-dimensional g,,-module,
possibly equal to 0. Since Homg, (M, F,+1) = 0, we see that the monomorphism M, — M,
induces a monomorphism M;, — M, ;. Then the simplicity of M implies M = EM,’Z, which in
turn shows that M is locally simple. [

Proposition 4.4. Every simple bounded nonintegrable g-module is multiplicity free.

Proof. Let M be a simple bounded nonintegrable g-module. By Corollary 4.3, M is a direct
limit of simple bounded infinite-dimensional g,-modules M,. Let d,, = degM,, and d = degM.
Lemma 4.2 shows that, if d > 1, then there is N such thatd,, =d > 1 forn > N. By Lemma 2.25,
d, is greater than the dimension of a finite-dimensional simple nontrivial gl(n —2)-module. In
particular, d,, > n— 2, which is a contradiction. O

We classify the nonintegrable simple bounded sl(eo)-modules in §5.1 below. The follow-
ing proposition is a preparatory result for the classification of integrable simple bounded s[(eo)-
modules.

For the rest of the section we fix g = sl().

Proposition 4.5. Let M be a simple integrable bounded g-module. Then M =~ 1imLg, (2 (n))
where, for every n, A(n) is of one of the following five types:
() (1,1,...,1,0,0,...,0), where the number of 0’s and 1’s are both growing when n — oo;
(i) (an,0,0,...,0),
(iii) (0,0,...,0,—ay),
(iV) ([,Ll,...,‘LLk,0,0, ...,0),
(v) (0,0, ...,0, — Uk, ..., —‘Lll),
where k and [y, ..., Uy € Z~ are fixed and such that [; — Uiy | € Z>¢, and a, € Z>( is a monotonic
sequence with lim,_,c a, = oo.

We will prove the proposition with the aid of five lemmas. We start with some notation. For a
fixed n and a dominant integral gl(n+ 1)-weight A = (A41,...,A4,41), we put d(A) :=degLg, (1),
Ip(A) :==max{i > 1| A} =--- = A = A;} (the left part of 1), rp(A) :=max{i > 1| A,_jy2 =
«oo = Ay = Apy1} (the right part of 1).

We also recall the Gelfand-Tsetlin decomposition rule for a simple finite-dimensional gl(n)-
module Lgi(,41)(A1, .-, At 1) considered as a (gl(n) © gl(1))-module (here the roots of gl(n) &
gl(1) are g —¢€j, 1 <i,j <n):

B Ly M A D) l@imeai) = D Lot (as-s M) B Lgyry (|| = |]),

LEGT(A)
where GT(A) is the set of all n-tuples (i, ..., ) such that A; — W; € Z>o, Wi — Air1 € Z>o,
i=1,..,n[22].
Lemma 4.6. Let Ly(11)(A1, .., Auy 1) be finite dimensional, and let u', u" € GT(A) be such that
W 1 and || = W), Then d(2) > d{u') +d(u").

Proof of Lemma 4.6. Let B((n—1) :={veb: ,||(v,a)] <1, forall @ € A,_1} and B(n) :=
SuppL(n)NB(n— 1) for a dominant integral gl(n)-weight n. It is well known that B(1) # @ and
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that B(n) consist of a single orbit of the Weyl group W,,_. We also have
degL(n) = max{dimL(n)" | v € B(n)},

which follows easily from s[(2)-considerations. Hence, degL(n) =dimL(n)" for any v € B(n7).

Now, since pt’ and p” satisfy the conditions of the lemma, we have u’ — u” € Q0,1 and hence
B(u') = B(u"). Furthermore, by (3), the gl(n)-module L(4) has a submodule isomorphic to
L(u') @ L(1"). Choose V = (V1,...; Vi, V1) € SuppLginp1)(A) such that (vi,...,v,,) € B(')
and v, = |A| — |u|. Then

d(A) > dimL(A)" > dimL(u')V1Y) pdim L(p") V1V = d(p) +d ().

Lemma 4.7. If x,0 > 2, then d((x,1,0¢=1))) > min{x, ¢}.

Proof of Lemma 4.7. Note that the (-tuples u’ := (x—1,1,0=2)) and p” := (x,0,0=2)) are in
GT((x,1,04=D)) and |u’| = |u”| = 1. Then using Lemma 4.6 and the obvious fact that d(n) > 1
for all n # 0, we have

d((x,1,0071)) > d(w)) +d(u") > d(p') + 1.
Induction on min{x, ¢} completes the proof. O
>

Lemma 4.8. If x € Z>,, then d((x*),019)) > min{1 + (k—1)(x — 1),£} and d((x*),0)))
min{1+ ({—1)(x—1),k}.

Proof of Lemma 4.8. By (3), we have d((x®),0))) > d((x*~1 1,0¢=1)). Furthermore Lemma
4.6 yields

d((x*D,1,0D)) > a((x%2) x—1,1,072)) +a((x*1,0,071)) > d(x*2) x—1,1,0072))) +1.
By continuing this line of reasoning, we get
d((x*1 1,070y > (%2 x—1,1,02)) 41> -
> d((1W,07) + (k= 1)(x—1) = 1+ (k= 1)(x— 1),
under the assumption that £ > (k—1)(x—1). If £ < (k—1)(x— 1) then
d((x% 1 1,070 > a((*F2) x—1,1,0 ) 41> . > 0.

