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Def let F M N besmooth

If dFp issurjectiveforsomepen p is aregularpointof F otherwisep is
a criticalpointof F

If all F l of areregularpoints geNiscalledregularvalue if not q is
calledcriticalvalue

note dimM cdinN all peM arecriticalpoints

Proposition If F M NsmoothgetIMI a regularvalue then F q is anembedded

submanifoldof dimension dimM dinN

Proof similartobeforebyRankThm

Ex h sphere consider F.IR IR Fl x t if

DE 21 x x I
srankDE 1 for to any to is aregularpoint

F of forany Iraq 0 is an n dim embedded submanifoldof IR



3.3 Sard'sTheorem
mmmm

critical9 r Sard criticalvalueshavemeasure0

X l I f l X 7
criticalpoints

Inthis section we onlyconsider112

RecallfromAnalysis II
boxin112 R Laib x XEaubn
volumeofR Lebesguemeasure XIRI lb a Ibn au

Def Any A412 hasLebesguemeasurezero if forany e 0 thereexistcountableboxes
R Ra suchthat Ac Ri and EX1Bike

note couldalsotakeballsinsteadofboxes

Ex Acountablehasmeasure0 choosepointsasboxes
0 1Cantorset 1 I

startwithoil alwayscutoutthemiddlethirds

volume 1 f's 1 tf't
e t.EE
I I
0

butCantorsetis actually uncountable





HWsheet 5

Problem 1 a not sohard
b recall T.IR allderivations

veryabstractallwehaveis linearityand
productwle

weknowanydirectionalderivative Dula is a derivation
butdoestheotherwayaroundalsohold

thisis thequestionhere

If answered weknowthat Eta 1 is abasisofT.IR
butdonotusethisforthisexercise

a takethis
Problem2 comes g ftH M y101 p

forgetabouttangentspaces thenwedon'tknowwhat a derivativeofg is
but fog Io1 IR
thereforewesay if Ifog1401 top lol V feEMMI then Ji f z
VpM Ig spaceofallderivatives stillabstract

Note F M sN want todef derivativedpf Vpn VapN

How Take g EVpM consider newcurve f fog l l Il s N
s J O fIpl

def dpf g fog

Inclass we defined tangentspacesdifferently

Tpm all w c9mi R wlinear productruleatp


