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3 3 StochasticDifferential Equationsmurmur

Usual first order ordinarydifferential equation ODE

DXHI
at faith t

Wecould alsowrite this in integral form Htt Xlo t ftfixesslots

A stochastic differential equation SDE canbewrittendown in integral form

Htt Xlol ftfkcsl.sldstftglxu.is dWlslw
Brownianmotionincrements

stochasticintegral Itofromnowon

As a shorthandnotation weoftenwrite DXAt flxit.tl dt t gKHHdNH

Today Examples numericalsolutionsandtheirerror nexttime howtofindsolutions

Ex Nexttime wewill see that 613M SHI So exp 1a ElC toWH

satisfies the SDE ISHI µSCHdt to SlHdWit

Inintegral form SHI So µ s Indu 6 ftSluidwla



Evenwithout knowingthe solution wecan figureout its expectationvalve

ISHII So µft Elsculldu t Gft El Sluldhul

Shi Eldwind 0
A cm

oK dWHandShelareindependent1Hi integral I

SHH so µ ElsaIda d f µ Elsail

solution Elsa I Soeat

Next numerical solutions

UsualODES dfftt fcxitt.tl can besolved numerically withEuler method

partition Eat into N steps xu u It It I andthewritedowndiscretizedeg
int ffxu.tn sxu xutflxu.tulStAt

whatis the error HAH

In one step Euler X Xo fHo At fIxion01

Taylorexpansionof exactsolution X1StI x lol x'lol t.tt t x lolHtt

HAH x 1a const ft In
tout't

total error 1 Htt xn le EIconstKH e



The sameworks for SDEs it is thencalled Euler Maruyamamethod

Xue Xu fun.tnI St t glxu.tn dWn

For the error there are two oftenused definitions

strong error E lXAl XuI Cs At a strongorderof convergence

The relevancefor individual paths comes fromMarkov's inequality

IP l x sa e la so1

Quickproof Elly If lXl eCHdxpTbabilitydensity

Ij I I Healdx
s I Heardx
Za Ij t F paidx

IPCIH a

Soapplying Markov to thestrong error we ey get

MINHXuIs HHE E l a cs as SHE

Stony error also tells us about error forindividualpaths



weak error I XM X11 x Cw f A A weakorderof convergence

note I NHI XuI le ti I l HH Xi soweakerror c strong error

l f fCHdxl ESlfaitDX

Butweak error doesnot necessarily tell us somethingabout individualpaths

For example compareWHI with O s Elwall II lol O O 0

butWH is very different fromO

Pythonhints forHw5

GBM SHI Scotexp1In E Ht 6Witt

Slotexp 1a ElEt Att 6EndWil

Slot t.ITexp In E l It to SW

Iof comprod l I
1 forProblem2

pathsfrombinomialtree hints random sample MM gives
randomsample

from o i with uniformprobability

or look at choice fat



Problem3 onlyneedSCT neednotgenerate fullpaths

SCH_Soap In ETI loWITI
randomvariable n Ftw0,11

WITI Will Wlol

Problem4 W Iwo dw dm t

W Wot W W I W We

s Ito Wo wa Wo Wa Wa K
w

IWotdw dYtdW3

Strat W Ith Wo Wz Wa Wa

recall Wta b in notation
Hoalstrat

Strat

For exercisejust lookat one realization

minutiae
difference
t

Use cunsan to beable to plot ftwisids against t