To prove the second inequality we observe that d((x¥),0())) = d((0, (—x)k)). Now we apply
the same reasoning (but going from right to left) as above for (0%, (—x)¥). O

Lemma4.9. Let A = (A1, ..., Ay11) be a dominant integral weight such that Ay — A1 > 1. Then:
d(A) >min{n+1—rp(A),n+1—1p(1)}.

Proof of Lemma 4.9. As usual, we apply again several times the Gelfand-Tsetlin rule (3). We
first observe that, if i, j > 1 are such that

Ai> A1 2> Mg > > A j > Aig
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then
dA)>d((AM, oy Ais Aigs s Aig s i j 15 oy Ang1)) Hd (M o, A= 1, A, oo, Aig s A 1+ 1, Apr).
Therefore
d(A)>d((A, oy Ais Aigas s iy Aig j 15 ooy Aag1)) +1 2> - > d (A oo, Ay A 1 oy A1) )+
Let now k =1p(A) and ¢ = rp(A). In particular:
M= =h>N 1> 2 A1 > 2=+ = Ay 1.

If we apply the last inequality fori =k and j =n—k — £+ 1, we obtain
@) d(A) > d((A0,00) 4 n—k—0+1.

ButA; >2since A} —A,+1 > 1. So, by Lemma 4.8, d((ll(k) ,0(9)) > min{k, £} and that combined
with (4) completes the proof of the lemma. U

Lemma 4.10. Let k > 2 and let (A, ..., A;) be a dominant integral gl(k)-weight such that A, > 2
and Ay > 0. Then

d((A1, ..., A, 01)) > min{Ay, £}
Proof of Lemma 4.10. Applying k — 1 times (3), we obtain
d((A, o 24,00)) > d (A, oo, M1, 1,07D)) > d((Ag,1,047Dy).
Now by Lemma 4.7, d((41,1,0¢~1)) > min{A;, ¢}, which completes the proof. O

Proof of Proposition 4.5. Let A(n) = (A1,...,A4u+1). If 41 — App1 > 1 and d((A1,...,A441)) is
bounded for 1 — oo, Lemma 4.9 shows that (A;,...,A,,) can be written as (i;,. .., t, 0" —*+1)
or (0=k+1) _ ..., —uy) for some fixed k. Lemma 4.10 shows that if p # 0 for k > 2, then
W1 must be constant when n — oo. The Gelfand-Tsetlin rule then implies that U, ...,y are also
constants, hence A (n) is of the form (iv) or (v). The case when p, = 0 leads to cases (ii) and (iii).
Finally, the possibility A; — 4,1 = 1 yields case (i). d

5. CLASSIFICATION OF INTEGRABLE SIMPLE BOUNDED WEIGHT s[(0)-, 0()-,
5 (e0)-MODULES

5.1. The case of s(c0). In this subsection g = sl(e0). We start with some definitions.

A subset A of Z~ is semi-infinite if both A and Z~( \ A are infinite. For two semi-infinite sets
Ay and A, of Z~(, we write A| = A, if there exist disjoint finite subsets of the same cardinality
Fy, and Fy, of A; and A, respectively, so that A\ Fy, = A \ Fy,. Obviously, ~ defines an
equivalence relation on the set of semi-infinite subsets of Z-.

For a semi-infinite subset A of Z-, let k, be the number of elements of AN [1,n]. Con-
sider the k,-th exterior power A% (V, 1) of the natural representation V,,,| of sl(n+1). Since
A is semi-infinite, we have A% (V,, 1) # 0 for n >> 0. Moreover, there is a unique, up to a
multiplicative constant, monomorphism of g,-modules Akn (V1) < Akt (Vy+2). The resulting
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direct limit li 1‘131\ Vay1) will be denoted by A§ z V and is a semi-infinite fundamental representa-
tion of g. In other words, A2 Vis 1som0rphlc to lﬂl‘ kn) Qlnt1= k")), cf. Proposition 4.5(1).

It is straightforward to check that A IglV ~ A &V if and only if A =~ A,.

Given a Borel subalgebra b(<), we say that b(<) is a A-compatible for a subset A C Z-, if
a<bforallae A, be Z-p\A.

Next, fix an infinite nondecreasing sequence A = (aj,as,...), a; < a;11, of positive integers

with lima,, = . There is a unique, up to a multiplicative constant, monomorphism of g,-modules
84 (V1) <> $9+1(Vip2). The resulting direct limit lim S (V1) will be denoted by STV Note

that STV is isomorphic to @Lgn (an,O(”_l)), cf. Proposition 4.5(ii). For two nondecreasing
sequences of positive integers A| = (aj,as,...) and Ay = (by,by,...), we write Aj ~ A, if a, = b,
for all n greater than some ng. It is straightforward to check that S§ V ~ S V' if and only if
Ay~ A,

Similarly, for a sequence A as above, we introduce the modules S¥V.. These modules are
isomorphic to liﬂLgn (0(”*1), —ay), cf. Proposition 4.5(iii).

Recall that a partition is a tuple . = (Uy, ..., U ) of positive integers satisfying p; > ;41 fori =
1,...,k—1. Given a partition i we define the g-module S*V as a direct limit lim/Zg, (L1, .., tye, 01D,
cf. Proposition 4.5(iv). Clearly, S*V is well defined up to isomorphism. Similarly, we define the
module SHV, as ngn(O("+l_k), — U, .., — M1 ), cf. Proposition 4.5(v).

