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1. Introduction: The Model

Hilbert space of the (spin) system −→ Hs .
Hilbert space of the bosons
−→ Fb(L2(Rd)).

Description of the interaction: Hs ⊗ Fb(L2(Rd))

HSB = S ⊗ Id + Id ⊗dΓ(ω)︸ ︷︷ ︸
Free Energy

+ B ⊗ a(v)∗ + B∗ ⊗ a(v)︸ ︷︷ ︸
Interaction Term

ω : Rd −→ R≥0 (Dispersion relation).
v : Rd −→ C (Form factor).
B ∈ B(Hs) .

Image source: https://www.uni-ulm.de/fileadmin/website_uni_ulm/nawi.inst.260/Ãœbungen/6Spin_Boson_Modell.pdf

UV Ren. of SBM with 2-Nilpotent and Normal Interactions Javier Valentín Martín (UPB)

https://www.uni-ulm.de/fileadmin/website_uni_ulm/nawi.inst.260/Übungen/6Spin_Boson_Modell.pdf


1. Introduction: The Model

Hilbert space of the (spin) system −→ Hs .
Hilbert space of the bosons
−→ Fb(L2(Rd)).

Description of the interaction: Hs ⊗ Fb(L2(Rd))

HSB = S ⊗ Id + Id ⊗dΓ(ω)︸ ︷︷ ︸
Free Energy

+ B ⊗ a(v)∗ + B∗ ⊗ a(v)︸ ︷︷ ︸
Interaction Term

ω : Rd −→ R≥0 (Dispersion relation).
v : Rd −→ C (Form factor).
B ∈ B(Hs) .

Image source: https://www.uni-ulm.de/fileadmin/website_uni_ulm/nawi.inst.260/Ãœbungen/6Spin_Boson_Modell.pdf

UV Ren. of SBM with 2-Nilpotent and Normal Interactions Javier Valentín Martín (UPB)

https://www.uni-ulm.de/fileadmin/website_uni_ulm/nawi.inst.260/Übungen/6Spin_Boson_Modell.pdf


1. Introduction: Important Examples

Van-Hove model. S = 0, Hs = C

HVH = dΓ(ω) + a(v) + a(v)∗

Standard Spin-Boson model. Hs = C2, S = σz , B = σx

HSSB =
(

−1 0
0 1

)
⊗ Id + Id ⊗dΓ(ω) +

(
0 1
1 0

)
⊗ a(v) +

(
0 1
1 0

)
⊗ a(v)∗

Rotating Wave Approximation. Hs = C2, S = σz , B = σ−

HRWA =
(

−1 0
0 1

)
⊗ Id + Id ⊗dΓ(ω) +

(
0 0
1 0

)
⊗ a(v) +

(
0 1
0 0

)
⊗ a(v)∗
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1. Introduction: Regularity of the model

If v ∈ L2(Rd):
HSB is well defined.
If ω−1/2v ∈ L2(Rd ) =⇒ HSB is self-adjoint + bounded from below
(Kato-Rellich).

inf {σ(HVH)} = −
∫

|v(q)|2ω(q)−1dq

If v ̸∈ L2(Rd):
a(v) is not closable =⇒ a(v)∗ not densely defined.
If ω−1/2v ∈ L2(Rd ) =⇒ KLMN Theorem

Questions:
Can we say anything about the domain?
If ω−s/2v ∈ L2(Rd), renormalize the model? For which values of s?

s −→ UV regularity of v .

s = 1 s ∈ (1, 2) s = 2 s > 2
Good Not that bad Bad Very bad
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1. Introduction: Physical relevance

Decoherence and non-Markovianity in open quantum systems.
Superradiance and subradiance phenomena

R.H.Dicke 1954,M.G.Benedict and A.Ermolaev n.d.,M.Gross and S.Haroche
1982,Loo et al. 2013.

