
 

Jession24lasttime wefinishedwithstatingthe La decomposition day6,2020

Any invertiblematrix A can bewritten as PA LU whereP is a matrixthat
permutes thevows appropriately L is lower triangular U is uppertriangular

Note It turnsout that anysquarematrixhas sucha decomposition notjustinvertibleones
Often ALU iscalled Ladecomposition doesnotalwaysexist whereas PA LU is
called La decompositionwithpartialpivoting for CUP

let usjust give a verysimpleexample for 2 2 matrices Inpractice CU decompositions
arerelevantforlargematricesbutthencomputationsbyhandtake a long time So inmost
applications oneusesalgorithms to compute LUdecompositions

Example A

let us firstuseGaussianelimination
Wewant toadd f21 row one to wintwoThusweneedtomultiplywiththeT typematrix
F fail This gives TA.fi 1 f ft E
So A T f o with T ft9 since fl si foH It
A ft9 43 doublecheck Hill 1 4 It f r

Alternatively we coulddirectlytrytofind L and U I such

that A LU



then wehave in general Aa Aa t Ill iit.fi iii a
If wesetallmatrixelements equal thisis 4 equations for 6unknowns so generallythis
systemof equationsis clearlyunderdetermined Thuse.gwecanchoosethediagonalof L to
be 1 s i e here 4 L22 1 Then in ourexampleweneedto solve
thisisusuallythemostpracticalchoice

I1 4 u III un Un 7 Ur 3 La 2 2 3 42 4
Uz 2

A I f LU ti f 1 same as before

Note Wecanalwayschoosethediagonalelementsof Lequalto1 Butthis is a convention
Inour exampleother LU decompositions are eg A I Iz f or

A ft Il H
A decompositions canbe used tosolvesystemsof linearequations A I b

Suppose A LU no nowpermutationnecessary Thenweneedto solve LU I 5
If we define UI I wehave LF 5 Now LE I can directlybesolvedforI

fromtoptobottom
sincehe is lower triangular But given I they can theneasilybesolved for I sinceU2
is uppertriangular frombottomtotop

Inthe examplefrombeforewehad A f 4 LU 7

GivenFETE Lf 5 becomes L Y y
bbl so y b i2ytyi.bz i.e yaba2b

Thenwestillneedtosolve UI I i e fo b zb 3 2 2 bz 2b i.e



X b Ibz and X t3 2 b ii e X t3lb Ib b x 2b Ebz

t.fi iiiYY
let us doublecheckwith Gamersrule x duetf I 2b Eb

x death b tab

Forthis2 2example Cramer'sruleismuchfastertoapplybut

forlargematricesthismightnotbeso

A few more remarks thenAtCccHE It CcEA

If A is Hermitian we couldtry todecompose A LLt where Lis lowertriangular
and thus Lt uppertriangular This iscalled Choleskydecomposition Thisisinteresting
in practicebecausethere are stableandefficientnumericalalgorithmstocompute it
Butnote that cE AI s cE LLt Is cLtI LtIs 70 sothisonlyworks if
cE AI s 20 i.e if A is positive definite i e if all eigenvalues are 30

Given A LU we caneasily compute

detA detail detLdetU II j EIUii4
detofupperKowertriangularmatrix
isproductofdiagonalentries

If we decompose A LU nith Lhaving 1 s onthediagonal theformulasimplifiesto
def A IIUii



ithentry

Given A LUfor A invertible we can solve AE LUIEET to findthej thcolumnofA

E ones a all Hi it
Ordirectly A Lh U L t and U L I can becomputed veryeasily since

theyhaveonly 0 s below or abovethediagonal



4 7.2 QR Decomposition

Inthe QR decomposition Qrefersto an orthogonalmatrixand R to an upper fright
triangularmatrix

The crucialideafor a QR decompositionis the Gram Schmidt orthonormalization

This is a procedureto turn in linearlyindependentvectorsai Tninto u orthonormalvectors

