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YectnT robunein, Bacune!



Cynepanrebpata Ha Jln q(n)
OcHosHoTo none we e C.
HedvHuyms

CrpannaTa cynepanrebpa Ha Jlu ¢(n) e BTOpusT cynep-aHaior Ha
anrebpaTta Ha Jln glp:

A B
q(n):{(B A) ’A,Beg[n},
KbAETo

on={(32)} o {(2 2))

CrtpanHaTa cynepanrebpa mMoxe Aa ce geuHupa N NHBApUAHTHO:
q(n) = {f € End(C"") | P = Pf},

P e neueten aBTomopcbuzbm Ha C"", 3a koiito P2 = Id.



KaptaHoeun noganrebpu n npegcrassayus Ha gl, v q(n)

e Ot cera HaTaTbk (pukcupame h = hg @ by fa 6bae
ctanpaptHaTa KapraHoBa noganrebpa Ha q(n), T.e. b ce

B > kbaeto A n B ca

CBbCTON OT MATpUNUNTE
P <B A

AMaroHanHu.
e Ternata Ha q(n): enemenTn Ha b3
o {e1,€2,...,€n}: cTHapapTHMA basuc (basa) Ha b
e kopHeBaTa cuctema A Ha (q(n), bg): cbliata KaTo KOpHeBaTa
cuctema Ha (gln, hg), ¢ pasnmkaTa, Ye BCSIKO KOPHEBO
npocTpaHcTBo q(n)%, o = £; — € UMa (Cynep-)pa3mepHoCT
(1|]1). Heka g; — ¢j :=¢; +¢j.
HeduHnyms
Heka A e Terno n o e kopeH Ha q(n). Ternoto \ ce Hapuya
a-atunuyro Terno ako (A, @) = 0.



Crapww Ternosu mogynm Ha q(n)

C b we o3HavaBame cTtaHgaptHaTa Bopenesa noganrebpa Ha q(n).
N ={Mer+ -+ Anen €05 | \i = Aig1 € Zo Vi € 1}
N ={ e+ + e €N | A= A1 =
ANi=Xp1=0"%€el}

Teopema (Penkov, 1986)
@ Bcekn Henpnsoanm kpaiiHomepeH Moayn v Ha by e moayn Ha
Knudopa. MMo-KOHKpeTHO: CblLEecTBYBa TErao A, 3a KOETO
v = v(\) uma ctpyktypa Ha moayn Hag Cliff (b1, Fy), kbaeTo
Fx(u,v) := X[u, v]).
® Mogynst U(q(n)) @uy(e,) v(A) nMa epnHcTBEH MakcumaneH
NOAMOZY/ N eauHCTBEH Henpusogum cakTop-moayn L(A).

® L()\) e kpaiiHomepeHn Toraea u camo Toraga, korato A € AT,



Hsikon BaxkHM pe3ynTaTu OT TeopusiTa Ha NpeacTaBsHusTa Ha q(n):

® KnacuyeckaTa pgyanHocT Ha LLlyp-Balin onuceawa
pasnaraneTo Ha (C")®k kato mogyn Haa gl(n) u Sy uma
kpacue q(n)-aHanor - T.H. gyanHoct Ha Ceprees (1984).
Mo-koHkpeTHo, Cliff)x XC[Sk] n U(g(n)) ca B3aumun
ueHTpanusatopu B anrebpata End((C"I")®k). KsanToga
Bepcusi Ha AyanHocTTa Ha Ceprees e fokasaHa oT OnwaHcku
(1990)

® Popmynu 3a xapakTepuTe Ha KpaiiHomepHute L(\) ca
pokasaHu ot [Nenkos n Cepranosa (1997) c nomowyTa Ha
cynepreoMeTpuyHa Bepcusi Ha TeopemaTa Ha bopen-Beun-bor.

