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Motivation

» Computing commutators [A, B] = AB — BA is often
necessary in many-body physics, and it causes a mess.
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» Computing commutators [A, B] = AB — BA is often
necessary in many-body physics, and it causes a mess.

» E.g., take bosonic creation/annihilation operators a}, a,
with x, y € Z, satisfying the commutation relations:

[ay,a;] =0(z —y), [ay7ay’] = [ag,ay] = 0.
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Motivation

» Computing commutators [A, B] = AB — BA is often
necessary in many-body physics, and it causes a mess.

» E.g., take bosonic creation/annihilation operators a}, a,
with x, y € Z, satisfying the commutation relations:

[ay,a;] =0(z —y), [ay7ay’] = [ag,ay] = 0.

» Toy problem: K := aja, and V :=a? ,a/ay

__ 4% * * #® ®
[K,V] = gy oy Qg Oyt oy’ Oy — Oyt Qg Oy s akay

Y17Ys

» Task is considered solved if all operator products are normal
ordered, i.e., of the form a*a*...a%a...aa.
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r

%
y! oyt Qg Oy

S &
[K,V] =a} aya/a/ara — gy Gy Ay Oy

vy Y5
» Solution strategy: Apply CCR to normal-order the 2 operator

products.

* E
agaya ,a ,ayllay;
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[K,V] = a aya/a,a/a a,a/a

Y Ayl al, y, @

y’a Qy

» Solution strategy: Apply CCR to normal-order the 2 operator

products.

* ®k
Ay QyQ {CLE, (lyll(Lyl)
;Z,a/a/ aa,aya,a/a/Jraa,aya,a/a

:amayaméa vy ! vy Yy, v Yyl
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Attached Products

[K,V] = a aya/a,a/a a,a/a

y' Ay, na

/a Ay

Y17Yso

» Solution strategy: Apply CCR to normal-order the 2 operator

products.

* ® ok
Qa, (LyCL ,a ,ay/layfz

* * k ok *
= Qqy, A a”, a,r Q. +a,a”, Ay, A, A,
Z[ v z’z] @) "Y1 Y2 Tl Y x| Y1 Y2
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Attached Products

[K,V] =a aya/a/a/a/ a,a/a/a,

y' Ay, Ay

Y17Yso

» Solution strategy: Apply CCR to normal-order the 2 operator

products.

* * ok
(lm(byam[2 (lz,l (Ly/l ay[Z

I
=0 Gy Oy Oy 5(zh —y) +aXa* 2! aya 1 Gy Oy,
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[K,V] =a aya/a/a/a/ a,a/a/a,

y' Ay, Ay

Y17Yso

» Solution strategy: Apply CCR to normal-order the 2 operator

products.

*® ® ok
Qa, uya ,(l ,ay/layfz

_ _ ® ok I ® % %
7azaw,l Ay Oyt 5(zh —y) + g Oy oyl Oy o(xy —y) + Uy Qs Gy Gy
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[K,V] = ajayal, , ay [ Oy Gy, — améam/ Oy Oy, Ay Oy
» Solution strategy: Apply CCR to normal-order the 2 operator
products.
a*uya*, a*, ay/l n
:azaw,l Ay Oyt 5(zh —y) + a:a;z Ayt Ayt Szt —y) + a:a:‘,z a:,l ayayr ay;
a:,l a:,2 Qy! Ay aXay
—a:,l a:, Ay, ayd(z —yh) + a;,l a:,z Ayt ayd(z —y}) + a:,l a:,Q ata Ayt Oyt Oy
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[K,V] = ajayal, /a 2/, Oy Oy — améam/ Oy Oy, Ay Oy

» Solution strategy: Apply CCR to normal-order the 2 operator

products.
ko kK
Qa, uya , a ! ay/l (Lylz
— ® ok ’ ® ko
7azaw,l Ayt Gyt 5(zh —y) + Uz Gy Oy’ Oy o(xy —y) + Uy Qs Gy Gy
® ok
g gy Oy Oy gy
gk ok ’ * * ok
=t Qg Oy ayd(x —y5) + g gy Oy ayd(z —y)) +aka o, By Yy O

» Normal ordered terms cancel, 4 terms remain.
» Final result:
[K,V] = a:a:,laylla 1 8(xh —y) +a:a:,2ay/l ay_/zé(a:'l —v)

® ok / * /
g gy Oy ayd(x —ysy) — Oy Ot Oy ayd(x —yq)
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» Final result:
[K,V] = a:a:,l Ayt a,yfzts(xg —y) + a:a:é Ayt Gyt iz —v)
* / * /
= g gy Oy ayd(x —y5) — gy Oy Gy ayé(x —y7)

» Each term corresponds to a way how a*-operators can “hop”
over a-operators.

