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In.lu icnsoffuunerProductsm

De let 4 Lz M bevectorspacesoverthefieldF Then

f 4x4 M Ch let filmed is called abilinearmapif

f e te ez flea eh flee ez
f e ezteil fce.ec tf le li Veneie4 eueIeLz
f al blz ab f et ez te Eli heh a bet

De If M F thensuck f arecalledbilinear forms

E LCL M1 XL M ly el tsg le bilinearmap

L XL F f h et h h e bilinear form

FIFI F Evil to gig y It6y buxmmatrix

bilinearform

Note ingen one candefinemultilinearmappings L thx Ln M
e g Li IR FIE Int Det E Iu

in
matrixwith I i ascolumns

leadstostudyoftensors later or nextyear
Westudy bilinearforms L s F or Lx T ithese are called
inner products



Note we write Lx E sQ as sesquilinearformg L x L se i e
gCali be2 abig h ez 1linearin first autilinear insecondargument

Next innerproductsandmatrices
symmetry

a classificationin 1or 2 dim

gen classification

Innerproductsandtlatries

here consider L x I remove for Lx L F
dimL h c N

Lig an innerproductspace

choosebasis e en in L def Grammatrix G gki ej1 i j h in

thisdef g glxiykg.E.xiei.EY.es FIxiyTgleiiejl xTGE

also choiceof 6andbasis defg
basischange E A I sglEvil IIE HE IGHT

TI A 6A Iw
Grammatrix in newbasis

note g canbedef viamap of L GlennI gle m l
fix basis e en gdef via matrix

6 matrixofg in samebasis
anddualbasis is GT



gEiEl g agETE WIFE GE

dualbasis I hit II x exit yjej x Yi ITF

Symmetries

bilinear gTe ul gIm e i 6changes to GT

sesquilinear aft eun glmet still linear infirstargument Gchangesto IT

We considerfrom now on

symmetric gig 6symmetric orthogonalgeometry

antisymmetric or symplectic gT g
6antisymmetric

Hermitian
gIg 6 Hermitian

note giteehgleel gleetgleet is real

De Let Il g be aninnerproductspaceThen lmk are
calledorthogonal

i f gIli ez1 0 Li L z c L areorthogonal if g19ez O te ehezel

note if g Igt
their gleeed o style e 1 0 oglere1 0

Det Kerg me L gl m e1 0 feel

if Kerg o then g is called non degenerate



note a

kerf Kerof Cg as
above

g non degenerate s 6 non singular

rankof
dim ing rank6


