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Part I: Atypical spectral and dynamical properties of non-locally finite
crystals

J. Kerner, O. Post, M. Sabri, M. Taufer, The curious spectra and dynamics of
non-locally finite crystals, arXiv:2411.14965 (2024), to appear in Communications
in Mathematical Physics
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B asic setu p @ FernUniversitat in Hagen
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e We study discrete Schrodinger operators Hr = Ar + Q on infinite
periodic graphs with finite fundamental cells
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e We study discrete Schrodinger operators Hr = Ar + Q on infinite
periodic graphs with finite fundamental cells

e We go beyond the (typical) locally-finite setting and allow a vertex to
be connected to infinitely many other vertices in the graph; we
assume the associated edge weights to be summable
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e We study discrete Schrodinger operators Hr = Ar + Q on infinite
periodic graphs with finite fundamental cells

e We go beyond the (typical) locally-finite setting and allow a vertex to
be connected to infinitely many other vertices in the graph; we
assume the associated edge weights to be summable

e The main message of the first part: such periodic graphs (or
crystals) exhibit various atypical phenomena that are absent in the
locally-finite setting and that are interesting from a theoretical as well
as experimental point of view
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What is typical in the loc.-fin. setting? (@)nbuiesiitinfagen

Walkshop in Mathematical Physics at the Constructor University Bremen
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e The Floquet eigenvalues E;(#), 6 € T9, are analytic almost everywhere
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e The Floquet eigenvalues E;(#), 6 € T9, are analytic almost everywhere

e An energy band cannot be partly flat; to each (entirely) flat band
there corresponds an eigenvector with compact support
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e The Floquet eigenvalues E;(#), 6 € T9, are analytic almost everywhere

e An energy band cannot be partly flat; to each (entirely) flat band
there corresponds an eigenvector with compact support

e Flat bands are absent given the fundamental cell consists of a single
vertex only
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What is typical in the loc.-fin. setting? (@)nbuiesiitinfagen

The Floquet eigenvalues E;(6), 0 € T9, are analytic almost everywhere

An energy band cannot be partly flat; to each (entirely) flat band
there corresponds an eigenvector with compact support

Flat bands are absent given the fundamental cell consists of a single
vertex only

Singular continuous spectrum is absent
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An exam ple grap h @ FernUniversitét in Hagen

e As an example, we consider such a graph
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What are some new features? (@) Femtniversitit nHagen

e Non-locally finite graphs can exhibit partly flat bands and
eigenfunctions need not be compactly supported anymore
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e Non-locally finite graphs can exhibit partly flat bands and
eigenfunctions need not be compactly supported anymore

e Already graphs with a single vertex in the fundamental cell may
exhibit a (partly) flat band
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e Non-locally finite graphs can exhibit partly flat bands and
eigenfunctions need not be compactly supported anymore

e Already graphs with a single vertex in the fundamental cell may
exhibit a (partly) flat band

e There exists a non-locally finite graph that exhibits purely singular
continuous spectrum

e Regarding transport: there exist graphs with purely absolutely
continuous spectrum that exhibit ballistic transport but no dispersion
(this solves a question raised in the community)
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continuous spectrum that exhibit ballistic transport but no dispersion
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T h e fl’a mewor k @ FernUniversitat in Hagen

Walkshop in Mathematical Physics at the Constructor University Bremen

o We assume
r=Vi+2z§
with [V¢| = v < oo; let I = {k € Z9 : vj + kg ~ v;}
e Hilbert space is £2(I') = ¢2(z9)"

o Let Q =(Q1,...,Q,) € R” be the potential and introduce the
Schrédinger operator

(Hrip)i( ZZ wii (K)wj(r + k) + Qii(r)

Jj=1 kel

fori=1,...,v, rez?
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The framework @ FernUniversitét in Hagen
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We assume

(1) w(k) >0foralli,je{l,...,v} and k € I,

(2) 0%/,‘,’ \V/I'E{l,...,y},
(3) wji(—k) = wjj(k) forall i,j € {1,...,v} and k € I;;,
(4) wij(k) < oo forall i,je{1,...,v}.

kel

Special case: v =1. Then

(Hro)(r) = > w(k)e(r + k) + Qu(r)

kezd

with w(k) > 0, w(—k) = w(k), >_ w(k) < co.
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An exam ple grap h @ FernUniversitét in Hagen

e As an example, we consider a graph I with v =1and d =1
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Basic techniques @FernUniversitét in Hagen

e The most important (and expected) ingredient here is the unitary
Floquet transform U : £2(Z9)" — L2(T9)" defined via,

(U);(0) = D ™ kyy(k), je{l,...,v}.
kezd

e Then Hr is unitarily equivalent to My, a multiplication operator on
L?(T9)” acting as the matrix function

H(Q) = (hU(Q))iszl .
e One has

Zkel,-j Wij(k)ezmne.k ) l#] )

h;i;(0) = )
J( ) Zke[ﬁ Wii(k)e27r19-k 4 Qi , I:_/ .
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Basic tech niques @ FernUniversitit in Hagen

e This implies
o(Hr)=Joj,
j=1

where o; = ran Ej(-); E;(0) are the real eigenvalues of H(6).

