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3.2 Submanifolds
mmmm

recall Msmooth in manifoldwithatlas it U eM open
atlas Aa lVan alum ViaIEA
U is also a smooth m manifold called open submanifold ofM

wewant to consider moregeneral submanifolds e.g donutas submanifoldofIR's

note identify112with IR k cu fx x4xk x x 0 CIR

a k sliceof open UDR is x XYx x tEU x I ch X ch

Def let N be a smoothmanifold McN M iscalled embedded submanifoldof
dimension men if ftpEM thereis a coordinatechart 1K4 of N PEV
441 0 s f

HM if x xnxn xYe414 x 1 0

m sliceof414412

note all is indeed a manifold withthe subspace topology
one canshowthatinclusionmap i MUN is an embedding hencethename

Next howto characterizeembeddedsubmanifolds

A imagesof certain immersions
B levelsets F ofKM for FM Niger



recall F M N smooth

smooth immersion dtp injectiveHp
TIMsubmanifold notsubm

O ay 9
notsubm

Fml submanifoldundersomeconditions

Ysmooth submersion dFpsurjectiveHp

A11 godip LT 1planeparallel to x yplane

levelsets F f of submanifolds

shouldalsobetrueif F is not a submersion

but dipsurjective V peF'KH

A
Proposition If F M s N is an embedding thenF M is anembeddedsubmanifoldof N and

F M FINI a diffeomorphism

Proof consider g Ftp centeredcharts Ure at p 1441atofs t.HU cV

l l m l mRank thinforembeddingF YoFoy x X X O 01
now FlUtcFIMIopen 3neighborhoodWsof s t FlUk FINInW

takeWc 4of141 41 Mlnw in sliceof 41hr1

Diffeomorphism basicallyclearfromdef F smoothsince I immersion 0



Proposition If F M N is asmoothinjectiveimmersionandMcompactthen M is an

embeddedsubmanifold

Proof M compact N Hausdorff F M Nmapsopensetsintoopensets 0

131
Proposition If F M Nbesmoothwithconstantrankr ye N then t l of is an

embeddedsubmanifold ofM of dimension dinU r

Proof let pe F ly choosecentered charts Uca andIV41containingpandy

RankThen 40Foie Ix fix x I x XT9 if I
F lyI nU 10 O x t ex l m r slice 0

note inparticular F submersion F t of embedded submanifold

Next needonlycheck surjectivityof dFp forpeF't of