» Shortcut: Keep track of hoppings by diagrams.

wCud OGIE-C/SOUNS O IS O, Co
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Mathematical Setting
» Particle coordinates: elements of measure space (X, i)
» 1-particle Hilbert space: h := L?(X, p)
> Fock space: .7 := @y_,h®
» Forng,ma€eN, fi€ LZ(X”A x X™mA),
Xa=(x1,...,®ny), Ya=(Y1,--,Yp,) the operator

A= J/\(X Y ‘)CLZ,HA ...CLZIQAJ coAm, dX 4dY 4

with az, -~ =:a% ; and ay, , =:aay, translates into:

legs
g aA,

aA 2

£
(LA,nA
*
aA,nA—l

AAm o,

ap

The *-algebra of such operators A is called A (bosonic) or A_ (fermionic).
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Attached Products

» For 2 diagrams A, B, the “sum over all possible contractions”
is called attached product. For bosons

A—O—B = Z JT\ Y\ Y\!f[,(X[, Y[,,H(; ﬂ() yﬂ/(c))x
(m,m!")eC c=1

na * mp
x (H aA,[> H Qy H Aoyt H ap, dXdY
£=1 uEln weu', =1
™

Here, we have C' = 1 contractions, tracked by 7 : {1,...,C} — {(B,1),...,(B,ng)}

and 7 : {1,...,C} - {(A,1),...,(A,ma)}.
C is the set of all admissible contractions.
Ur < {(B,1),.

- (B,np)}and U, < {(A,1),...,(A,ma)} are uncontracted legs.

June 19, 2025
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Friedrichs Diagrams otivation
matical Setting

Attached Products

» Analogously, the fermionic attached product is

c

A—O=B:= Z sgn(m, ') f/'A\gX,\A YA fB(XB, YR )H (T r(e) = Ynr(c) X
(m,m")eC c=1
na * * mpg
X (H aA,g) (H au) H Ayt H ap p dXdY
(=1 ueld u'eld! =1

Here, sgn(m, ') € {1, —1} is some sign factor.
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Main Result

The Fermionic Sign Factor

Main Result: Commutator Formulas

Theorem (Bosonic Commutator Formula)
Consider A,B € A., i.e., the CCR hold. Then,

[A,B] = A—o-B — B—o-A
Theorem (Fermionic Commutator Formula, [Brooks, L. 2023])
Consider A,B € A_, i.e., the CAR hold. Then,
[A,B] = A—0=B — B-—o0=A if (nga +ma)(npg + mp) is even,

{A,B} = A—0=B + B-—o=A if (na +ma)(np +mp) is odd.

» Proof idea: By induction, similar to proving Wick's theorem.
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The Fermionic Sign Factor

» What is sgn(m, 7')?
» For fermions, aya¥ + a¥a, = §(x —y) & ayal = —ata, + 6(x —y)
= We pick up a (—1), whenever we hop. E.g.,

® ok ok ok ® %
FOgy Qpq Qg Qg Oy Oy Oy g azfz am,l Ay Gyt Oyt

N N ® ®
= = Qg Ay Qg Oy Oy Ay, aw,zayaam,1 Ayl Gyl Gy + ...

+ ..

* & * & & &
+ (lw4 awS a“(l:g awl Gy (lm,2 (1,y2(1y3am,1 (I,yIl (ly{2 (lly.{i
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The Fermionic Sign Factor

» What is sgn(m, 7')?
» For fermions, aya¥ + a¥a, = §(x —y) & ayal = —ata, + 6(x —y)
= We pick up a (—1), whenever we hop. E.g.,

+a:4a’;3a* a’m"laylayzayga*, a*, gyt Ayt Qg

2 Yy Yy Y3
— _a¥* g¥ a¥ of
= T Qg Qg Qg Qg Oy, Oy, aw,zayaam,1 Ayl Gyl Gy + ...

* & * & & &
+ Ogy Qs O, awluylam,2 (z,yzuyxam,l (z,y/l (1y{2 (l,yg + ...

