
f set theory Zermelo Fraenkel Jession4From theaxioms o Lep17,2018
Zorn's lemma can neitherbeproven nor disproven

It is equivalent toaxiom ofchoice and to well orderingprinciple

Zom's6m lets be a partiallyorderedset s t everylinearlyordered

subsethas an upperbandThen S has amaximalelement

Explanation

Spartiallyorderedmeausi

S has a relation E that satisfies Ks se s E S
s e s reflexive
S E Sz and Sze s 3 S Sz antisymmetric

S E Sz and s E S 3 S E53 transitive

not notnecessarily GESa or Szes is and s canbeincomparable

Xliuearlyordered ineaus

X 1 2 EX x Exz Or XCX twoelements are always comparable

XcSh
som_dmeauI.FYESs.t

XEY the X



Shasueaxelement

se S is a wax element i f Ys e s forwhich s e s s s

pwofofthm.lerexvectorspaeehasab.us
let V be thevector space

let S subsets Tc V T linearlyindependent
I l Ii 11

partialorder on 5 by inclusion E is subsetinclusion E S E S i
S E Sz andS E S s S Se i
S E S zandSe E53 3 S E S3

let X be a linearlyordered subset of S Does it havean upperband

Yes Xu y is clearly an upperband e Xu th e X

Choose any finitesetof vectors x Xu from Xu then these
are contained in one of the y c X Xu still linearly independent
Xu E S

UseZorn's lemma S has amaximal element i e thereis a tin indep

subset EE s that is maximal ii e no element canbeadded

s E is abasis D



I 4 Linear Mapsmum

m S Sz is called a map or function
sometimes fat only if

Sz Q IR CI

If V Wave vectorspacesover a field F f V 7W is called linear if

f C V t cm c flu t Cz f vz Fa Cz EF v Nz C V

linearmap or linearoperator lAxleroperatoronlyif Kw 1

14W all linearmaps from V to W

f V all liu maps from V to V

C

Ex zero map OE 14W 05 0 u O the V
W w

C fly w EW

F set of all sequencesin F

e g f x Xz xz Xs left or backward shif
is linear

K c 1112 cont differentiable fats
derivative D is linear Heyl f'ty if I tf

note addition fi fee 14w re V then I fit f v f Htt
ult CEF fcf cul cf.lv



Lemmai S V w is avector space

Proof Hw

6mu let y ru be abasis in V Cinparticular dim ku b and

w Wu c W Then thereexists a uniquelinearmap f V W
with flu f Wi Fi h u

Pwo auniqueness f f E f lV w with fly I Wi f g w

g f f is still linear

g IICiVi cigluil E.ci fail flail1 0If Tui

of 0 zeromap s f f
existence Def f by f f ciri Ii CiWi clearlylinear

0

If Vvectorspace over F thenelements of folk F are called

linear fat s of V or functionalsof V

S CV F l V is called thedualspaceof V
E So I F F Fu

usualnotation IF
n

1 7 Cxif x I



eg CxT xu II Ii xi xi Cmatix multiplication

De let Ev in be abasis of V diu Kuen Then

4 vn 3cV iuithvi fFzcjvj1 ci vi4y.l Sij
is called thedualbasis

6mm Thedual basisis indeed abasis

Root y'T u 3 generates V

Pick f EV call fly I fi EF f Fi fi Vi

f Ecivil II a fly I Citi fjy.tt iE.civi

Also from Ei Ciri 0 it follows that

Ciri Uj Cj O Kj L n

all g s O 4 vu Cinindep 0

But Iu is dim vector space Ey is still tin indep butnot

generating anymore luotabasis HW