Quantum optics ; Waveguides in quantum electrodynamics. (T.Tufarelli,
F.Ciccarello, and M.S.Kim 2013) (1-Dimensional photonic waveguide)

ω(k) ∼ ω0 + ω1k and v(k) ∼
√
ω(k) sin(ck)

v(k)ω(k)− 1
2 ∼ sin(ck) ̸∈ L2(R)

Quantum information and simulation

UV Ren. of SBM with 2-Nilpotent and Normal Interactions Javier Valentín Martín (UPB)



2. What do we know?

Van-Hove (J.Derezínski 2003, L.Van-Hove 1952)
Renormalization via dressing transformation (Weyl transform)
Including case ω−1v ∈ L2 (s = 2).
Motivation to treat normal interactions ; Decoupling Hamiltonian in
Van-Hove Hamiltonians.

Standard Spin-Boson Model (T.N.Dam and J.S.Møller 2020)
Renormalizable iff ω−1v ∈ L2

Transformation using symmetries of the model.
Rotating Wave Approximation (D.Lonigro 2022)

Renormalization for ω−s/2v ∈ L2, s ∈ [1, 2]. If s < 2 ; Norm resolvent
convergence. If s = 2 ; Strong resolvent convergence
Explicit domain

Generalized Spin-Boson Model (S.Lill and D.Lonigro 2023)

HINT =
N∑

j=1

(B∗
j ⊗ a(vj) + Bj ⊗ a(vj)∗)

Bj normal + Bj commuting + Algebraic assumptions. Case vjω−1/2 ∈ L2.
Explicit domain

UV Ren. of SBM with 2-Nilpotent and Normal Interactions Javier Valentín Martín (UPB)



3. Generalized Spin-Boson Model

Hilbert space:

Hs ⊗ Fb(L2(Rd)) ∼= Hs ⊕
⊕
n≥1

L2
sym((Rd)n; Hs) =: H

Ψ ∈ H ; Ψ = (Ψ(0),Ψ(1)(k1),Ψ(2)(k1, k2), ...)

Hamiltonian

HGSB(S,V ) = S + dΓ(ω) + a(V ) + a(V )∗ =: S + dΓ(ω) + φ(V )

S ∈ B(H) and self-adjoint
V : Rd −→ B(Hs)

(a(V )Ψ)(n)(k1, ..., kn) =
√

n + 1
∫

V (q)∗Ψ(n+1)(q, k1, ..., kn)dq

and

(a(V )∗Ψ)(n)(k1, ..., kn) = 1√
n

n∑
j=1

V (kj)Ψ(n−1)(k1, ..., k̂j , ..., kn)

Relation to the previous setting: V (q) = v(q)B.
UV Ren. of SBM with 2-Nilpotent and Normal Interactions Javier Valentín Martín (UPB)



3. Generalized Spin-Boson Model

Definition 1
Let s ∈ R

bs : =
{

V : Rd −→ B(Hs) :
∫

∥V (q)∥2
B(Hs )ω(q)−sdq < ∞

}
=

= L2(Rd ; B(Hs);ω(q)−sdq) .

For V1,V2 ∈ bs

⟨V1,V2⟩bs :=
∫

V1(q)∗V2(q)ω(q)−sdq ∈ B(Hs)

Lemma 1
Let V ∈ b0 ∩ bs with s ≥ 1, then

∥φ(V )Ψ∥ ≤ 2(∥V ∥bs + ∥V ∥b0 )∥(dΓ(ω) + 1)s/2Ψ∥H

If V ∈ b0 ∩ bs , s ∈ [1, 2) or V ∈ b0 ∩ b2 and ∥V ∥bs + ∥V ∥b0 <
1
2 , then

HGSB(V ) : D(dΓ(ω)) −→ H is a self-adjoint operator (Kato-Rellich).
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3. Generalized Spin-Boson Model

Goal: Given V ∈ bs , V ̸∈ b0, can we find a sequence (Vn) ⊂ bs ∩ b0,
Vn

bs−→ V such that

HGSB(Vn) − E(Vn) r.s−→ Hren.(V )?

E(Vn) ∈ B(Hs) self-adjoint operator that plays the role of a
renormalization energy.