Theorem 5.1. Let M be a simple integrable bounded weight module of g = sl(e0). Then M is
isomorphic to one of the following:

() A}V for a semi-infinite set A,

(ii) STV for an infinite sequence A as above,
(iii) SFVi for an infinite sequence A as above,
(iv) S*V for a partition U,

(v) SHV, for a partition UL.

All isomorphisms between modules from the above list are : AEIV ~ Azzv for Ay = Ay, Si,V >
Sy,V and S§ V. = SE V. for Ay ~ Aa, S0 = SV, = C (0 stands for the empty partition).

Proof. The statement is a direct consequence of Proposition 4.5 as in each case the modules listed
in the theorem account, up to isomorphism, for all possible direct limit modules from Proposition
4.5. The claim about isomorphisms is straightforward. U

Recall that if b D b is a Borel subalgebra, a g-module M is a b-highest weight module if it is
generated by a vector m such that m € M* for some A € h* and g% - m = 0 for any root & of b.

Proposition 5.2. (a) The modules Az V, S§V and S}V, are multiplicity free.
(b) The following holds:
(1) SUPPATV {ZzeA] & A~ A},
(i) SuppSFV ={A |1, >0,3n:} " ll—an,l—a, aj_ fori > n},
(iii) SuppSyVi={A |4, <0,3n: Y% | A = —au, A = a;—1 —a; fori > n},
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(iV) SuppS“V = {l | 0< )L,' < [,L,} where H = (‘Lll, . ,[.Lk),
(V) SuppS“VtQ: {A0< —A; <} where L= (U, ... L)

(¢c) The module AgV is b-highest weight module for a given Borel subalgebra b D b, if and
only if there is a semi-infinite set Ay C Z~q such that A; ~ A and b is A-compatible.

(d) The modules SV and S}V are not highest weight modules (for any Borel subalgebra
bDh)

) If u=(U1,...,U), the module S*V (respectively, S*V,) is a b-highest weight module
for any Borel subalgebra b O b whose corresponding order < has the property that there
are k indices iy, ...,i; satisfying iy < --- < iy, and iy < i (respectively, iy > --- = iy and
g = )Yi#£i,. ...

Proof. Straightforward. O

5.2. The case of 0(e). In this subsection g = o(ec), and either g, = 0(2n+ 1) for any n or
gn = 0(2n) for any n. Recall that there are no infinite-dimensional simple bounded g,-modules
for n > 3, see Subsection 2.2. Therefore, every bounded simple weight g-module is integrable.

Proposition 5.3. Let M be a nontrivial bounded simple integrable weight g-module M. Then M
is multiplicity free and is isomorphic to 'V or to a direct limit of (simple) spinor modules of g;,.

Proof. Consider the standard embedding gl(e) C g such that b C gl(e0). Here hh = hp or hp. Re-
stricting the weights in Supp M to hNsl(eo) is an injective map as the simplicity of M as g-module
implies that no two weights in SuppM differ by a constant weight ¢} " ; & for ¢ # 0. Conse-
quently, Mg is @ bounded integrable weight sl(e0)-module, and is semisimple by Proposition
3.3 in [17]. Therefore, by Theorem 5.1, M) is isomorphic to a direct sum of modules as in
Theorem 5.1(i)—(v). The sl(co)-weights determine the g-weights up to a constant, and Supp M is
W -stable. Since W contains sign changes, a direct inspection of the sl(eo)-supports of the mod-
ules from Theorem 5.1 (see Proposition 5.2(b)) shows that we have two cases: Supp M=SuppV
or A € SuppM = A; = i%. In the first case, Lemma 4.1 shows that M ~ V. In the second case,
we conclude that M|, is a direct sum of spinor modules. Consequently, M is isomorphic to a
direct limit of finite-dimensional g,-modules which are direct sums of spinor modules. Finally,
Lemma 4.2 shows that M is isomorphic to a direct limit of spinor modules. Consequently, M is
multiplicity free. U

We fix the Borel subalgebra b, with positive roots {& — &;, &+ &,&n | i < j,k <} if g, =
0o(2n+1),and {&g—¢€j,&+¢& | i < j,k <} if g, = 0(2n). Recall that the Lie algebra g, = 0(2n)
has, up to isomorphism, two spinor representations, ;" and 8, , while the Lie algebra g, = 0(2n+
1) has one spinor representation, S,. These spinor modules have b,-highest weights (%, e %, %)
and (%, e %,—%) for g, = 0(2n) and (%, e %, %) for g, = 0(2n+1). It is a standard fact that,
up to a multiplicative constant, there are exactly two weight embeddings of S, into &, 1, which
will be denoted by 1,7 and 1, . In one of them vectors of weight (%)(n) are mapped to vectors

of weight (%)(Hl) )(n) ,—%). Furthermore, it is easy

to check that there are unique, up to multiplicative constants, weight embeddings 8, < 8

n+1°
+ - g- + — -
Sy =8, 1,8, =8, and S, =3, .

, in the other — to vectors of weight ((%
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We now define the spinor weight o(e0)-modules of type B and type D.