Joachim Kerner Atypical spectral and dynamical properties of non-locally finite crystals (and hopefully a second part) 13



Some results | @ FernUniversitit in Hagen
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Theorem (Singular continuous spectrum)
Consider the Z-periodic graph I with v = 1 and weights

1 i n—1
w(k) = { 4kV/loga(2K) ! or some n > 1,
0 otherwise,

for k > 0 and w(—k) := w(k). Furthermore, let Q = 0. Then Hr has
purely singular continuous spectrum.
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Ballistic transport and dispersion (@) FemtiivrsitnHagen

Walkshop in Mathematical Physics at the Constructor University Bremen

e Assume that ¢ # 0 is some initial state (typically, with compact
support). In order to prove ballistic transport one aims to show that

e g2
t—00 t2

0,

where x is some suitable “position operator”. In a regime of
localization, the limit would be zero.
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Ballistic transport and dispersion (@) FemtiivrsitnHagen

e Assume that ¢ # 0 is some initial state (typically, with compact
support). In order to prove ballistic transport one aims to show that

e g2
t—00 t2

0,

where x is some suitable “position operator”. In a regime of
localization, the limit would be zero.

e Dispersion: In order to prove dispersion for some inital state 1) # 0
one would like to establish estimates of the form

le™™ oo < ct™ [l

with o, ¢ > 0. Intuitively, dispersion means that the state flattens out
as time increases.
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Some results: II-1V @ FernUniversitét in Hagen

Walkshop in Mathematical Physics at the Constructor University Bremen

3.1. One-dimensional examples with one-element fundamental cell. Let us con-
sider the following simple examples which already induce erystals with remarkable prop-
erties, as we will see later in the article. We define

(3.1a)  a(0)

Il
—
)
|
[
S—
2
(M

1 N
10, acn,d, B :
(3.1b)  b(#) =12 ’ T2
67%, 6 e [%,1], :
1
1-0. 0cn.d). T
3.1 H=<0, el ?),
(3:1c) o(0) 3 %'4 FIGURE 5. The functions a
B_Z: be [Z:l]‘

(dotted), b (dashed) and ¢
(continuous line).
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Theorem (Ballistic but absence of dispersion — b(0))
Consider the Z-periodic graph T withv =1, Q = % and weights

1 g
W(k) _ W lfk Odd,
0 if k even.

Then Hy has purely absolutely continuous spectrum. Any initial state
Y # 0 (with finite first momentum) spreads out at ballistic speed.
However, I violates dispersion. More explicitly, one has

1

le™ " 8nllo0 > =
™

for all t > 0.
This theorem provides a negative answer to a question raised by Damanik et al.
in [2

Joachim Kerner Atypical spectral and dynamical properties of non-locally finite crystals (and hopefully a second part) 17




Some results Il @FemUniversitét in Hagen

Theorem (Faster dispersion than Z — a(0))

Consider the Z-periodic graph T withv =1, Q = % and weights

1
w(k) = 50252 -

Then Hy has purely absolutely continuous spectrum. Furthermore, any
initial state 1 # 0 (with finite first momentum) spreads out at ballistic
speed. Moreover, Hr disperses faster than Hz = Az: one has

e 3|0 < 8712|191

Note here that for Az on has ~ t~1/3 instead (Stefanov, Kevrekidis
(2004)). So, in our setting one is somehow closer to the continuum.
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Some results IV @FemUniversitét in Hagen
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Theorem (Another graph with no dispersion and a partly flat band — c(#))

Consider the Z-periodic graph T withv =1, Q = E and weights
L if k odd ,
w(k)={ 7R,
W if k even.