Distinguish between the UV and the IR regimes:

V≤ := Vχ{ω≤κ} and V> := Vχ{ω>κ}

... ⊂ b≤
1 ⊂ b≤

0 ⊂ ... and ... ⊂ b>
0 ⊂ b>

1 ⊂ b>
2 ⊂ ...
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4. Main result

Theorem 1 (B.Hinrichs, J. Lampart, JVM)
Let S ∈ B(H) be symmetric and V = V≤ + VD + VN : Rd −→ B(H) with
V≤ ∈ b1, VD ∈ b2 and VN ∈ bSN for some sN ∈ [1, 2], such that

i. [V♯,V⋆] = 0 , ♯, ⋆ ∈ {D,N}.
ii. VD(q) is normal, i.e. [VD ,V ∗

D ](p, q) = VD(p)VD(q)∗ − VD(q)∗VD(p) = 0.
iii. VN(k)VN(p) = 0 (2-nilpotency).

If sN ∈ [1, 2) or if κ > 0 is large enough such that ∥VN∥b2 <
1
2 then there exists

H(S,V ) a self-adjoint and lower semibounded operator such that

HGSB(S,Vn) + ⟨Vn,>,Vn,>⟩b1
s.r.s−→ H(S,V )

for every Vn = Vn,≤ + Vn,D + Vn,N with Vn,⋆ ∈ b0 ∩ b1 (⋆ ∈ {≤,N,D}) as
above, with

Vn,≤
b1−→ V≤ , Vn,♯

b2−→ V♯ , ♯ ∈ {N,D} .

The convergence is in norm resolvent sense if either Vn,D = 0 or sN < 2 and
Vn,N

bsN−→ VN .
UV Ren. of SBM with 2-Nilpotent and Normal Interactions Javier Valentín Martín (UPB)



4. Main result (in a nutshell)

Convergence summary table
Infrared (V≤) Normal (VD) 2-Nilpotent (VN) Convergence

b1 ✗ sN ≤ 2 Norm resolvent
b1 b2 sN < 2 Norm resolvent
b1 b2 sN = 2 Strong resolvent

Renormalization energies

−⟨V ,V ⟩b1 = −
∫

V (q)∗V (q)ω(q)−1dq

Van-Hove −
∫

|v(q)|2ω(q)−1dq

RWA −
(

0 0
0 1

)∫
|v(q)|2ω(q)−1dq

SSB −
(

1 0
0 1

)∫
|v(q)|2ω(q)−1dq

GSB −
∑n

i,j=1 B∗
i Bj
∫

vj(q)vi (q)ω(q)−1dq
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4. Main result: outline of the proof

HGSB(S,V ) = S + dΓ(ω) + φ(VN) + φ(V≤) + φ(VD)

Step 0. Set S = 0. HGSB(S,Vn) converges ⇐⇒ HGSB(0,Vn) converges.
Step I. Nilpotent interaction: VN

Interior Boundary Conditions method (IBC).
Step II. Infrared interaction: V≤

Infinitesimal perturbation of the previous step.
Step III. Normal interacction: VD

Weyl transformations.

UV Ren. of SBM with 2-Nilpotent and Normal Interactions Javier Valentín Martín (UPB)
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5. The 2-Nilpotent Interaction: Interior Boundary Conditions (IBC)

Goal: Rewrite the Hamiltonian to extract the divergent part.
Introduce λ > 0 (we write Hλ := dΓ(ω) + λ) and Tλ : D(Tλ) −→ H

i. Tλ is Hλ-bounded with relative bound less than 1.
ii. Tλ + Hλ is invertible.

Define GV ,λ := a(V )(Hλ + Tλ)−1

An algebraic computation gives:

HGSB(0,V ) = (1 + GV ,λ)(Hλ + Tλ)(1 + G∗
V ,λ)︸ ︷︷ ︸

=:HIBC (Self −adjoint)

−a(V )(Hλ + Tλ)−1a(V )∗ − Tλ︸ ︷︷ ︸
=E? ,E∈B(H)

−λ

Self-Renormalization Energy E ∈ B(H) + First term in Neumann Series:

Tλ + E := −a(V )H−1
λ a(V )∗

We get

HGSB(0,V ) − E = HIBC − λ+ a(V )(H−1
λ + (Hλ + Tλ)−1)a(V )∗︸ ︷︷ ︸

Error Term

UV Ren. of SBM with 2-Nilpotent and Normal Interactions Javier Valentín Martín (UPB)