Definition 5.4. Let A be a subset of Z~.
(i) By Sg we denote the hp-weight g-module obtained as the direct limit of the weight em-
beddings @y : 8, — Sy+1 defined by @, =1, ifn€ A and ¢, =1, ifn ¢ A.
(i) By SK we denote the hp-weight g-module obtained as the direct limit of weight embed-
dings @, : M, — M, | such that M, =8, ifn € A and M, =8, if n ¢ A.

To a subset A C Z- we assign weights ®® € b and ©? € b, by putting (©?); = (@P); := 1

ifk € A, (08); = (@P); := —1 otherwise. For two weights A, i1 € b we write A ~p 1 if A; = p;
for all but finitely many indices i > 0. For two weights A, u € b7, we write A ~p u if A; # p; for
an even (in particular, finite) number of indices i > 0.

The following theorem, together with Proposition 5.3, completes the classification of simple
bounded o0(e0)-modules.

Theorem 5.5. Let M be a simple weight module which is a direct limit of spinor modules of
0(2n+1) or 0(2n) for n — . Then M ~ 8§ or M ~ 8% for some A C Z~¢. Furthermore,
Sgl ~ 8?&2 if and only if A| ~ A,. In addition, the following holds:
(1) The weight modules Sg and SK are multiplicity free.
(ii) SuppS8 ={A € b} |Ai=%5,4 ~p 0B}, SuppSE ={A €b} |4 =+5,4 ~p 0D}
(iii) A weight A in the support of Sg or SK is a highest weight relative to a Borel subalgebra
b(<,0) if and only if 6 (i) = *1 precisely when A; = :I:%. In particular, the modules 8§
and SK are highest weight modules.
Proof. It is clear that 8§ and 8% account, up to isomorphism, for all direct limits of spinor
modules, therefore the statement that M ~ 88 or M ~ 8 is straightforward. All other statements
are also straightforward, and we leave the details to the reader. O

Remark 5.6. If one considers the subalgebra § = 0(c0) of g = 0(e0) which contains a Cartan
subalgebra hg of g and the root spaces of all long roots of g, then one can check that

SElg =S B8T_\a-
5.3. The case of sp().

Proposition 5.7. Let M be a nontrivial bounded simple integrable weight sp(oo)-module. Then
M is isomorphic to the natural sp(ee)-module V.

Proof. The statement follows by the same argument as in the proof of Proposition 5.3. The only
difference is that the case A; = i% is excluded as such weights are not integral for sp(co). O

5.4. Simple minuscule modules. As in the finite-dimensional case, we call a simple weight
g-module M minuscule if the Weyl group W acts transitively on Supp M.
Corollary 5.8. Up to isomorphism, the minuscule simple bounded weight g-modules are pre-

cisely the integrable multiplicity-free simple weight g-modules, that is, the modules Ag v, S3V,
S3Vi, V, Vs, for g = sl(e0), the modules V and Sg and S{A) for g = o(c0), and the module V for
g =15p(c0).
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Proof. An inspection of the nonintegrable simple weight g-modules classified in Section 6 below
implies that none of them is minuscule. A further inspection of the supports of integrable simple
weight modules from Theorem 5.1, Theorem 5.5 and Proposition 5.7 verifies our claim. O

6. CLASSIFICATION OF NONINTEGRABLE SIMPLE BOUNDED WEIGHT 5[()-,
5p(00)-MODULES

6.1. Families of multiplicity-free s((c0)- and sp(co)-modules. By D(e) we denote the alge-
bra of polynomial differential operators of C[xj,xp,...] where now xj, x; ... are infinitely many
formal variables. The algebra D(eo) is generated by x;, d; for i € Z~, subject to the usual rela-

tions. Furthermore, {x%d# | a, B € (Zzo)fZ”} forms a basis of D(e0) where x* := x{1x32... and
b =oProb
A D(e0)-module M is a weight D (eo)-module if
M= B M dimM* <,
acCZ>0
where M® = {m € M | x;0;-m = a;m, for all i > 1}. Recall that ¢;; € g%~%. The map e;; — x;0;
extends to a homomorphism U(g) — D(eo), which defines a functor from the category of D(eo)-
modules to the category of s[(e0)-modules. We first introduce the sl(e)-analogs of the modules

introduced in Definition 2.13.
Let u € C%>0, Consider the D(e0)-module

Fa(u) = {x"p | peClxi',xy,...],degp = 0}.

Then F5((u) is a multiplicity-free weight module over gl(eo) and s[(eo). Furthermore, we intro-
duce Vg (u) analogously to the finite-dimensional case (see Subsection 2.7). Namely, we set

Ver(i) := Span{x* | A — it € Qyy(0y, Int™ (1) C Int ™ (2)}.
Like in the case of sl(n+1), we have Vg (u') C Vgi(p) if and only if g — p’ € Q) and
Int™(u) C Int™(u').
Definition 6.1. Let V(1) " := 0 whenever Int™ (1) = Int(pt). If Int™ (1) C Int(u) define

Vaw) = Y V).
Ver(1')SVsr(p)

Then set Xy (1) := V(1) /Vir () ™

Note that X, (1) is both a multiplicity-free gl(eo)-module and s[(e0)-module.