© BpbHaan (2004) pokasa HaHOBO popMynnTe Ha
MNenkoe-CepraHoBa M3non3gaiiku KOMBUHATOPHN METOAM
(kpuctanum 6asmcu) n HanpaBu xunoTesa 3a POPMy/IM Ha
xapakTepuTe 3a npoussosHu L(\).

@ KpuTepun 3a npocToTa Ha pas/iMyHmM cTapwm mogyim Ha q(n)

ca pokasaHu ot [openuk (2006) n3nonsesaiiku feTepMUHAHTY
Ha LLlanosanos.



Ternosn mogynu Ha q(n)

Hedunnymns
® Mogyn M Ha q(n) ce Hapuya TersioBu Mogyn ako
M= . MA
° @)\e% , KbIEeTo
M* :={me M |h-m= X\ h)m, 3a scsiko h € hg} e
A\-TErs10BOTO NMPOCTPAHCTBO.
e dim M* < oo
® M is orpannyen ako couyectyea C, 3a koeTo dim M* < C za
BCAKOA

©® M e kbcnvpaneH ako BCEKN HeTeH KOPHEBU BekTOp Ha ((n)
AeiicTBa NHEKTUBHO (1 CnefoBaTesHO, ClopekTneHo) Ha M (B
YacTHocT, cbuecTByBa C, TakoBa Ye dim M> = C, koraTo
M* #£0).

C nomouyta Ha ropHuTe gepuHnuun gedpuHnpame TpU KaTErOPUU:

ccBcw.



Knacndpumkauys Ha npocTuTe TErN0BU MOAY/N

Ot cera HaTtaTbk g = q(n).

Teopema (Dimitrov-Mathieu-Penkov, 2000) Bcekn npoct Ternosu
mMoayn Ha q(n) e pakTop-MoAyn Ha NapboAnyHO MHAYLMpPaH
kbcnuganed mogyn S: M ~ (U(g) ®@y(y) S) /M.

Teopema (Mathieu, 2000) Bcekun npoct Ternosn mogyn M Ha g e
n3omopdeH Ha aecpopmupana nokanmsaums (twisted localization)
Ha cTapiwm Ternosu moayn: M ~ DFEL()), kbaeto [ e MHOXeCTBO
OT KOMYTMPALLN KOPeHU Ha g u 4 e Tero. B yacthocT, ako M e
KbCnuaanet, torasa L(\) e orpaHnyeH.

3a Aa knacuduuymMpame nNpocTUTE TEMIOBU MOAYAN HA g €
HeobXOAMMO 1 AOCTaTBYHO Aa KAacuuumpame NpocTuTe
OTpaHMYeHN CTapLUn MOAYN.

Bwnpoc: 3a kon A, npoctus crapiuu Ternosu mogyn L(A) Ha q(n) e
orpaHnyeH?



[lecbopMupaHa nokannsaLus Ha TErIOBU MOLY/N

Ako o e kopeH, gecbunmnpame F, = (fK | k € Z>0), KbAEeTo

fo € g5. C Dy U o3navasame nokanmsaumsta Ha U = U(g) cnpsmo
F.. Ako M e mogyn Ha g-module, nonarame D, M := D, U @y M,
aako I ={aq,...,ax} € MHOXECTBO OT KOMyTupaLy KopeHu (T.e.
[fo;, fa;] = 0), nonarame DrM := D, ... Do, M.

HeduHunpame

ORITGEDY (}) @ty

kbaeto u € D,U n x € C.
Ako N e mopyn Ha D, U, c ®XN we o3navaBame fecbopmupaHus
moayn N, cnep geiicteue Ha D, U-asTomopdusma . MNonarame
DM = oD, M.

D’FLM = <D§11...d>§kDrl\/l = ¢#DrM

k

e gecpopmumpanata nokaanzayms Ha M cnpsamo I un p.