5. The 2-Nilpotent Interaction: The operator Tλ

((Tλ + E)Ψ)(n)(k1, ..., kn) =

−
n∑

j=1

∫
V (q)∗V (kj)

1
ω(q) +

∑n
i=1 ω(ki ) + λ

Ψ(n)(q, k̂j)dq−

−
∫

V (q)∗V (q) 1
ω(q) +

∑n
i=1 ω(ki ) + λ

dqΨ(n)(k1, ..., kn)

Define E to remove the divergent contribution of the second term

E = E(V ) := −
∫

V (q)∗V (q)ω(q)−1dq = −⟨V ,V ⟩b1

Proposition 1
Let V1,V2 ∈ bs with s ∈ [1, 2], then D(Hs−1

λ ) ⊂ D(Tλ) and for every
Ψ ∈ D(Hs−1

λ ).

∥(Tλ(V1) − Tλ(V2))Ψ∥ ≤ 2(∥V1∥bs + ∥V2∥bs )∥V1 − V2∥bs ∥Hs−1
λ Ψ∥
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5. The 2-Nilpotent Interaction: The HIBC Hamiltonian

For VN ∈ b0 ∩ b1, such that VN(q)VN(p) = 0, define

Gλ,VN := a(VN)H−1
λ

and

HIBC (VN) := (1 + Gλ,VN )(Hλ + Tλ(VN))(1 + G∗
λ,VN ) .

Proposition 2
Let VN ∈ b0 ∩ b1 with VN(q)VN(p) = 0, then

HIBC (VN) = HGSB(0,VN) + ⟨VN ,VN⟩b1 − λ

UV Ren. of SBM with 2-Nilpotent and Normal Interactions Javier Valentín Martín (UPB)



5. The 2-Nilpotent Interaction: The operator Gλ

Proposition 3
Let s ∈ [1, 2] and F ∈ bs , then

∥Gλ,F Ψ∥ ≤ ∥F∥bs ∥H
s−2

2
λ Ψ∥ ≤ ∥F∥bsλ

s−2
2 ∥Ψ∥ .

In particual, Gλ,F ∈ B(H) and if Fn
bs−→ F then Gλ,Fn −→ Gλ,F in B(H).

Lemma 2
Let s ∈ [1, 2] and F ∈ bs . If F (q)F (r) = 0 (2-nilpotency),

(1 + Gλ,F )−1 = 1 − Gλ,F and (1 + G∗
λ,F )−1 = 1 − G∗

λ,F .

This is, 1 + Gλ,F is invertible and has bounded inverse.
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5. The 2-Nilpotent Interaction: Renormalization result

Proposition 4
Let s ∈ [1, 2] and VN ∈ bs 2-Nilpotent (and ∥VN∥b2 <

1
2 if ∥VN∥bs = +∞ for

s < 2) then
HIBC (VN) := (1 + Gλ,VN )(Hλ + Tλ(VN))(1 + G∗

λ,VN )

with
D(HIBC (VN)) = (1 + G∗

λ,VN )−1D(dΓ(ω)) (IBC)

is self-adjoint and bounded from below. If VN,n
bs−→ VN then

HIBC (VN,n) n.r.s−→ HIBC (VN) .

Hλ + Tλ self-adjoint (Kato-Rellich) + Isomorphisms Sandwich =⇒
Self-adjointness.
Continuity statements for Tλ(V ) and Gλ,V =⇒ Norm resolvent
convergence.

UV Ren. of SBM with 2-Nilpotent and Normal Interactions Javier Valentín Martín (UPB)



Sketch proof of convergence:

1
HIBC (VN,n) + i − 1

HIBC (VN) + i =

= 1
(1 + Gλ,VN )(Hλ + Tλ(VN,n))(1 + Gλ,VN ) + i − 1

HIBC (VN) + i︸ ︷︷ ︸
(∗)

+

+ 1
HIBC (VN,n) + i − 1

(1 + Gλ,VN )(Hλ + Tλ(VN,n))(1 + Gλ,VN ) + i .

