Jacobs University November 28, 2019
Fall 2019

Calculus on Manifolds

Homework 10

Due on December 5, 2019

Problem 1 [1.5 points]

Let V be a finite dimensional vector space and Alt : T*(V*) — A*¥(V*) the alternation
map. Let 8 € T3(V*). Explicitly compute AltS3(vy,vq,v3) for any vy, vy, v3 € V.

Problem 2 [3 points]

a) Let w € A*(V*), n € AY(V*). Prove that w An = (=1)*n A w.
(a) 1 U U

(b) Let w,...,w* € AY(V*) and vy,...,v, € V. Prove that

WA LA WE (o) = detwd (vy).

Problem 3 [5 points]

Let FF: M — N be a smooth map between smooth manifolds M, N, and let w,n be
differential forms on NV, then the pullbacks F*w and F*n are differential forms on M.

(a) Prove that F*(w A n) = (F*w) A (F*n).

(b) Prove that in any smooth chart,

F* (Z/wldy“ A.../\dyi’“> :Z/(WIOF)d(y“ oF)A...Nd(y"* o F).
I
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(c) Let (U, (2")) and (U, (7)) be overlapping smooth coordinate charts on the smooth
n-manifold M. Prove that on U N U we have

7J
djl/\.../\dj”:det(%

)dxl/\.../\dx”.
s

Problem 4 [6 points]

We consider the manifold R™. Recall that for a k-form w on R™ we define the exterior
derivative dw as the (k + 1)-form

d (Z/dexJ> = Z/de A dx?,
J J
where dw; is the differential of w; : R" — R. Prove that d has the following properties:
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(a) d is R-linear.
(b) For a smooth k-form w and a smooth ¢-form 7 we have
dwAn) =dwAn+ (=1)Fw A dn.
(c) dod=0.
(d) Let F': R™ — R™ be a smooth map and w a smooth k-form on R™, then

F*(dw) = d(F*w).

Problem 5 [3 points]

On R3, consider the 2-form
Q= xdy Ndz + ydz N dx + zdx N dy.
(a) Compute €2 in spherical coordinates (p, ¢, ) defined by

(z,y,2) = (psinpcosh, psin psin b, pcosh).

(b) Compute d©2 in both Cartesian and spherical coordinates and verify that both ex-
pressions represent the same 3-form.

Problem 6 [1.5 points]
Let F': R*? — R3 F(u,v) = (u? v3, e“—v) and let w be the 2-form w = zdx Ady+ zdx ANdz
on R3. Compute the pullback F*w.