Orpatunyenn mogynm Ha gl,

Mo nogpasbupane: egHo Terno A e gl,-orpanndero ako L()\) e
orpaHuYeH mMoayn u orpaHudero ako L(A) is orpanuyen;
Si 1= Sei—eis-

Teopema (Gorelik, G., 2013)

@ Heka A u v = ¢j — €j41 ca TakmBa, 4e A # s, - A. Torasa

L(sa - A) e nopcpakTop Ha D&’\’Q)L()\). B wacTtHocT, ako A e
a—usnon A< s, -\ TO L(sa - A) e nogakTop Ha DaL(/\).

® Heka L()\) e kpaiiHomepeH mogyn. OceeH A, B opbutata W - A
ce cbabpxkaT (n — 1)? gl,-orpaHnyenn Terna, KouTo ca ot
BnAA (SkSk—1---5i) A (SkSk41---Sm) A, 1 <i<k<m<n.
MopobHo onucaHne moxe fa 6bAe NONyYeHO 1 3a ApyruTe
TUnoBe Terna (CUHryNSPHA 1 HeLenu).

Nedunruuns MogynnTe B cnuckka Ha (i) npu dkenpano k ce
HapwuyaTt gl,-orpaHudenn ot Tun k.



CmeceHoTo aeiicTeme (star action)

Definition
Ako «v e NpocT KopeH 1 A € b3, Torasa

| saA ako (A, @) # 0,
Sa*)\_{sa-)\ ako (A, @) = 0.

[pynata w nopogeHa oT Si,...,S,_1 C OTHOLUEHUS

5,-2 =1, s;js; = sjs; for i —j > 1 peiicTsa Ha h(f) C nomMoLwyTa Ha
CMeceHOTO feilicTeue (*-aeiicTBue).

Mo nop,pa36|ﬂ)/aHe: AKko nuwem w *x A, We npeanonarame 4e w e
enemeHT Ha W. B yacTHOCT, 51581 * A 7 $2515 * A B 0bwyus
cay4anm.

3abenexka: Mo gpyr HaumH kasaHo, L(\) e kpaiiHoMepeH Torasa u
camMo ToraBa, Korato Vi s; * A < A.



Teopema (Gorelik, G., 2013) Heka o e npocT KopeH u A e Terno, 3a
KOUTO A\ % s, * A. Toraea L(s, * A) e noadakTop Ha ’D&)"Q)L(A). B
HACTHOCT, ako A e a—usno n A < s, * A, 10 L(s, * A) e nogdakTop
Ha Do L()).

3abenexka Ako n3nonssame 03HAYEHNETO A —> 1, KOFaTo
Dg"a)L()\) nma nogakTop, KoiTo e nsomopder Ha L(u), To
TOraBa MOXe Aa rpynupame OrpaHUYEHUTE MOLYAN BbB hamMunun -
MOAY/INTE B eAHa PpamMuins e Ca CBbP3aHU CbC CTPESKN.
Hanpumep, B CMHrynsipHUs cnyyaid, ako A = s, * A, TO

k—l—l —‘,—2 n—1
.

( LSk— 1)*)\—> —)Sk 1*)\—>)\ Sk+1*)\

(5n71-~5k+1) * )\
Ako 3Haem gl,-pa3naraHeto Ha XopgaH-Xbongep Ha eanH MOZy/

L(\)oT eaHa damunusi, To ToraBa MOXeM A3 HaAMEPUM
glp,-pasnaraHeTo Ha BCUYKM MOAYAU OT Tasu pamuaus.



Mpumep Heka A = e1 — g6 — 267 = (1,0,0,0,0, —1, —2) e Terno Ha
q(7). Toraea orpaHuyenute Terna B Wk-opbutata Ha A (oceen \)
ca

Twun | OrpaHnyenn Terna

stk A, (5192) % A, (5152535455) * A\, (S15253545556) * A
% A, (S251) * A, (S25354S5) * A, (5253545556) * A

sz A, (s35251) * A, (S354S5) * A, (S3545556) * A

sa % A, (S4535251) * A, (5455) * A, (545556) * A

s5 % A, (S552) * A, (S554535251) * A\, (S556) * A

S6 * A, (S6S554535251) * A, (S655) * A, (SeS554) * A

OB WIN-




Teopema (Gorelik, G., 2013)