Apply Resolvent Identity

(∗) = 1
(1 + Gλ,VN )(Hλ + Tλ(VN))(1 + Gλ,VN ) + i (1 + Gλ,VN )︸ ︷︷ ︸

(Self −adjointness)⇒ ∥·∥≤2

×

× (Tλ(VN) − Tλ(VN,n))(dΓ(ω) + 1)−1︸ ︷︷ ︸
(Estimates on Tλ)⇒∥·∥−→0

×

× (dΓ(ω) + 1)(1 + G∗
λ,VN ) 1

HIBC (VN) + i︸ ︷︷ ︸
Closed Graph Theorem⇒∥·∥≤C

−→ 0 .
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6. The infrared interaction

Proposition 5
Let V≤ ∈ b1 and VN ∈ b>

2 (VN 2-nilpotent), then φ(V≤) is infinitesimally
bounded with respect to HIBC (VN).

Sketch of the Proof:
i. ∥dΓ(ω≤)Ψ∥ ≤ (1 + ∥Gλ,VN ∥)2 (1 +

∥∥Tλ(VN)H−1
λ

∥∥) ∥HIBC (VN)Ψ∥
ii. ∥φ(V≤)Ψ∥ ≤ 2(∥V≤∥b0 + ∥V≤∥b1 )

∥∥(dΓ(ω≤) + 1)1/2Ψ
∥∥

Corollary 1
Let VN and V≤ as above, then

HIBC (VN) + φ(V≤) : D(HIBC ) −→ H

is self-adjoint. Furthermore, for (VN,n), (V≤,n) ⊂ b0 ∩ b1 with VN,n
b2−→ VN and

Vn,≤
b1−→ V≤ then

HIBC (VN,n) + φ(Vn,≤) n.r.s−→ HIBC (VN) + φ(V≤)
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7. The Normal Interaction: Motivation with Van-Hove Model

Van-Hove Model:

HVH = dΓ(ω) + a(v) + a(v)∗

Spin-Boson (with Hs = CD)

HSB = S ⊗ Id + Id ⊗dΓ(ω) + B∗ ⊗ a(v) + B ⊗ a(v)∗

B Normal =⇒ UBU∗ = diag(λ1, ..., λD)

UHSBU∗ = USU∗ ⊗ Id +

+

(dΓ(ω) + a(λ1v) + a(λ1v)∗ ... 0
... ... ...
0 ... dΓ(ω) + a(λDv) + a(λDv)

)
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7. The Normal Interaction: The Weyl Transform

Lemma 3
Let F ∈ b0, then the operator φ(F ) is essentially self-adjoint. We denote its
clousure by Φ(F ).

Definition 2 (Weyl Transform)
Let F ∈ b0,

W (F ) = e iΦ(iF ) ,

which is a unitary operator.

Idea: For Van-Hove Model:

W (ω−1v)dΓ(ω)W (ω−1v)∗ = dΓ(ω) + a(v) + a(v)∗ +
∫

|v(q)|2ω(q)−1dq

−→ Replace v by an operator valued function.
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7. The Normal Interaction: The Renormalized Hamiltonian

Definition 3 (Renormalized Hamiltonian)
Let V = V≤ + VN + VD (as in the main theorem) we define the self-adjoint
and lower semibounded operator

H(S,V ) := S + W (ω−1VD)(HIBC (VN) + φ(V≤))W (ω−1VD)∗ − λ

with

D(H(S,V )) = W (ω−1VD)D(HIBC (VN)) = W (ω−1VD)(1 − Gλ,VN )D(dΓ(ω)) .

Question: How does this Hamiltonian relates to the original one?
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Lemma 4 (Algebraic properties of W (F ))

i. Let F ,G ∈ b0 with [F ,F ] = [F ,G] = [F ,G∗] = [F ,F∗] = 0, then
W (F )Φ(G)W (F )∗ = Φ(G) + ⟨F ,G⟩b0 + ⟨F ,G⟩b0

ii. If F ∈ b−2 ∩ b0

W (F )dΓ(ω)W (F )∗ = dΓ(ω) + φ(ωF ) + ⟨F ,F ⟩b−1 .

