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3.2 StochasticIntegralsmmr

later want PDEwithrandomness stochasticpartialdifferentialequation SPDE

tomodel stockmarket DX fdt t gd
W WBrownian motion

Inordertomakesenseofsuchan equation weneedtoknowhowto
define SgdW be dfdoesnotmakesense BM is notdifferentiable

RecallRiemann sun for Riemannintegral

ftfltldt uk.inEI ft ti l Iti Tx

totutti I
Sti tie ti

There are twokindsof stochasticintegrals



Ito integral

defined analogously toRiemann sun
randomvariable distributedlike

IvftftHdWH uk Ei ft til 1W with AWi Whit Witi ft M1911
TE MIO 1

Ex integrateBrownianmotion againstitself ftWittdWitt wdw

Note If Witt weredifferentiable we could usethechainrule dW d dt

IWAIdutt IntlddY dt I Ifflwit il It I wit l EMI
0

ButWAIis not differentiable

let us compute byhand

ftWaldWH Ii EjWhit Dwi LiyaEIWHl waitI WHA

WITilWHi l WH I

ILWHT WHI Imti.nl Whit
wlti.nl 2wlti.nlWItiI tWltii



Iwindwith I kiss Iwww.iwttii I Ey Dwi

WIT
t
W101 WITT telescope sun

E wilt lie IHwi tilt wi wait wi w

Question How is AWi distributed

Weknowthat E l dwit It I headthat IWn Fino H
Vauldwik Iswit EISwifinO

Ei suit II I T

Whataboutvariance

Val swi't I suiswit El iswit
T2

III dwi4 El twistyt T

f oIF Iis.ie iiiIt
oh

Variancevanishesin thelimit u is s IW T a constant

a deterministicprocess



Conclusion WHdutt IWITI IT differentfromusualintegral

Anotherpossibleintegralis the

StratonovichIntegral

ftfltlodwltt I.im Ffft dWiuithfi tigtti
notationtodifferentiateit from
Itsintegral

let'sconsider sameexample asbefore

WHodWH LingEI wIti't Witi Whit

f 1 waitI WI til't WAIT WAIT WH I WH Il

Similartobefore Iwc I witD t t ti fi t ti ft
El tutti I WH 114 tie fifty It
andvariances vanishes

ftWHodWH I WITI t I I I WIT l l as wewouldexpectfrom
regularcalculus



In comparison

Stratouovichomuch nicer properties moresimilar tousualintegration
but ineachstep functionis evaluated inbetween ti andti

undesirable for some SPDEs

I to technically abit harder tohandleresultsdifferentfromregularcalculus

but at each ti f is evaluatedand an incrementis added

thisiswhat wewantfor stockmarket SPDE later



A fewnotes on python implementationof BM

BM Wo O
W TAI samplefromNIO11
Wz W t TSI samplefromNIO1

inpython dW normal10,1 size ul Rst vector

W com sum dw vector
containingentriesof cumulative sun

W r lo w add 0 at time 0

b appends nowvectorbtovector a
a lao a au b Ibobe ibet r Emb laoai okbob i ibet

ensembleof BMS
f of

timesteps

dW normal10,1 size 4M ND RST
of samples

W cansum dW axis 7

addzerovector
cumulative sun overnowentries axis Owouldbesohu.us

Note similarly one can use eg mean1Waxis O
meanoverSamp

transposetoplotrows
WEO selects to samplepaths plot It WE.io i IT 1