® EpHo uysno Terno Ha q(n) e orpaHuyeHo Toraea n camo
TOraga, KOraTo € OT C/IeAHUA BUA;

A (SiSig1---Sk)* A, (SmSm—1-.-5}) * A,

KbAETo A e W—MaKCUManHo Lsfo Terno, 3a Koeto
#{i|si * A\ = A} <1 v nHgekecnTe i, k, m,j ygosnetsopsigat
ycnosusi 3aBucewyy ot z(\) (bposi Ha Hy/lEeBUTE KOMMOHEHTU Ha
A).

® Ako \ e W—Makcumanto Usino Terno n (SkSk—1...S;) * A
(CbOTBETHO (SkSk+1---Sm) * A\) € OFPAaHNYEHO Terso, Torasa A
e gl,-orpaHuyero ot Tun k. BposT Ha orpaHuyeHnTe Terna ot
BCekM Tun e efHakbe: N — 1 ako z(A) <2, n—z(A) + 1 ako
z(\) > 3 3a perynsipHo ysno A; 1 3a cuHrynsipHo A.



KeanToBaTta ctpatHa anrebpa Uy(q(n))

Oedunnumns Heka P = @7, Ze;. KeaHToBata cTpaHHa anrebpa
Uy(a(n)) e aCOLI,VIaTVIBHaTa C((q )) anre6pa C efuHMUa C
obpasysawm e;, fi, e, f, (i = 1,. - 1), ks, J=1,..,n)ng
(h € PY) n cnegHute oTHOLWEHNS.

h

qki+ki+1 _ q—kf—ki+1 .
oy €T+ frg; = — +(q9—q ) kkpg -
q—q
1 1
2_ 49—49 2 2 q—4q 2
& =~ 16> f? f
qg+q q+qg-

Teopema (G., Jung, Kang, Kim, 2010)

Heka 74 e kaTeropusita CbCTOsILA CE OT TE€H30PHH MOJLYIIH, T.€.
Tesu kpaiiHomepn mogynu M Ha U (q( )), KOMTO Ca MOAMOAYN Ha
V@K 3a uskoe k, kbpeto V = C((g))"!" e sekToproTo
npeatcassite Ha Ug(q(n)). Torasa 7, e nonynpocTta KaTeropus.



Kpnctanim 6asucu Ha T, gepurnnuns
KpucTanen 6asuc Ha gl,~mogyn M oT kaTeropusTta 7, e ABoiika
(L, B), kbpeto (kpucTanHaTa peweTka) L e ceobopeH
C[[q]]-noamogyn Ha M, n B e C((g))-6a3muc Ha L/qL, 3a kosiTo ca
B CMJ1a HSIKOJIKO YC/IOBUSI 332 CbMNOCTAaBUMOCT MEXAy onepaTopuTe
Ha Kawwugapa, L n B (B e kpaeH rpad).
Ako M e B T4, YeTHuTe onepatopun Ha Kawmeapa ca gecpuHumpanu,
KakTo B ciiydasi Ha gl,. HoBoTo e, ye ca Hanuue HeveTHN
onepatopu Ha Kawwsapa Ha Tg. Tpu oT Tax ca:

= qkl_lkT7

= —(erk; — gkger)q“ 7,
= —(kth — afiky)q "

Kpucranen 6asuc Ha q(n)-mogyn M e tpoiika (L, B, (Ip)peB),
CbCTOsILA Ce OT: KpUCTanHaTa pewetka L, kosTo e ceobogeH
C[[q]]-noamogyn Ha M; kpaeH gl,-kpucran; n cemeiicTBoO OT
BEKTOPHU NpocTpaHcTBa (Ip)pep, 3a kouto L/ql = @, Ip; 32
KosITO (Tpoiika) 3a KOSITO Ca B CWJIA HSIKOJIKO YC/IOBUS 3a
CbNOCTaBUMOCT.