Proposition 6
Let V = V≤ + VN + VD with V♯ ∈ b0 for ♯ ∈ {≤,N,D}, such that,
[VN ,VD] = [VN ,V ∗

D ] = 0, then

H(S,V ) = HGSB(S,V ) + ⟨V>,V>⟩b1 .

Proof:
H(S,V ) =

= S + W (ω−1VD)(HGSB(0,VN) + φ(V≤) + λ+ ⟨VN ,VN⟩b1 )W (ω−1VD)∗ − λ =

= S + W (ω−1VD)(HGSB(0,V≤ + VN) + λ)W (ω−1VD)∗ − λ+ ⟨VN ,VN⟩b1 =

= HGSB(S,V ) + ⟨ω−1VD , ω
−1VD⟩b−1 + ⟨VN , ω

−1VD⟩b0 + ⟨ω−1VN ,VD⟩b0 + ⟨VN ,VN⟩b1
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7. The Normal Interaction: Convergence to H(S, V )

Generalization of result already used in Griesemer and Wünsch 2018 and
O.Matte and J.S.Møller 2018

Lemma 5
Let F ,G ∈ b0 with [F ,F ] = [F ,G] = [F ,G∗] = [F ,F ∗] = 0 and
ψ ∈ D(Φ(F )) ∩ D(Φ(G))

∥(W (F ) − W (G))ψ∥ ≤ ∥φ(F − G)ψ∥ +
1
2

∥∥(⟨F ,F − G⟩b0 + ⟨F − G,F ⟩b0 )ψ
∥∥

Further, if F ,G ∈ b0 ∩ b1, for all θ ∈ [0, 1]∥∥(W (F ) − W (G))(1 + dΓ(ω))−θ/2
∥∥

≤ 21−θ
(

4(∥F − G∥b0 ∨ ∥F − G∥b1 ) +
1
2

∥∥⟨F ,F − G⟩b0 + ⟨F − G,F ⟩b0

∥∥
B(Hs )

)θ

First inequality −→ Strong convergence
Second inequality (see S.G.Krein and Y.I.Petunin 1966)−→ Norm
convergence after regularizing with resolvents.
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Theorem 2 (Convergence result)
Let V = V≤ + VD + VN , V≤ ∈ b1, VD ∈ b2 and VN ∈ bsN for some sN ∈ [1, 2]
satisfiying algebraic assumptions.
For every Vn := V≤,n + VN,n + VD,n ∈ b0 ∩ b1 (+ algebraic assumptions) such
that

Vn,≤
b1−→ V≤ , Vn,♯

b2−→ V♯ , ♯ ∈ {N,D} .

HGSB(S,Vn) + ⟨V>,V>⟩b1
s.r.s−→ H(S,V ) .

Furthermore, if VD = 0 or sN < 2 the convergence is in norm resolvent sense.

Sketch of the proof:
The operator S does not play any role. We can take S = 0
Strong continuity of Weyl + Norm resolvent convergence IBC =⇒ Strong
resolvent convergence.
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Norm resolvent convergence?
1

H(0,Vn) + i
−

1
H(0,V ) + i

=

= W (ω−1VD,n)∗

(
1

HIBC (VN,n) + φ(V≤,n) + i
−

1
HIBC (VN) + φ(V≤) + i

)
W (ω−1VD)+

+ W (ω−1VD,n)∗ 1
HIBC (VN,n) + φ(V≤,n) + i

(
W (ω−1VD,n) − W (ω−1VD)

)
︸ ︷︷ ︸

(⋆)

+

+
(

W (ω−1VD,n) − W (ω−1VD)
)∗ 1

HIBC (VN) + φ(V≤) + i
W (ω−1Fn,D)

Norm resolvent convergence IBC =⇒ First term −→ 0
Second and third term can be treated in the same way.

(⋆)∗ =
(

W (ω−1VD,n) − W (ω−1VD)
)∗ (dΓ(ω) + 1)

sN
2 −1︸ ︷︷ ︸

Regularized continuity Weyl Transform⇒∥·∥−→0

×

× (dΓ(ω) + 1)1− sN
2

1
HIBC (VN,n) + φ(V≤,n) − i︸ ︷︷ ︸

Can be seen to be bounded.

W (ω−1VD,n)
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Vielen Dank!

Gracias!
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