In the case of sp(eo), for i = (U1, Uy, ...) we introduce modules X, (1) similarly to the finite-
dimensional case. The difference between the notations Xg(1) and Xsp (1) which we just intro-
duced and the respective notations introduced from Section 2 is that u is an infinite sequence for

g = sl(e0),5p(c0).
Definition 6.2. Let y1 and y' are in CZ>0. We write j1 ~q ' (respectively, [ ~go ') if 1 — ' €
Qgqi(wo) (respectively,  — 1’ € Qgp (o)) and Int* () = Int™ (u).
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Note that p ~g p’ (respectively, 1 ~gp pt) implies Int™ (u) = Int™ (u’).
Like in Subsection 2.7, when we consider an infinite sequence as a weight we automatically
take the projection into h*.

6.2. Main results.
6.2.1. The case g = sl(o0).

Theorem 6.3. (i) Every simple bounded nonintegrable sl(oo)-module M is isomorphic to

Xgi() for some u € C%>0. In particular, M ~ ling[(,u”), where 1" = (U1, ..., Uy).

(i) Xor(u) =~ Xar(1') if and only if L ~g p' or {u, u'} = {0(00)7 (_1)(00)}'

(iii) The root space g% acts locally finitely on Xg (1) if and only if i € Int™ (W) or j €
Intt(u). In particular, Xs (1) is integrable if and only if Int™ (1) = Z~¢ or Int™ (u) =
Z~o, while X(V) is cuspidal if and only if Int(v) = 0, and in that case X(V) = Fg(V).
Furthermore, Xg(1) ~ C (equivalently, X5 (W) is finite dimensional) if and only if © =
00) or p = (—1)=).

(iv) SuppXsi() ={A [A ~g p}.

Proof. We prove (i), the remaining parts follow by (i) and the corresponding statements for the
gn-modules X (u”" 1), see Proposition 2.16(i),(ii) and Lemma 2.17(ii).

By Proposition 4.4, M is multiplicity free. Following the proof of Corollary 4.3, we fix
A € CZ>0 such that A € SuppM, m € M* and N > 0 so that M,, = U (g,) - m is simple for n > N.
Then all M,, n > N, are simple infinite-dimensional multiplicity-free modules. By Theorem
2.15, My ~ X;(v) for some v € CN*!, while by Proposition 2.16(iii) the central character of
My is of the form Ycye +p for some cy € C. Corollary 2.18 implies My ~ Xq((U1, ..., UN+1)
where 1; = A; +x and x = ﬁ (en—A1— ... — Ay41). Since (Ay,...,Ay4+2) € SuppMy41, by
Proposition 2.16(ii), we have My, ~ X (U 4+, ..., Un+1 + ¥, Un+2) for some y, uyo € C.
Since Xg((t1, ..., iy +1) is isomorphic to a submodule of Xg((i1 4, ..., Un11 4 Y, Bv+2)s(v41)s
by Lemma 2.22 we conclude that (tt; +y, ..., Un+1+Y, Un+2) ~st (11, s UN+1, UN+2+ (N+1)y).
Hence we may assume that y =0 and My =~ X5(U1, .-, Un+1, Un+2). Proceeding the same way,
we conclude that there are iy 3, Un+4,... SO that My >~ Xor(Uy, ..., UNagr1), kK > 1.

By Corollary 2.23 there is a unique (up to a constant multiple) monomorphism of sl(n)-
modules Xﬁ[(.ul ) nul’l) - XS[(“I? '“7.“%7“714-1)' Let = (:u“lan? ) and M' = XE[(.““) It is easy
to check that if A’ € SuppM’, m' € (M")*, and M!, = U(g,) - m/, then M/, ~ Xy((l1, ..., bt 1)-
Hence, M ~ M'. O

Remark 6.4. If we consider Xq (1) as a gl(eo)-module, the support changes as the weights of
X,(u) are elements in C%>0. Denote the gl(s0)-support of Xq (1) by Suppy Xst(it). Then one
can show that there is an isomorphism of gl(eo)-modules X (1) ~ X5(1') if and only if 1 ~g 1.
Thus Suppg[Xﬁ[(u) determines Xq(1) up to isomorphism. Consequently, the invariant which
distinguishes two s(e0)-modules X (L) and Xg([") with coinciding supports is their respective
gl(c0)-module structure.

Corollary 6.5. (i) If X5 (1) is integrable, then one of the following holds.
(@) Xsi(u) = 8"(V) or Xq(p) = " (Vs) for some m = 0,
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(b) Xsi (1) ~ STV or Xy () ~ SFVi for some infinite seugence A.
(ii) The simple integrable bounded s\(e0)-modules which are not isomorphic to Xg(U) for

any W (up to isomorphism) are AEV, SV, SYV,, for v = (vi,...., V), k> 1.

Proof. (i). By Theorem 6.3(iii), X4 (1) is integrable if Int™ (1) = Z~g or Int™ (1) = Z~g. If
Int™ (i) = Z~o and y; = 0 for all but finitely many indices i, then Xq (i) ~ S™(V) for m =
Yo Mi. If Int™ (1) = Z~( and infinitely many y; are positive, then Xg (1) ~ S3V for the infinite
sequeence A = (a; = Uy, ...,a; = Uy + -+ Ui, ...). In the case Int™ (1) = Z~(, we consider two

subcases: y; = —1 for all but finitely many indices i, or y; < —1 for infinitely many indices i. In
the first subcase Xq(tt) ~ 8™ (Vi), m = Y;~o(—1— u;). In the second subcase, Xq( (1) ~ SV for
A= (a1 =-1 —Hi,...,a; = —i—ul —---—‘LL,',...).