? 13
RS



KpnctanHm 6asucu B T4 CbluecTByBaHe 1 eANHCTBEHOCT

Kpucranunat basuc va V = P, C((q))v; ® @ C((q))v; ce
onucea no cnegrus naunn: L= @7, Cl[q]]lv; ® D;_; C[[q]]v;,
i =Cv; @ (C\g, n Heka B e cnegHus kpuctanen rpadgp

1 -1
1===[2] : SRt

Teopema (G., Jung, Kang, Kashiwara, Kim, 2010) Heka M e mogyn
oT T4 CcbC cTaplle Terno A, 3a koiiTo M?* e nopogeH oT cBobogeH,
n unsapuanTen otHocko ks, C[[q]]-noamogyn LY. Toraga
CbLUECTBYBa eAUHCTBEH KpucTaner basuc (L, B, Ig) Ha M, 3a koiiTo

(1) LA:LR n By = {by},

® L%/qld = Is,,
© B e cBbp3aH.

Cobuo Taka, B 3aBucn egnncteeHo ot A, T.e. B = B(\).



KoraTto n = 3, gl,-kpuctanHaTa cTpykTypa Ha B ® B
MOXE [ja Ce OMULLE MO CAELHUS HAYMH.

1el]—[2]e1]—=[3]®[1]

1 1
[1]el2]  [2]®[2]—~[3]®[2]

lz lz

De3--2eE [EleE



Korato n = 3, q(n)-kpuctanHata cTpykTypa Ha B ® B
MOXKE fa Ce onuuie No CAeAHUst HaY4uH.

1el]l—[2]e1]—=[3]®[1]
I | |
1T 1\LI1 1J/|1
Y Y Y

[1]el2]  [2]®[2]—~[3]®[2]

ko ;

1

DeB-1:@el [leE



KombunaTopHo onucatnue Ha B(3e1 + £2) 3a q(3):
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Heduvnnuyns lMpumkosa gyma e pyma u = uy - - - Uy OT 4Mcna, 3a
KOUTO Uy > Uy > -+ 2> Uk < Ugq1 < -+ < Uy, 32 HsAKoe K.
SSDT (semistandard decomposition tableau) e sanbneave T Ha
cTbnanoBuaHo Ttabno ¢ dpopma (shape) A = (A1,...,A,) ¢
enementu ot {1,2,...,n}, 3a kKonto

(i) AymaTa v; onpefeneHa OT NPOYMTAHETO Ha i-TUSI PeA OT JSIBO
Ha ASICHO € MPUMKOBA AyMa C AbJ/DKUHA N,

(i) vi e npumkoBa NoA-AyMa Ha V41V C MAaKCUMAJIHA LbJKUHA,
3a Bcako 1 <7 < r—1, kKbaeTo r e 6post Ha HEHyNeBUTE A;.

(iii) Cxemata Ha npukaqsate (insertion scheme) T < T' e
aeduHupana 3a scekn gee SSDT T u T'.
Teopema (G., Jung, Kang, Kashiwara, Kim, 2011)
(i) Muoxectsoto B(\) cberosiwo ce ot Benykn SSDT ¢ dopma A
nMa CTpyKTypaTa Ha abcTpakTeH q(n)-kpuctan nsomopdeH Ha
B(\), kpuctansT Ha Henpuogummus ctapwm Ternosu mogyn LI(N).
(ii)

B()\) ® B(u) ~ a B(sh(T « L"),

TeB(N);
T<+Lr=L"3a Hakoe v

KbAETO, C LY cme 03Haumnn mnagwm Ternosu sektop Ha B(w).



bnarogapst 3a BHUMaHmeTo!



The Lie superalgebra q(n)
The base field is C.

Definition
The queer Lie superalgebra q(n) is the second superanalog of the
general linear Lie algebra gl,,:

i) ={(5 5 ) [aBcamn).

