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Certaincommonoperationsinvolvingpartial derivatives havenames

Asbefore we use F fo as a vectorthatcanoperate onfunctionsindifferentways

Force THR fa scalarfield Fe grade is called gradientof a

For I N lavector fieldis.uajnIaw If En off dirt
is calleddivergenceof E

Fortini mi lavectorfield aunt

is calledcurl of I

Theseoperations getreallyinterestinginthecontextof line1surface1volumeintegrals Gauss
andStokestheorems but we don'thavethe timeto gointothis

let ushere justnote someinterestingidentities clairauttSchwarz

are grade a ion 4 Eo
divorce It

Oxloaf Ox ft tox I Ox f tox f It Ox Oxfr dx.tn F 0
More examples in the homeworkImoodleexercises

ClairauttSchwarz



3 OrdinaryDifferential Equations

3 1 Basic Introduction
rum

Inmany applications weknowrelationsbetweenfunctionsandtheirderivatives eg
Newton's law mda EIICHI igivenE wewanttofindtheparticletrajectory IN

eg
CoulombinteractionFLEIconstEI

differentpossibilities fordifferent initialpositionsandvelocities

Alsodifferentderivativeslandcomplexnumbers mightbeinvolved as eg inthe
Schrodingerequation 1inquantummechanics

i
0 tix 0 t

t Vfx14HixI
11dimensionalequationforoneparticle 4R2 E

a
populationgrowth ddt y ya

themorethereis
thehighertheincrease A Ogrowthhe0decay
ACoronavirusGeneralsetup

Definition For somegiven function f wecall
r5f
yCH f x ylxD a firstorder ordinarydifferentialequation ODE
y IR Th and f TE IRhere

If y 11 flyly no explicit x dependence wesay theODE is autonomous

y x fl x yIH y1H y IxD an n thorderODE y 2 IRandf.IR IRhere
w

n thderivative

f x xn ylEl o Eh f x i 1 0 an n thorder

allpossiblepartialderivatives
upto ordern Partialdifferentialequation PDE



Examples a populationgrowth 1storderODE
Newton'slaw 2ndorderODE

Schrodingerequation2ndorder PDE

Inthischapterwediscuss sometechniques tofindsolutions y1 1 forcertaintypesofequations
Only ODES inthischapterI

Ex d y y IR HR X toyIH X EIR fixed
formally wecanbringally'sandallx's todifferentsides If Xdx andthen
integrate Sdf ftdx s buy xtc

s y1 1 e e e is thesolution
thiscalledexponentialgrowthforX 0 ordecayforXc01

Weactuallyhavethefreedom to choose Chere Howis Cdetermined Bythevalve
of y atany Xo y ix I e e't i.e if Xoandyoaregiven weknowCW

Yo

For someXo theykol is calledinitialcondition yHo yoe yo
t

Moreclearly wecouldjustwrite oursolution asylxky.ee 1styoisinitialconditionat
i e eEyoeHo

Often onejust choosesXo O s t y y101

Generallythereis thisimportantfact

For an n thorder 0DE y H f x yIH yCH y H1 we needtospecify
n initialconditions yKol yKol y Kol In otherwords thesolutionneedsto
have u independent constants



Example initialposition Hotand initialvelocity x4to forNentousequation da7 FATHI

To summarize themostimportanttechnique forsolvingODESis this

thisiscertainlynotalways
Separationofvariables possiblee.g cosexit

For f fly x webringallX'stoonesideandally'stotheother ifpossible andthen

integratebothsides

alsoherewemightormightnot
beable to actuallyperformtheintegration

3.2 SomeTypesof IntegrableODESmurmur

integrable findexplicitsolutionbyintegration Technique1 above

y KE fCHg1.4 is
called separableODE

herewecanwrite d fHgH i e gy fat
dx

wefindthe solutionbyintegrating fifty ffindx if we can

note atleastweknowthat asolutionexistsif faudg are continuousandghettotry
becausethenwecanintegrate

y CH fat y1 1 is called linearhomogeneousODE

asbefore did faty dyI fixtdx s f fflHdx

s buy f fcudXt C y 1 1 est
d l sowecanalwaysfinda solutionaslongas

f canbeintegrated1



yCH flirtyhttglx iscalled linearinhomogeneousODE

heretheideais towriteylH u LvE 1st applyingtheproductrulegivesasumof
qq.mewdndof twofunctions

s y4 1 1unveil
d
dvt f vlHtg

solve first d f dad field fatten estHd

nextweneedtosolve ud g ii e du t dx e
Sf d
gHdx

4 1 5 e St
d
gcHdx C

thisnotationmeans
thisis afatof

our solution is y1 1 est
d f f e Sttdig d c



There are many examples letusjustgive one moreintheexercises

logisticgrowth did Xy Il E Xgrowthrate k issometimescalled environmental
w Lm

theisdalfaned
to growthisstoppedonce carryingcapacity

exponentialgrowth yreachesk

secondorderautonomousODE

separationofvariables y DX

Integratingthiswillbeahomework exerciseTheresult is

yH e Ct I
a

K

yay TIF forlargex yw c
I K

at fivehaveexponentialgrowth