Then Hr has a partly flat band (infinitely degenerate eigenvalue), it
violates dispersion, and in fact, a sizable mass of the initial state oy stays
at the origin at all times (but in this state one has ballistic transport).
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(0) pen qu estions @ FernUniversitat in Hagen

e What is the “generic spectral type” of crystals?
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Part 1l: Spectral comparison results

P. Bifulco, J. Kerner, C. Rose, Spectral comparison results for Laplacians on
discrete graphs, arXiv:2412.15937 (2024)
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Part 1I: Spectral comparison results @)Fe’“”“i"“’Simi“Hﬂge“

Walkshop in Mathematical Physics at the Constructor University Bremen

e Basic idea: Compare the eigenvalues of two operators with each
other, one being the perturbation of the other and both defined on
the same structure
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the same structure
e We will be looking at the eigenvalue differences
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e Basic idea: Compare the eigenvalues of two operators with each
other, one being the perturbation of the other and both defined on
the same structure

e We will be looking at the eigenvalue differences

e Such results have been studied recently on domains (Rudnick et al.),
on finite quantum graphs (Band et al., Bifulco/K) and infinite
quantum graphs (Bifulco/K)
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e Basic idea: Compare the eigenvalues of two operators with each
other, one being the perturbation of the other and both defined on
the same structure

e We will be looking at the eigenvalue differences

e Such results have been studied recently on domains (Rudnick et al.),
on finite quantum graphs (Band et al., Bifulco/K) and infinite
quantum graphs (Bifulco/K)

Question: What about similar results on discrete graphs?
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e Basic idea: Compare the eigenvalues of two operators with each
other, one being the perturbation of the other and both defined on
the same structure

e We will be looking at the eigenvalue differences

e Such results have been studied recently on domains (Rudnick et al.),
on finite quantum graphs (Band et al., Bifulco/K) and infinite
quantum graphs (Bifulco/K)

e Question: What about similar results on discrete graphs?

e Problem: Seemingly very little is known about Weyl laws
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Part IlI: Spectral comparison results on discrete graphs @)Fe’“”“i"“’s"é‘ in Hagen

Walkshop in Mathematical Physics at the Constructor University Bremen

e Let X be a non-empty set, b : X x X — [0, 00) symmetric with
b(x,x) =0and > .y b(x,y) <ooforally € X

e Introduce the maps ¢ : X — [0, 00) (external potential) and
m: X — (0,00) (vertex measure)

e We consider discrete graphs (b, c) over the discrete measure space
(X, m). The underlying Hilbert space is

2(X, m)
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Part Il: Spectral comparison results on (discrete) graphs @Fe’“”“"’e’s“a"“mg““

e We consider certain self-adjoint realizations of the discrete Laplacian
acting via

S b0 ) () — F) + LD f(x) , xe X

(‘Cb,cf)(x) = m(x) = m(x)

e The associated quadratic form is given by

Qc(f.g) Z b(x, y)(F(x)=F(y))(g(x)—g(y)+ > c(x)(f8)(x),

x,y€X xeX

on a suitable form domain D(Q) C £2(X, m).

Joachim Kerner Atypical spectral and dynamical properties of non-locally finite crystals (and hopefully a second part) 24
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e We require that the corresponding form domain D(Q) is such that
D(QP)) € D(Q) c D(QM)

° D(Q(D)) is the closure of the compactly supported funtions with
respect to the form norm and D(Q)) is the maximal domain

e We also require that the form domain of L}, .—g is compactly
embedded in £2(X, m). This implies that the spectra of L, . as well
as Lp —o are purely discrete
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Part 1l: The main comparison result @)Femumversnmmmgm
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Theorem (Spectral comparison result)

Assume that Ly, c—g has purely discrete spectrum and let an external
potential ¢ : X — [0,00) be given. Then

dim £2(X,m) C(X)
> (=M =3 1
n=1 xeX
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Theorem (Local Weyl law)

Assume that Ly, c—g has purely discrete spectrum and let an external
potential ¢ : X — [0,00) be given. Let fS € £2(X, m) denote the
normalized orthogonal eigenfunctions of Ly, .. Then

dim £2(X,m) 1
)P = == X .
. IR =Trg . xe
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Example @ FernUniversitat in Hagen
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e Let X = N with m(n) := n=* be given. We consider the path graph
over (X, m) defined via b(n+1,n) = b(n,n+ 1) = n? and
b(n, m) = 0 whenever [n — m| > 1. Moreover, we suppose that
c(n) =0 for all n € N. Then, one has that D(Q) is compactly
embedded in £2(X, m) and hence any self-adjoint realization has
purely discrete spectrum.

b(1,2) =1 b(2,3) = 4 b(3,4) =9 b(4,5) = 16

Figure: The infinite path graph b over (N, m).

- : 2
e For c(n) = n~° the eigenvalues differences sum up to &
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Thank you for your attention!
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