Alternative (invariant) definition:
q(n) = {f € End(C"") | fP = Pf},

P odd automorphism of C"l" with P2 = Id.



Cartan

subalgebras and representations of gl, and q(n)

Fix the Cartan subalgebra h = hg @ bz of q(n) to be the

standard one: all matrices < i ) for which A and B are

diagonal.
weights of q(n): elements of b
{e1,€2,...,€n}: the standard basis of b3

The root system A of (q(n), hz): the same as the root system
of (gls, bg). but every root space q(n)*, a =¢; — ¢; has
dimension (1]1). Set ; —¢j = ¢; + €.

Definition
Let X is a weight and « is a root of q(n). We say that A is
a-atypical if (A\,@) = 0.



Highest weight modules of q(n)

By b we denote the standard Borel subalgebra of q(n).
N = {Mer+ -+ Xncn €05 | Ai — Aigp1 € Zxo Vi € 1}
AT = <{)\161+‘--—i-/\,,€,,E/\ar | i = Aip1 =
ANi=X\p1=0"¢el}

Theorem (Penkov, 1986)

@ Every irreducible finite-dimensional b, -module v is a Clifford
module. Namely, there is a weight A such that v = v(\) is
endowed with a Cliff (b3, F))-modules structure, where
Fx(u,v) = A([u, v]).

@® The module U(q(n)) ®y(p,) V() has unique maximal
submodule and unique irreducible quotient L(\).

® L()\) is finite dimensional if and only if X € AT,



Important results for the representation theory of g(n) include:

@ The classical Schur-Weyl duality for the decomposition of the
gl(n)-module (C™)®k has a beautiful q(n)-analog: Sergeev
duality (Sergeev, 1984). Namely, Cliffx xC[Sk] and U(q(n))
are mutual centralizers in End((C"1")®k). The quantum
version of the Sergeev duality is obtained by Olshanski in 1990.

@® Character formulae for finite dimensional L(\) are established
by Penkov and Serganova in 1997 using supergeometric
version of the Borel-Weil-Bott Theorem.

© Brundan reproved the character formulae of Penkov-Serganova
in 2004 with different methods and conjectured a formula for
arbitrary L(\).

O Important results related to the simplicity of the highest

weight q(n)-modules were obtained by Gorelik in 2006 using
Shapovalov determinant technique.



Weight modules of q(n)

Definition
@ A representation M of q(n) is a weight module if
e M= @Aehf M?*, where
0
M* :={me& M |h-m= X h)m, for every h € b5} is the
A-weight space.
o dmM* <

@® M is bounded if there is C such that dim M* < C for every A

©® M is cuspidal if all even root vectors of g(n) act injectively on
M (hence, there is C such that dim M* = C whenever
M* #£0).

We have three categories:

ccBcw.



Classification of weight modules

From now on g = q(n).

Theorem (Dimitrov-Mathieu-Penkov, 2000)

Every simple weight representation M of q(n) is a quotient of a
parabolically induced cuspidal representation S:

M ~ (U(g) Qu(p) 5) /M.

Theorem (Mathieu, 2000)

Every simple weight representation M of g is a twisted localization
of a highest weight representation: M ~ Df L(X), for a set of
commuting roots I' and a weight . In particular, if M is cuspidal,
then L(\) is bounded.

Obvious motivation to study highest weight bounded: the
classification of simple weight modules.

Question: For what A is the the simple highest weight module L())
of q(n) bounded?



Twisted localization of weight modules

For a root a, set F, 1= (fX | k € Zo) where f, € g5 - Denote by
D, U the localization of U = U(g) relative to F,. For a g-module
M, set DoM := D, U @y M and for a set I = {aq, ..., ax} of
commuting roots (i.e. [fo,, fo;] = 0), we set DrM := D,,...D,, M.
We define

o) = o =3 (7) et (e’

i>0

for u e DU and x € C.
For a D, U-module N, by ®XN we denote the module N twisted by
the D, U-automorphism ®%. We set DXM := &3 D, M.