Part (i1) follows directly from part (i) and Theorem 5.1. O

Remark 6.6. Theorem 5 in [10] shows that any simple weight D(eo)-module with finite-dimensional
weight spaces is multiplicity free. Moreover, [10] provides an explicit description of such modules
which is similar to the construction of the modules Xg(1).

For a Borel subalgebra b of g, we call a simple weight g-module M a b-pseudo highest weight
module if the root space g% acts locally finitely on M for every root o of b, and if M is not
a highest weight module. If M is locally simple and is not a highest weight module, then M
is a b-pseudo highest weight module if and only if it is isomorphic to a direct limit of simple
(b N gy)-highest weight modules. The existence of simple pseudo highest weight modules is an
effect related to the infinite-dimensionality of g, cf. [7].

We now identify the highest and pseudo highest weight modules among the modules X ().
Similarly to the finite-rank case, we first introduce some notation. For a semi-infinite subset A of
Z~q define €(A) € CZ>0 by £(A); = —1ifi € A and €(A); = 0if j ¢ A. Furthermore, for a € C,
i € Z~o and I C Z~q such that iy ¢ I, define &(ig,a,l) € C?>0 as follows:

1 ifiel,
E(io,a,l[)i =4a if i = ip,
0 ifi¢l

Note that €(A) = €(ip,a,]) if and only if eithera = —1, A=1TU{ip} ora=0, A =1.
Recall the definition of an A-compatible Borel subalgebra b(<) from Subsection 5.1.

Proposition 6.7. Let u € C%>0 be such that Int™ () # Z~o and Int™ (i) # Z~g, and let b = b(<)
be a Borel subalgebra of 5().

(1) Xsi() is a b-highest weight module if and only if U ~g €(ig,a,l) for some a,l, iy ¢ 1,
such that b is 1- and (1U {iy})-compatible, or i ~g €(A) for some semi-infinite A such
that b is A-compatible.

(i) Xs((p) is a b-pseudo highest weight module if and only if there are jo € Z~o and J C Z~g
(jo € J is allowed) such that b is J- and (JU{jo})-compatible and p; € Z.¢ for i € J,
11 € oo for j ¢ JU o}, but p o €(jo,a,3) and for any a € C.
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Proof. Since by Theorem 6.3(i), X (i) is a direct limit of the g,-modules X;(u"*!), the state-
ment for pseudo highest weight modules follows from Proposition 2.19. The statement for high-
est weight modules follows by using again Proposition 2.19 and verifying when the (b N g,)-
highest weight space of X, (1" !) maps to the (bN g, 1 )-highest weight space of X (u"*?). O

Using the above proposition we see that a nonintegrable highest weight module X;(ut) is one
of the following two types.

One-sided type. This is the case when u = €(ip,a,l) and I or Z~¢ \ I is finite. Assume that
u = €(ip,a,l), Lis finite, and b = b(<) is a Borel subalgebra such that X;(ut) is b-highest weight
module. Then one checks immediately that X, (1) is also a b’(<’)-highest weight module where
<’ is a linear order on Z-( isomorphic to the natural one and such that b’ is I- and (TU {ip})-
compatible. This case corresponds to (23) in [19]. The case when Z-~( \ I is finite corresponds to
the case (24) in [19] and is related to (23) in [19] via an outer automorphism of s[(eo).

Two-sided type. This is the case when U = €(ip,a,l) and I is semi-infinite, or u = €(A) and
A is semi-infinite. Under one of these assumptions, if X () is a highest weight module with
respect to a Borel subalgebra b(<) then X, (1) is also a highest weight module with respect to
b’(<’), where <’ is an order on Z-( which is isomorphic to the natural order on Z and b’ is I-
and (TU {io})-compatible, or, respectively, A-compatible. This case corresponds to (25) in [19].

Example 6.8. (i) Define the following order < on Z~o: 1 <2 <3 < x for any x > 4, and
let the order on Z~¢\ {1,2,3} be isomorphic to the natural order on Q. Set 1 ={1,2},
io =3, a = 1. Then X4(€(ip,a,l)) is b(=<)-highest weight module of one-sided type, and
is a b(<)-highest weight module.

(i) Define the following order on Z~:
1 <3<5<---<6=<4<2.

Let A:={1,3,5,...}. Then X;(€(A)) is a b(=<)-highest weight module of two-sided type.
(iii) The module X4(1,2,7/2,—1,-2,-3,...) is a b(<)-pseudo highest weight module.

6.2.2. The case g = sp(oo).
Theorem 6.9. (i) Every simple bounded nonintegrable sp(eo)-module M is isomorphic to

Xop (1) for some p € CZ>0. In particular;, X (1) = @Xﬁp(u”) where " = (U, ..., Up).

(i) Xep(U) =~ Xep (1) if and only if L ~ep 1.
(iii) The root space g* acts locally finitely on Xsp (1) if and only if

o € {+&—¢€;,—2¢;, 6 +€,2¢ | j€Intt (u),k€Int™ (1)}

In particular, Xg, (1) is always nonintegrable and is cuspidal if and only if Int(p) = 0; in
the latter case Xsp (1) = Fop ().

(iv) SuppXep(u) = {A + (%)(m) | A ~ep U}, In particular, Supp Xsp (1) determines Xgp (1)
up to isomorphism.