» Contraction of first hopping always has "+": 0 6
+0(xh — yz)ay, an, am, an, Ay, dy,a , Ayl Ayt Ayt
+o(xy — y3)d(x) — yo)ag,az az, ;"lay Ayt Ay Gyt

> We call these diagrams “maximally crossed”. Qv‘e
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Main Result

» We can make any diagram maximally crossed
by index permutations o and ¢’ of i
{1,'.-7mA} and {1,...,77/B} 2+ 1 = 3 swaps necessary

» CAR imply aya, = —ayay, aka® = —a¥ a, 0.‘6

so each swap in 0,0’ picks up a (—1).

» All swaps together yield a factor of sgn(o)sgn(o”).
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» We can make any diagram maximally crossed
by index permutations o and ¢’ of i
{1,'.-7mA} and {1,...,77/B} 2+ 1 = 3 swaps necessary

» CAR imply aya, = —a,ay, aka® = —a¥ak, 0.‘6
so each swap in 0,0’ picks up a (—1).

» All swaps together yield a factor of sgn(o)sgn(o”).

> Finally, we must normal order diagrams like ° 6

/ %k ® .
6(x2 — Y3)az, Az, 0z, Oz, Gy, Ay, g Ayl Qyly Ayl

» After C contractions, it remains to pull (m4 — C) operators a
past (np — C') operators o™ = factor of (—1)(7"14_0)("’3_6)
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The Fermionic Sign Factor

Main Result

» We can make any diagram maximally crossed
by index permutations o and ¢’ of i
{1,'.-7mA} and {1,...,77/B} 2+ 1 = 3 swaps necessary

» CAR imply aya, = —a,ay, aka® = —a¥ak, 0.‘6
so each swap in 0,0’ picks up a (—1).

» All swaps together yield a factor of sgn(o)sgn(o”).

> Finally, we must normal order diagrams like ° 6
6(32/2 - ys)a:4a:3a:2a:1ayla92 a:’l ay'l ay; ayé :

» After C contractions, it remains to pull (m4 — C) operators a
past (np — C') operators o™ = factor of (—1)(7"14_0)("’3_6)

» Final result:

sgn(m, ') = (—1)ma=Ons=Cgen(g)sen(o’)
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Application: Hartree Equation

» Consider very generic bosonic many-body Hamiltonian:
— — * e A ! ! oo & &
H=K+V:= Z fr(x,y)agay + Z iy 1,l,|,,z,.2,;/‘,;jl)azfzam,layllayfz
zy @)y v
» Interaction picture dynamics: U; = e et . 7 7
» Time evolution of observable A € A, via Dyson series:

o0

1 1 1
At::L{t_lAMt:Z j ifk{u-[A7§V1]7-~~75Vk}dt1~-dtk

k=0p<ti<--<tp<t
with V,, := e #n Ky gitn K

%)
1 Y]
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Applications

» If system is initially in coherent state (BEC) over ug € b, then
expectation of A at time t is (fa,).—itx,,, With
> 1-body kinetic operator (K1u)(z) := ¥, fx (z, y)u(y)
Y (fadui=Ex y fa(X Y)u@n) - u(@n)uy) - u(y,)

> One can approximate (fa,).—itx1,, by {fa)u, with

u; solving Hartree equation |idyu; = (K1 + Vi, )w ‘ with:

> initial data ug att =0

> (Varw)(@) = Sy g Fv (@ 2,51, y2)0 (@2)0 ()ulys)
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Applications

» Hartree prediction {f4),, arises from subset of diagrams:

» Define f,?,;;’f’“ as the sum of all diagrams in A}?"“’t’“ with
k+ 1 legs.
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Applications

» Hartree prediction {f4),, arises from subset of diagrams:

» Define f,?,;;’f’“ as the sum of all diagrams in A}?"“’t’“ with
k+ 1 legs.

Proposition ([Brooks, L. 2023] Hartree Dynamics in Diagrams)

Let T := W and (ut)se(—1,1) Solve the Hartree equation.
Then, for all [t| < T, we have

0
tety
<fA>ut = Z j <fka+1 k>e—itK1u0 dty ... dtg,

k=00<t; <<t st

where Vo : h @ b — h ® b is the operator associated with the kernel fy .
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Application: Fermi Gases

v

N fermions on a torus [0, 27]?
Hilbert space: (M) := L2([0, 27]%)®=N
That means, ¥ € ") is antisymmetric

zp(...,mi,...,mj,...)=—1/)(...,:rj,...,1:i,...).

v

» Hamiltonian Hy : #N) 5 dom(Hy) — ™M),

Z AJ;]—l—N“ZV i — )

i<j

» We now write this using a*, a-operators.
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Application to Fermi Gases