DEM = X0 DrM = OLDr M

is the twisted localization of M relative to I' and pu.



Bounded modules of gl,

Convention: \ is gl,-bounded if L()\) is bounded and bounded if
L(\) is bounded; for « = &; — €j41 we set s; = s,.

Theorem

@ Let X\ and o = ¢ —¢ejy1 be such that X # s, - \. Then L(s,-\)
is a subquotient of DQ’“)L()\). In particular, if X is a—integral
with A < s, - \, then L(sa - \) is a subquotient ofDaL()\).

@ Let L(\) be finite-dimensional. Apart from \, the orbit W - A
contains (n — 1)? gl,-bounded weights which are of the form
(SkSk—1---5i) - Ay (SkSk1---Sm) A 1 <i<k<m<n.
Similar description can be obtained in the singular and
nonintegral case.

Definition
The modules in (i) when k is fixed are called gl,-bounded of type
k.



The star action

Definition
If « is a simple root, and A\ € b3 then

[ sah (N @) £0,
SO‘*A_{sa-A if (\, @) = 0.

The group w generated by the symbols s1,...,s, 1 subject to the
relations s? = 1, sis; = s;5; for i — j > 1 acts on b3 via the
x-action.

Convention: When we write w x A, w is assumed to be an element
in W. In particular, s1s551 * A\ # sp515 * A in general.

Remark: Another way to say that L()) is finite dimensional:

Vi six A<\



Theorem (Gorelik, G., 2012)

Let «v be a simple root and \ be a weight for which \ # s, * A.
Then L(s, * ) is a subquotient ofD((;\’a)L()\). In particular, if \ is
a—integral with A < s, * A, then L(s, * \) is a subquotient of
DaL(N).

Remark If we write \ - 1 whenever D,(l)"a)L()\) has a subquotient
isomorphic to L(u), we we may include bounded modules in
families - the modules in one family are connected by arrows. For
example, in the singular case, if A = s, * A, then

1 k—2 k—1 k+1 k+2 -1
(51...Sk,1) *N D . — S 1 kA — A L Sk+1 * A ; <n—

(Sn—l---5k+1) * \

If we know a gl,-decomposition of a module L(A) is one family, we
may find gl,-decompositions of all modules in the family.



Example

Let A\ =¢1 —e6 — 2¢7 =(1,0,0,0,0, -1

bounded weights in the Wx-orbit of A (in addition to A) are

,—2) in q(7). Then the

Type | Bounded weights

1 s1* A, (s152) x A\, (s152535255) * A, (S15253545556) * A
2 2% A, (S251) * A, (52535455) * A, (525354S556) * A

3 s3 % A, (S35251) * A, (5354S5) * A, (S3545556) * A

4 sS4 x N\, (54535251) * A, (s455) * A\, (545556) * A

5 S5 % A\, (S5S2) * A, (S554535251) * A, (S556) * A

6 S6 % A, (SeS554535251) * A, (S655) * A\, (SpS554) * A




Theorem (Gorelik, G., 2012)

@ An integral weight for q(n) is bounded if and only if it is of the
form

A (SiSig1---Sk) * A, (SmSm—1...5)) * A,

where \ is a W—-maximal integral weight such that
#{ilsi * \ = A} <1 and the indices i, k, m, j satisfy conditions
depending on z(\) (the number of zero coordinates of \).

@ If)isa W—maximal integral weight and (SgSk—1...5;) * A
(resp., (SkSk+1---5Sm) * A) is a bounded weight, then it is
gl,-bounded of type k. We have the same number of bounded
weights of each type: n —1 if z(A\) <2, n—z(A) + 1 if
z(\) > 3 for regular integral \; 1 for singular \.



