



































































































































Stochastic MethodsLab JacobsUniversityBremen Fall 2020 Yzffo
Prof Dr SoevenPetrat

2 8 Monte Carlo Methodnvm

idea userandomsamplings toapproximateexpectationvalues

Ex binomialfeemodel foroptionpriceof Europeancalls

C
o bl j n p e max Scid t K O Ebi If I

flj.nl

MonteCarlo take m samples j jm frombindistribution uan andcompute

II f Ijn n theempirical mean or sample average

Thelawof largenumberssaysthat I EI ftp nl s E fl
theoreticalexpectation

IdeaIhopeof MonteCarlomethod

timeefficient fast sinceonly man steps are necessarytocompute a

good approximation

interestingidea userandomnessto approximateor deterministicquantity



Summary

skills a git
python scipy basics vectorbasedcoding timingplotting csvfiles

finance cashflows intentcompounding
bonds

option EuropeanandAmericancallsandput
e optionpricingwith

binomialtrees 1importantconcepts noarbitragereplicatingportfolio
in

binomialtree implemented inpython
noriskfreeprofit

explicitformulaforEuropeancalls
BlackScholesformulafor Europeancalls

put callparity tocomputeputprice givencallprice P S ke rT

callprize pitprize

numericalmethods rootfinding
howtofind convergencerates

QQplots
Monte Carlo

math Taylor expansion
binomialandnormaldistribution

CLT



Focusofsecondhalfof class numericalmethods

optionpricingwith
continuous stochastic

processes



3 ContinuousTime Models

3 1 BrownianMotion
mmmm

Motivation let us consider the normaldistributionwithmean 0and variance 1

M 10 1 N µ G formeanµ stddeviation aT Estandarddeviation
mean

Importanceof thenormal distribution comesfromtheCentrallimitTheorem CLT

Nowconsider arandomvariableX thatis normallydistributed X NIO 1
T

isdistributedaccordingto

Nowconsidersplitting it intotwo F X t k s t X andK independent and

samedistribution

i
T iX
KandX samedistribution
6

Note O E x EIX.tk ElXnltFElXzl 2ECxI X hasexpectation0

Howdoesthevariancebehave
xandXindependent samedirt

I Var H Var X.tk EVarlKltVavlK 2VaulK sVarlx.l I



K is distributed according to NIO myoy WtiH VarHI

c

botharenormal distributionswithmean0andvariance I
so they are thesame

for u steps i FF'T i i 1 y Va Val X I VarKiku Var141

eachXi MIO fuW lo y
VaHel f

or callingth At Xi r TSIN10,11

This motivatesthefollowingdefinition

WR Pforfixedt
WHl is arandomvariable

Def A stochasticprocess t WIHfor C20 is called BrownianMotion113Mt

or Wiener process i f

a W101 0 convention

b eachrealization is continuous

c for any Of s csect c t theincrements

WH I MH and WH Ms are independent

d WH I WH l is distributedaccordingto FEIN 10,11 for all of t.ch

Note one can indeed show thatsuch a process exists andis unique



Morepictures inpythonnexttime n

qWhm
onerealization

mummhurst
anotherrealization

Is that a goodmodelforstockprices

No oBM can becomenegative

parameterssimilarto µ and6 incalibrated
binomialfeearemissing

solution 1betterstockpricemodel

Weuse GeometricBrownianMotion BBM SA Sto e
n E It toWH

It turns out seenextHWsheet1 that thecalibratedbinomial teemodelconverges
for u is indeed to GBM


