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Last timewe covered boundedoperatorsForthesethedomain is allof tl April15,2020

and symmetry isthesame as selfadjointness
W
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Boundedself adjoint operatorsH always generate thestrongly continuous unitaryoneparameter

group UCH e Ht whichis evenuniformlycontinuous atraitthat issurelynottruefor
unboundedoperators as wehaveseenfor S andthefreepropagator

Next Wewouldalsohopethat unbounded operators suchas H St V forsomemultiplication
operator V are generatorsFor a denslydefinedoperator it is indeedtruethat H

being a generator is equivalenttoItbeingselfadjoint followsfromthespectral

theorem lie everyunitarygrouphas a generator is Stone'stheorem
whichwe

mightprovelaterdependingon time But forunboundedH westillneedto
definewhatselfadjointnessmeans it is definitelynotjust a4He cHYes
theKEDCHI becausewesaw thatthis is a necessarybutnotsufficientcondition
whenwe discussedtheexampleofthetranslation operator

So next wedefineself adjointness for unbounded operators anddevelopcriteriatodetermine
whethera givenoperatorisselfadjoint themostimportantoneis called KatoRellich This
willbemoretechnical andwilloccupy us for severalclasssessions

let us first characterizeunbounded operators 1qq.glH4lbecC doesnothold abitbetter



Definition 3.49

a Anunboundedoperator is a pair T DITI l of a subspace DITKH thedomainofT
and a linearoperatorT DITI H I f D ITI is densein H i.e DITl HW
thenT is called densly defined theclosureofDIII

i e Dillandalllimit
points

b IS DISH is called an extensionof IT DITH i f D1st s D ITI and SIpa T
Thisis denoted So T

c IT DITI l is called symmetric i f caT4 cTu 4 HeHeDID

Wealready discussed that Ho IS withdomainDIHot H Rd isasymmetric unbounded
dens4 definedoperator H IdwithdomainDIHal H411124 isalso a symmetric
unbounded dens4definedoperator and HooHa
Nowrecalltheexampleof i on LOD Weneedtochoose if symmetricbutthe
domainmustnotbetoosmall e.g theSchrodingerevolution leadsinitialconditions in
Duninoutof Dunin Duinwasnot invariantunderanyTo Sowhereexactlydotheygo
Consider more generally some symmetric 1Ho DlAol and a symmetricextension IHaDlHD
Suppose thesolutionto idfUH HWH forinitialdata 140kHo staysinDCHal at
leastforsomesmalltimebutnotnecessarily in DlHo For y E DlH wehave

cH 4HI y s c4TH H y s c4HI Hole So thisexpressionstillmakessenseevenif

4CHIEDIHo Naturally wewoulduse thisexpressiontodefinetheadjoint



So ouridea is that e
i t makes 1401EDIHol evolveintothedomainof theHobe

properlydefined adjoint If thedomainoftheadjointisthesameas thedomainofthe
operatortheSchrodingerevolutionleavesthedomaininvariantandallis good

letusdefinethesethingsmoreprecisely

Definition 3.53
alwayssomeHilbertspace

let IT DITIl be a denshedefined linearoperator onHTThenwe define

DIT I YEH F y eH s t c4 Ty s y y thee DlTI

Since Dal is dense y is
determined uniquelyandwedefinetheadjointoperator as

1 DIT I H 14 5 4 y ly asin thedefof D IT I

Note Forboundedoperator thisdefinitioncoincideswiththeadjoint aspreviouslydefined

DuetoRiesz thedefofDCT is equivalent to

DfT I YEH y te c4Ty is continuous onDITY

Bythisdef CT DIT 1 is linear butnotnecessarily denslydefined and

of course a4 Ty cT 4 y s k 4EDIT y eDCTI

Definition 3 56

let IT Dall be a denshe definedlinearoperatoron H IT DITH iscalledselfadjointif
DCT I D IT and T T ou DID



let us exemplify thedefinitionswith if ou lab again

First consider CDminDIDmin recall Durin feeH'toil 4101 0 4111 1
Thenthec DIDmin

Midwives 41 1 fiddleAlldx GiftUHI letHdx giddy y

whichworksforall dated i e YeH l10,111

So DID inI H HoD I DIDmin and DurinDlDmi It is notselfadjoint

For Do with DIDel eeH l10,11 eitel11 4101 wefindthecDIDO

4Doas if 41019101 411141111 t c 4 y so in orderto get

it Doce cy y we need 4eH'tloD and 41014101 4111cell

401 I
e
0 bydef4111 4101

So DID I D Dot and Dot Do so Do is selfadjoint