The quantum queer superalgebra Ug(q(n))

Definition

Let P = @7, Ze;. The quantum queer superalgebra Uy(q(n)) is
the associative algebra with 1 over C((qg)) generated by the
elements ¢, fi, e, f, (i=1,...,n—1), ks, (j=1,...,n) and g"
(h € PY) with the following defining relations.

oo € + g = qg—qt + (9= q )kikg -
2_ 99 2 2 _9-9 o
;= 1% -11"

qg+q q+4q

Theorem (G., Jung, Kang, Kim, 2010)

Let T, be the category of tensor modules, i.e. all finite
dimensional Ug(q(n))-modules M that are submodules of V®* for
some k, where V = C((q))"" is the vector representation of
Uq(q(n)). Then Tq is completely reducible.



Crystal bases in 7,: definition
A crystal basis for a gl,—module M in T is a pair (L, B), where the
crystal lattice L is a free C[[g]]-submodule of M, and B is a
C((q))-basis of L/qL, with a set of compatibility conditions for the
action of the Kashiwara operators imposed in addition. (B: a finite
graph).
For a module M in T,, even Kashiwara operators are defined as in
the case of gl,. In addition we have three odd Kashiwara operators
on Tq by

= qkl_lkT7
= —(erky — gkyer)g
= —(kgfi — ghkp)g® "

| zl—“Pz [l !
|

Definition

A crystal basis for a q(n)-module M is a triple (L, B, (Ip)peB),
where the crystal lattice L is a free C[[g]]-submodule of M, B is a
finite gl,-crystal, and (/p)pep is a family of vector spaces such that
L/qL = @ pcp Ib, with a set of compatibility conditions for the
action of the Kashiwara operators imposed in addition.



Crystal bases in 7,: existence and uniqueness

Example (The crystal basis of the natural representation)
The crystal basis of V = @]_; C((q))v; & ©;_; C((q))v; can be
expressed as follows. Set L = B, C[[q]]v; ® D], C[[q]]v;,
li=Cvj® Cy;, and let B be the crystal graph given below.

1 2 3 -1
[1]=—=[2] e
I

Theorem (G., Jung, Kang, Kashiwara, Kim, 2010)

Let M be a module in Tq with highest weight X such thaE My is
generated by a free C[[q]]-submodule LS invariant under k;. Then
there exists a unique crystal basis (L, B, Ig) of M such that

0L = Lg\ and By = {b)\},

® L3/qLS = Iy,
© B is connected.

Moreover, B depends only on \. Hence we may write B = B{\).



Example
When n = 3, the gl,-crystal structure of B ® B is given below.

1el]l—~[2]e1]—~[3]®[1]

1 1
1]el2]  [2]®[2]—~[3]®[2]

5 l2

Del--2s3E (e[



Example
When n = 3, the q(n)-crystal structure of B ® B is given below.

!?!45!®!¥$E®!

I |
' llll llll
Y \

Y
[]el2]  [2]®[2]—~[3]®[2]

ko 5

HeB-:EeE FHel



Combinatorial description of B(3¢1 + ¢2) for ¢(3):
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Definition
A hook word is a word u = uy - - - uy for which
U > up > > Uk < Uggp < -+ < upy for some k.
A semistandard decomposition tableau is a filling T of a shifted
shape A = (A1,..., A,) with elements of {1,2,..., n} such that
(i) the word v; formed by reading the i-th row from left to right is
a hook word of length \;,
(i) v; is a hook subword of maximal length in vji1v; for
1 < i< r—1, where r is the number of nonzero \;'s.
(iii) The insertion scheme T <— T’ is defined for SSDT T and T'.

Theorem (G., Jung, Kang, Kashiwara, Kim, 2011)

(i) The set B(\) of all SSDT of shape \ has a structure of an
abstract q(n)-crystal and is isomorphic to B()), the crystal of the
irreducible highest weight module L9(\).
(ii)

B()\) ® B(u) =~ & B(sh(T « L")).

TeB(N);
T+« Lr=L"for some v

Here, LY denotes a unique lowest weight vector in B(v).
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