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The Spin-Boson Model

• Hilbert Space:

C2︸︷︷︸
spin system

⊗ Fb︸︷︷︸
bosonic radiation field

=̃L 2({±1},Fb)

• Regularized Hamiltonian:

HΛ = −σx ⊗ 1︸ ︷︷ ︸
free spin energy

+ 1⊗ dΓ(ω)︸ ︷︷ ︸
free radiation energy

+σz ⊗ ϕ(νΛ)︸ ︷︷ ︸
interaction

HΛ is well-defined self-adjoint on D(dΓ(ω)).
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Why do we need UV-Renormalization?
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Self Energy Renormalization

Goal:
Find EΛ such that limΛ→∞HΛ − EΛ exists as a self-adjoint operator.

Strategy
Develop a stochastic description of e−tHΛ and, extract EΛ and show

lim
Λ→∞

e−t(HΛ−EΛ)

exists as a self-adjoint semigroup.
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Feynman-Kac Formula

Classical Feynman-Kac Formula
ψ ∈ L 2(Rd,C) and V ∈ L 2(Rd,R) + L ∞(Rd,R), then

e−t(−∆+V )ψ(x) = Ex[e−
∫ t

0 V (Bs)dsψ(Bt)].

Operator Theory ↔ Stochastic Processes

∆ ↔ Bt Brownian Motion
1 − σx ↔ St "Spin Process". (1)
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Spin Process
• Probability space:

(Ω, F, P )

• jump intervals:

(τi)i∈N independent, exponentially distributed
• absolute jumps times :

Ti :=
i∑

j=1
τJ

• Spin process

St = (−1)k if t ∈ [Tk, Tk+1), k ∈ N

• =⇒ (St)t≥0 is a Markov process w.r.t. natural Filtration
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Feynman-Kac Formula for the Cut-off Model

Feynman-Kac Formula
Encode interaction

• U+
t,Λ(S•) :=

∫ t
0 e

−(t−s)ωSsνΛds

• U−
t,Λ(S•) :=

∫ t
0 e

−sωSsνΛds

• ut,Λ(S•) =
∫ t

0⟨U+
t,Λ(S•), SsνΛ⟩ds

then for all f ∈ L 2({±1},Fb),

e−tHΛf(y) = etEy[eut,Λ(S•)ea†(U−
t,Λ(S•))e− t

2 dΓ(ω)ea(U+
t,Λ(S•))e− t

2 dΓ(ω)︸ ︷︷ ︸
=:Vt(S•)

f(St)].
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Self-Energy and Renormalization

Stochastic Identity
• U±

t,ren(S•) := limΛ→∞ U±
t,Λ(S•) is well-defined since ||Ut,Λ(S•)±|| ≤ ||νΛω

−1||.
• For each spin path in Ω we find∫ t

0
⟨U+

s,Λ(S•), SsνΛ⟩dt︸ ︷︷ ︸
=ut,Λ(S•)

− ||νΛω
−1/2||2︸ ︷︷ ︸

=:EΛ

t =
∫ t

0
⟨U+

s,Λ(S•), νΛω
−1⟩dSs

− ⟨U+
t,Λ(S•), StνΛω

−1⟩

ut,ren(S•) :=
∫ t

0
⟨U+

s (S•), νω−1⟩dSs − ⟨U+
t (S•), Stνω

−1⟩ = lim
Λ→∞

(ut,Λ(S•) − EΛ)
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Renormalization

Define the renormalized semigroup

T (t)renf(y) := etEy[eut,ren(S•)ea†(U−
t,ren(S•))e− t

2 dΓ(ω)ea(U+
t,ren(S•))e− t

2 dΓ(ω)f(St)]

Renormalization

lim
Λ→∞

e−t(HΛ−EΛ) = Tren(t)

in operator norm and Tren has a self-adjoint Generator Hren.
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Conclusion

Outlook
• Model atoms with multiple energy levels

• Feynman path integral for the unitary time evolution
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