Proof. The proof is analogous to the proof of Theorem 6.3. It is enough to prove (i). Let A €
SuppM and m € M* be such that M,, = U (gn) -m is simple for n > N. Such A and m exist thanks
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to Corollary 2.12. Set u; = A; — %, w" = (u,...,Mn), and g = (Y1, Us,...). Then by Theorem
2.27 and Proposition 2.28(ii), M, ~ Xg (u™). Recall the notation introduced prior to Lemma
2.31. In particular, §, ~ g, ® C is a subalgebra of g, and M, = U(gy,)-m is a simple G,-
module isomorphic to X5, (U"; ty11). We similarly have My ~ X@Hl ("1 Uyy2). By Lemma

2.31, there is a unique g,-monomorphism Xep(U"; ty+1) — Xep(U" L5 tyi2). Since g = lgﬁn,
we have Xgp (1) = limXep (1) =limXg, (U"; tp+1). Lastly, we verify that if M’ =X, (1), then for
A" € SuppM’, m’ € (M")*, and M, = U g,,) - n’, then M/, =~ Xep(l41, ..., ). Hence, M =~ M. [J

Corollary 6.10. Every simple nontrivial bounded sp(co)-module is isomorphic to Xe, (1) for
some € C%0 orto V.

Proof. The statement follows from Theorem 6.9(i) and Proposition 5.7. 0

In order to identify the highest and pseudo highest weight modules of the form X, (1), we
introduce some notation. To each Borel subalgebra b(<, o) of g we assign integer sequences @y
and 0y as follows. For i € Z~, we set (wy); :=01if (i) = —1 and (@p); := —1 if o(i) = +1.
Furthermore, if < has a maximal element jo, then & := —¢j, if 6(jo) = +1 and & := gj; if

o(jo) = —1, where (g;,); = 8;,;- Recall that (5)(00) = (1,3,..).

Proposition 6.11. Let u € C?>0 and b = b(<, ) be a Borel subalgebra of sp().
(i) If < has a maximal element jo, then Xq,(1L) is a b-highest weight module if and only

if Wy Wy OF W ~gp (@ + Op) and in this case @y + (%)(w) and wy + (%)(M) + O,
respectively, are the b-highest weights of Xsp(1L).

(ii) If < has no maximal element, then Xq, (1) is a b-highest weight module if and only if

WU ~sp @y and in this case 0y + (%) =) is the b-highest weight of Xgp ().
(iii) Xep(p) is a b-pseudo highest weight module if and only if [ sy @y, W Fgp (W + ),
Ui € Z>o whenever (i) = —1, and 1j € Zo whenever 6(j) = +1.

Proof. We use the same reasoning as in the proof of Proposition 6.7. The statements follows
from Theorem 6.9(i) and Proposition 2.30. [

All highest weight modules X, (1) are described in the following corollary.

Corollary 6.12. Let u € C%>0,

(i) The module X4, (1) is a b-highest weight module for some Borel subalgebra b = b(<,0)

if and only if there are A C Z~o, a € A, b ¢ A, so that [l ~g5 @y OF WL ~gp WOy + €, OF
U ~sp Wy — Ep, where 0y is defined as follows:
(wp)i=3ifi €Aand (wp);=—3 if j ¢ A.

(ii) The module Xqy(wy) is a b(=<,0)-highest weight module if and only if o(i) = —1 for
i€Aand 6(j)=+1 for j ¢ A. The module Xq,(wp + €,) (respectively, Xep(0p — €p) )
is a b(=<, 0)-highest weight module if and only if 6(i) = —1 fori € A and 6(j) = +1 for
J ¢ A, and a (respectively, b) is a maximal element of <.

(iii) All simple nonitegrable bounded highest weight g-modules are obtained form X,,(0,0,0, ...)
and Xsp(1,0,0,...) via a twist by an automorphism of g that fixes b.
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Example 6.13. The module X,p(1 (°°)) is a b-pseudo highest weight module for any b = b(<,0)
such that 6 (i) = —1 for all i € Z~y.

7. ANNIHILATORS OF SIMPLE BOUNDED WEIGHT s[(e0)-, 0(c0)-, 5p(c0)-MODULES
In this section, Ann(-) = Anny g (+) for g = sl(0), 0(e0) or sp(eo).

7.1. Annihilators of simple bounded nonintegrable modules of sl(c0). We start by recalling
the classification of the primitive ideals of U (sl(e0)) obtained in [18]. For x,y € Z~>( and parti-
tions A, 1, denote by I(x,y, A, it) the annihilator of the U (s[(c0))-module (S (V))®*® (A (V) ®
SAV @ SHV..

Theorem 7.1 (Theorem 2.1, [18]). All ideals I(x,y,A,lL) are primitive and nonzero, and any
nonzero primitive ideal I of U (s(e0)) equals exactly one of these ideals.

The goal of this subsection is to prove the following.

Theorem 7.2. Let M be a simple bounded nonintegrable module of g = sl(e). Then AnnM =
1(1,0,0,0).

