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Today we will discuss boundedgenerators first forwhichwehavesimilarresultsasin
finitedimensions laterwewilldiscuss unboundedgenerators as eg

relevantforthe Schrodinger
equation

lasttime for Ae SHH theadjoint At SluVY is defby
AYw'llu k w'tAt the V

RieszRepresentationTheorem ForanyTE te Funique4 E H s t

The1 4 e theE H

Riesz tells usthat elementsof H canbebecanonicallyidentifiedwithelementsof Jl

Corollary3 40 noarbitrarychoices continuityof
egofbasis byRiest scalarproduct

H te 4 J4 c4 a is a canonicalantilinearbijectionand a continuous
duetoantilinearityisometry ofthescalarproductc inthefirstvariable

3411gse e 411

Withthat we canidentify A canonicallywithan operator A on Jl

Definition3.41
she inKae

For AE SHH we definetheHilbertspaceadjoint A H s H A A

SometimesA issimplycalledadjoint or Hermitian adjoint andin thephysicsliteratureit is
oftendenotedAt 1 Adagger



let us collect a fewpropertiesof A First withRiese wedirectlyget

Proposition3 42

For A e SCH wehave a4 Ay aA Yes tf YeeH andthispropertyuniquely
determinesA

Proof By thedefinitions wehave

it Ae D411Aek A1341let JJ't j y kel 3A 41cel cA 4 y
Now lets c4Ace is continuousandlinear soduetoRieszthereis auniqueyeth s t
c 4 Ae cycle f QEH so y A 4 is unique 0

Before wecontinue a fewmorestandard propertiesand an example

Theorem3.43 For A B eSHH andhe wehave

at AtBl A B HAI IA't
b AB p A
c HA f HAH

d A A
e HAAH HAAll HAIL

fl KerA finA It andkerA limAl t

Proof HW Ial b 4 followdirectlyfromdefinition dlet ft areshortcomputations



As an example considertheleftandrightshifts one

Therightshift is Ti e s e Ix x I n lO x x Then

XTrys 7 Xi IIyl i XiXi II Xi Yi c I x y so I Te where

Te is theleftshift Te e e Ix xn I t s XzXs

Note that Tr is isometric111TH1 11111 butnot surjective so it isnotunitary
Wehave I I id but IT t id so I is nottheinverseofTr whichisn'teveninvertible

Basedon thisexample let usmakethe followingniceconnectiontounitaryoperators

Proposition3.45 U e f te isunitary if andonly if U U t

surjectiveisometric

Proof wecompute c u u4 4 y cu U4 as c4 us
cU4Uys c4 y s

c4 y c4he

O tf 4 ye H so U U id
sinceUsurjectiveUUU U implies UU id so U U

If u Ut thenUissurjective

Isometry cU4Uys cu Uke s cU U4 y c4 as

Backto theadjoint Aniceclassofbandedoperatorsis the following

Definition3.46 Ac Site iscalled selfadjoint if A A



3.44
So for AE SHel wehave Aselfadjoint s it Aes cA4 as tf Ya cH i.e

Ais symmetric

Thedifficulty fornexttimeis that forunboundedoperatorssymmetrydoesnotimply
self adjointness

Nowwe canmaketheconnection to generators

Theorem3.48 let He He1 beself adjointThen e Ii tilt defines

a unitarygapwith generatorH with
domainDIHKH Moreover

U IR SHel t t e Ht is 1uniform41 differentiable

Proof HW

Sofor boundedH we canmakesenseof e iHt461 beingthesolutiontoidf4lH H4Hl