» Fock space is & := @ﬁ:o A N) with vacuum vector
Q=(1,0,0,...)eF

> Define a5, a, on F, which create/annihilate plane waves
ep € L2([0, 27]) with ey(x) := W@”’"E and pe Z3

> Then, lifting Hy from s2N) to .Z yields
. 1 1 S
Hy = Z Ip Qa;ap + §N 3 Z V(kz)a;Jrkaf;_kaqap
peZ3 k,p,qeZ3

(“lifting” means Hy = Dy_, Hn)
(We will switch between Hy and Hy, or ™) and Z , as needed.)
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Applications

» Physically, system will be approximately in the ground state,
that is, the lowest eigenvector of Hy

» First approximation to GS: fill up the
Fermi ball By := By, (0), s.t. |Bp| =N 2 g,

» Fermi ball state is gy
Ypp = RQ e AN ¢ F with
particle—hole transformation
R=R*=R':.F - .Z defined via

a, ifpé¢ Bp

RayR := i
a, if pe Bp
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Applications

» Even better approximation [Benedikter, Nam, Porta, Schlein,

Seiringer 2021+]: | ¢ = RT | with

T : . — .Z: Almost-Bogoliubov transformation, 7% = T~}

Ti=e, S:i= > K(k)ag ~h.c.=: S, +S_,
k7a7ﬁ
where k, o, 3 are indices, K (k)5 € R
» Here, = >pn f(p,h)agaj, with p ¢ By (particle) and
h € Br (hole). So particles do not contract with holes
> [ , | = a0 (O + Ea (k. E)) (“almost-CCR™),
SO are almost bosonic
>

As Friedrichs diagrams:
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Application: Hartree Equation

Applications Application: Fermi Gases

» Within 1), we compute the momentum distribution
q— (U,akaqy| g€ ZP.

h.oa* / i i . a* /s ith i i
\(1.»‘aqaqzs,'> no interaction ) (i, agaqp)  with interaction

lal
0 ke ’
» Action of R in ¢ = Re™5Q is easily described:
(RTQ, ata,RTY) R (TQ,a%a,TQ)
1,\—< ,,,,,,,,,,,, d [ 3 ,,,,,,,,,,,,
- , la B al
0 kp 0 kp
» Equivalently, compute excitation density
e
_ 1
(ng) = {Q, ¥ajane™ ) = 37 —(Q,adg(aga,))
n=0 """

with ad’ (B) :=[A,...[A,[A, B]] .. .]: n-fold multicommutator
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Applications

-0

> Multicommutator computation: start with vertex of aja,
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Applications

E

> Multicommutator computation: start with vertex of aja,
» Consecutively add vertices S, contracting > 1 legs per step
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(e
&

> Multicommutator computation: start with vertex of aja,
» Consecutively add vertices S, contracting > 1 legs per step
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Applications

> Multicommutator computation: start with vertex of aja,

» Consecutively add vertices S, contracting > 1 legs per step

» In the end, taking (2, - 2) removes all diagrams with external
legs, since a2 = 0.
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Applications

> Multicommutator computation: start with vertex of aja,

» Consecutively add vertices S, contracting > 1 legs per step

» In the end, taking (2, - 2) removes all diagrams with external
legs, since a2 = 0.

» In each “loop”, indices «; are fixed. The final result has a
sum Zaj for each loop

Sascha Lill Universita degli Studi di Milano June 19, 2025 19 /21
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Applications
6 loops
as Q4
a2 s
ay [e3
o (@) 9
Qg g Qg

> Multicommutator computation: start with vertex of aja,

» Consecutively add vertices S, contracting > 1 legs per step

» In the end, taking (2, - 2) removes all diagrams with external
legs, since a2 = 0.

» In each “loop”, indices «; are fixed. The final result has a
sum Zaj for each loop

» Biggest contribution is with most loops — 2 fermions
together act as a single boson — bosonized graph
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Application: Hartree Equation

Applications Application: Fermi Gases

Theorem ([L. 2024])

ee}

=Y 3 Val@)

n=2 G:graph with
n:even n vertices

» Summing up bosonized graphs gives (n,) = Nfgl(q),
agreeing with conjecture by [Daniel, Vosko 1960]

> Further diagrams are O(N~1), but absolute convergence is
not established, yet.

» Nevertheless, with many-body analysis, we proved:

Theorem ([Benedikter, L. 2023])
ForV =0 compactly supported and most q € 7.3,

(ng) = N™31(q) + O(N~5712)
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Applications

Thank you for your attention!
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