



































































































































Stochastic MethodsLab JacobsUniversityBremen Fall 2020 7,28020

Prof Dr SoevenPetrat

2 3 BinomialTreeModels
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repeatbinarymodelwith n steps

1 Stockpricemodel
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recall atb o j laJb J thebinomialtheorem



Is thisreally a probability

0Pgm o j psillpl t pstHps I yestallpossibilities addupto11

Wewill comeback to reasonablechoicesofparameters vdips later

2 OptionPriceModel
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Weknowfrombinarymodelhowtodoonestep
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nextstep1from 1 to 01
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In this case Europeancalloptionswithoutdividendpayments weget theclosed fom
formulafor u steps

co e II I f pici pl max10 SuidJ K

importantnote in thisnotation r is theinterestratefor onestep i for theperiod
interestraterp annual if T is inyears1 wehave r rp At rpIn
Csoalso p IFId

Note In thegeneralcaseand for more complicatedmodelslegputs or dividendpayments
or discontinuousinterest compounding theremightnotbeclosedformformulas so
it isbetter tohave an algorithmavailableusing backwardsinduction meaning

startfromlastcolumngotostepu t thenu2 until at time 0 youget
theresult co istill basedon binomialtree
This is a very generalandversatilewayofoptionpricing



givenpayoffFor severalsteps
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CITIstepbystep
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induction

Implementation in python

use one for Coop togothroughall thesteps

but computationof vectorarray C In 11 fromvectorClul shouldbeimplemented
vectorized

recallthenotation vectorIab increment

n I n

tostoredata onecould use a onevector lengthut il memoryefficient
an fix1 xlute matrix i if alldataisneedede.g for
visualization
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2 4 BinomialTree andcalibration
mmmm

wewant to choose vdips insuchaway that theymatch a given observed
expectationvalveandvariance forlarge u Inanysteps1

Wehad Plj.nl If lpi Il ps J Stl yo Sovid

Nowlet'sput S Cjpl Soe'T y stock'srate ofreturn

s yj hiStM tuvid J In If I'd jbutfelt ubud
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Next compute expectationvalveandvarianceof yj lyasafatof j

Def Expectationvalueof x is ECxk.FIxjplj.nl
Varianceof is VarlxI II x TECH
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A fewcomputationalrules
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Varix X Var x

Var Hy EHeyl't txty

Elx'I 2 Kyl t 44 fETH't2 HEH t E41
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Corky Covarianceidoesnotgenerallyvanishbutiszerofor
independent x andy

Next yj is a linearfatof j so we needto compute E andVarof Xj j the
identityfat ie El x Ehr Et Il jI I 11 17id
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differentnotationsforsameobject
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note
o j f z canbe computedbyshifting

summation indices or viaderivatives
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by similar computation E ups h Hps111
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Now we can compute E andVarof yj jbutfelt ubud

wefind

Ek K El j wEl tu hid hideEN t nbud fluf ups tu hid

Varlet Varl jwa t nIndI E IWaI VarIj fluffupsH ps
Covconstx 0
Varconst1 0

Next wewant tomatch Ek1andVarlet togivenvalues

Ely I µ T Varly I 6 T
d tr

n is calledmeanvalue 6 is calledvolatility



there is one more sensible condition Vd 1

samevalveforstockprice if ud 1
onallhorizontallines

Then EH fluf ups tu hid 244ups n luv nut 12ps 11

Varlet fluffupsftp.s 4 lnul2npslt psl

Still there are severalpossiblechoicesfor u andps a common one is
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checkthat theyindeed give theright E andVar for largeu
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Noteagain µand o canbereadoff fromrealdata 1wewilltalkaboutthislater
thereforewewanttochoose vdips dependingon µ 6

noFulededforoptionpricing

Note Forthechoice above u doesnot depend on µ only on 6
our optionpriceis independentof µ