Proof. Set J :=1(1,0,0,0). Using Theorem 6.3, let M ~ X, (u) for some p € C?>0. Then all
simple subquotients of M|y are simple multiplicity-free g,-modules, and by Theorem 2.5 are
isomorphic to twisted localizations of simple multiplicity-free highest weight g,-modules. Since
twisted localization does not change annihilators by Lemma 2.8, we conclude that the annihila-
tors in U, of the simple constituents of M|y, are annihilators of simple multiplicity-free highest
weight modules. Primitive ideals of U,, are invariant under conjugation by inner automorphisms
of g,, so the annihilators in question are annihilators of simple highest weight modules with re-
spect to the Borel subalgebra b,,. Next, by Proposition 2.19, a simple multiplicity-free b,-highest
weight g,-module has highest weight A = &, (ip,a) where a € C is arbitrary and 1 <ip <n—+1.

Let A be the weight of sl(e0), which extends A by zero (i.e. ZJ- =Ajfor1 <j<n+1, /~1j =0
for j > n+1), and let L(1) be the simple highest weight s[(co)-module with highest weight A
with respect to the Borel subalgebra b(<) of sl(e0); here < is the usual order on the Z-( and
b(<) = limb,. By Example 8.1 in [19], the s[(ee)-module L(A) has annihilator J, unless L(2)

is isomorphic to (V) (in the latter case, A = (#,0...) ). Moreover, AnnS'(V) = 1(0,0, (¢),0)
contains J by Theorem 5.1 in [18]. Since Lg,(A) is a g,-submodule of L(A), we have

(5) JNU, C ()Anny, L,

the intersection being taken over all annihilators of simple multiplicity-free b,-highest weight
gn-modules L. Thus J C AnnM.

Now, Theorem 5.3 in [18] implies that J is contained properly only in primitive ideals of the
form 7(0,0,0,u’), or 1(0,0,A",0) where A" and u’ are partitions. However, the ideals (0,0,A”,0) N
U, and 1(0,0,0, ") N U, have finite codimension in U, for each n, therefore cannot annihilate
infinite-dimensional modules. Since M| O has at least one infinite-dimensional simple constituent,
we conclude that

AnnM =J.



SIMPLE BOUNDED WEIGHT MODULES OF sl(c), 0(c0), 5p(c) 31

OJ

7.2. Annihilators of simple bounded nonintegrable modules of sp (). In this subsection g =
sp(e0). Recall that the two Shale-Weil g, = sp(2n)-modules L (1 ! ,%) and L (3 ! 1)

z,z,.. 2727...72
have the same annihilator J,, C U,,. Since the g-module L (%, %, e ) decomposes as a direct sum of
copies of L(1,3,...,%) and L(3,3,..., 1) after restriction to g,,, we conclude that Iy, := lim J,

is a well-defined primitive ideal of U(g). Clearly Iy = AnnL(1,1,...,1). Note also that the

intersection Iy, N U, is a maximal Joseph ideal for each n, and therefore I, is a maximal ideal in
U(g).

Theorem 7.3. Let M be a simple bounded nonintegrable module of g = sp(co). Then AnnM =

Loy.

Proof. Using twisted localization,Theorem 2.5 and Lemma 2.8, we conclude that all simple mul-
tiplicity free g,-modules M,, have annihilator equal to J,,. Therefore Ann M = I, for any nonite-
grable simple multiplicity-free weight g-module M. U

7.3. Annihilators of simple bounded integrable weight s[(co)-, 0(c0)- , 5p(co)-modules.

Theorem 7.4. Let g = sl(e0),0(c0),5p(c0), and let M be a nontrivial simple bounded integrable
g-module.

(i) If g = sl(e0), then
(a) AnnM ~1(0,1,0,0) for M =A;V;
(b) AnnM ~1(1,0,0,0) for M = STV or M = S3V.;
(c) AnnM ~1(0,0,A,0) for M = S*V;
(d) AnnM ~1(0,0,0,u) for M = SHV,.
(ii) If g = sp(e0), then M ~V and AnnV # I,.
(iii) If g = o(c0) then, under the assumption that M %V, AnnM does not depend on M.
Moreover AnnM # 0 and AnnM # AnnV.

Proof. Claims (i)(c) and (1)(d) follow directly from the definitions. For (i)(a) one needs to
check that AnnAj (V) coincides with Ann A’ (V) for any A. This can be done by checking that

(AnnA} (V))NU, and (AnnA'(V)) N U, coincide for any M. Similarly, we prove (b) by check-
ing that (AnnS3V)NU, = (AnnS (V)) NU, and (AnnS3V,) NU, = (AnnS (Vi )) NU, for any n.
Claims (i1) and (iii) are also straightforward. In particular, it is easy to check that for AnnM in
claim (iii) the intersection (AnnM)NU, for g, ~ 0(2n+ 1) equals Anny, 8, (for g, = 0(2n) we
have (AnnM)NU, = (Anngy, 8,;7) N (Anny, S,))). O

Note that Theorem 7.3, together with Theorem 7.4(i)(b), shows that AnnX(u) =1(1,0,0,0)
for any p such that X (u) % C.

7.4. A final remark. Note that all claims made in this paper about isomorphisms of weight
5l(e0)-, 0(0)-, sp(e0)-modules concern weight modules for a fixed Cartan subalgebra h. If one
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fixes two Cartan subalgebras h; and h; of g and asks whether an {-weight module M is isomor-
phic to an hy-weight module M,, we do not have an answer to this question. It is however ob-
vious, that a g-isomorphism M| ~ M, implies AnnM| = AnnM, and that b, acts locally finitely
on Mj, and vice versa. This allows to rule out some possible isomorphisms but the general
isomorphism problem appears to be open.
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