I In whichspanthesamesubspace ie span in I span ai in

Eg and I spanthe x yplanebutthey arenetorthonormal

But f f and alsospanthe x yplaneandtheyate orthonomia weoftenwrite1 11 1
m

let us consider a generalvectorspacewith scalarproduct CEEsand nomHEIf CI Is

The generalprocessgoes as follows

step1 Wenormalizethefirstvector I s t 11 11 1174 11
Clearly span in span ri

Step2 Howcan wethenconstruct a with con I 0 using in
Wehave of crime I ni ch ai vi

with aviE s cui fai cui i I
c I iz cutI s wivis

0 1bystep1

Thus we set a with E Ui cui ai in

Then I and I are orthonormal



Andagain span viis span ii ii span ai ai byconstruction

Step j Werepeatwhatwedidinstep2 inthefollowingway
Givenvii VI we set Ej Ij ETcia Ij E
Thenform c j wehave aimEjs coming II ouiujscvm.ve

Smu 1 for
u k

0 for int4guy
est
missTuminj

0
so wehaveindeedconstructed aOjorthogonal toallpreviouslyconstructed inmaj
lastly we normalize Jj µ

Byconstruction span ai 5 span in Jj

With thisprocedure wehaveconstructedorthonormal vii in that spanthesame
subspace as In Fu

Note Ingeneral R D W whereW is a subspaceofIR is calleda projection if
Putin in foranyvector EEW

Pwis called orthogonalprojection if I Phil isorthogonaltoWforany ie IRw

tf wi Ej is an orthonormal basis of W then I hit cutcisWj

Check cut luiPuut cirrivis cut cujiuswjs cwi.us cviino D
T

asbeforechimp dij



So aboveintheGramSchmidtprocesswehaveused orthogonalprojections to
construct theorthonormalbasis

Nowwhatdoesthishaveto dowiththe QR decomposition

let us consider a realinvertible nxumatrix A

A invertiblemeans its columns are linearlyindependent let uscallthemai uh i e

A ieluil in Thenwe apply GramSchmidtandobtain orthonormalvii in

These are thecolumnsof an orthogonalmatrix Q i e Q I IJu

WithGramSchmidt wehaveexpressed the Ij intermsofthevi

ai aimis ri ai i s HEI ii s Y III iii il
in c ri vis I t ai ai s I
i

In c ii In I cvi in It eviuhTn

written in matrix form thisreads

it i
A Q

R uppertriangular



To summarize

Theorem Anyrealinvertible nxu matrix canbewritten as A QR where

Q is an orthogonalmatrixand R is an uppertriangularmatrix

Note If wehavefoundsuch a decomposition A QR then

A QR R Q t R QT
W
QTsinceQorthogonal

QTis directlygivenand R can easilybecomputedsinceR isuppertriangular

Onecanactuallycompute A QR foranyreal uxu matrix Anotjustinvertibleones

If A is a complex inn matrix the correspondingdecompositionis A QRbut
whereQ is a unitarymatrix

QRdecompositions evenworkfor Mxn matriceswith Msu Inthatcase Q is
still an orthonormal unitary mxm matrixbut R is an min uppertriangular
matrix Sincemsu thelast un n vows of R are 0

So in block form we can write

A an Q mdq.IE1 RITf.n Q.R
R ppertriangular axu

matrix

Q mxnmatrixwithorthonormalcolumns

Q2hasorthonormalcolumnsthatarealsoorthonormaltothecolumnsofQ
ThesecanbeconstructedwithGramSchmidt aswell



OneapplicationoftheQR decomposition is theleast squaremethod letusconsider

AI D for an mxn matrix Awith m n i e moreequationsthanunknownsThis
is anoverdeterminedsystemofequations andit thusoftenhas no solutionsBut we
couldask for HAI511 tobe as smallas possibleinstead

With a QRdecomposition as intheremark above wegetQTisorthogonalanddoesnotchangelengths

11AI 511 11QRI I IlE IlQT QRI b Ill I 11RE QT511
QTQ1

Now RI In andQT5 e

ThenHAI5112 11R E e Il t 110 all
for

Thisexpressionis thesmallestwhen12 I I i.e I Ri e
eastcompute


