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Wecontinue our discussionof self adjointness forunboundedoperators April20,2020

Today wediscuss afewmorepropertiesandintroducesomeusefuldefinitionsThosewill
lead us to our firstsetofcriteriafor self adjointness

Firstrecallthenotionofa direct sun

Definition3.60 For twoHilbertspaces th th wedefinethedirect sun

H He H x H andintroduce thescalarproduct ee 4 se se cea4 je t enYrsa i
wherehe ke ee 4 114 4 l e Chened 14 k can4 t ca ks

Note H 2hwiththisscalarproductisofcourse aHilbertspace

It turnsoutthat theadjointoperatorhasduetoits definitionviathescalarproduct a nice
propertythatgetsus somewhat close to continuity Irecallthatunboundedoperatorsareexactly
thenotcontinuousones1 let usfirstdefinethisproperty

Definition3.61

a Thegraphof a linearoperator IT DITY is TITI heTete HtoH 4EDITH

H LTD ITI is calledclosed if TITI is a closedsubspaceof HtoH
oftenIwillsimplywriteT
insteadof IT DITII
Put differently T is closed if Klanlu inDAI un sa andTien y impliesthat
hey E TITI i e y cDIT andTy y
NoteThisisnotcontinuityForunboundedoperators thereare surely sequences leak inDITI
suchthatHenkdoesnotconverge



c IT DIT1 is called closeable if it has a closedextensionThesmallestclosed
extension F is called closureof T smallestinthesenseof subsetsandthedomain

Notethattheclosureisuniquesincewejustneedtoadd
Notethat Tl F ITTl thelimitpoints1amTenttothegraph1

Atthispoint thepropertyofbeingclosed is abitcumbersome tocheckBut asimpleexample
would be

l S H41129 is closed

l S H4111291 is notclosedbutit iscloseableand l S H411291 1 1 H111241

Thereason we introduced thenotionof closednessis this

Theorem3.63 For denslydefined ITDCM theadjointT isclosed

Proof Weneedtoshowthat TIM is a closed subspaceof H H Theideais
towrite it as anorthogonalcomplement becausethose are always closed let'scheek

defofadjoint duetolinearityandcontinuityofthescalarproduct
4 n I E T IT I s c 4 Toes on les tree DIT

s c4 Ty s en y 0 thee DIT
s c14h1 l Te alJe O ke eDCTI
s 44 yl O O t OeW1NTI where

W H H s H H Iceice Its l e ice whichisclearlyunitary

Therefore ITT I WITITI It whichis closed sinceit is anorthogonalcomplement 0

Next whatif T is additionallysymmetric Thenwehavethefollowing



Proposition3.64 Adenslydefined operatorT is symmetric if andonly if its adjointis an
extension ie Tc T

Proof s T symmetric s c4Te s cT4y Ky HeD lTI
c4Ty cy ees thecDCTl holdswithy T4 1 4
D lTI c DIT

for keDITIcDIT I HyeDITI wehave a4The cT Y ys cT4 y
so T symmetric 0

Note SotogetherwithTheorem3.63 wefind thatsymmetricoperators arealways
closable

ButforsymmetricT theclosureT isnot necessarilyequalto T DIT Imightbe
toobig In fact T symmetric T symmetric seeoneofthenextHWexercises1
butT isusuallynot If T isalsosymmetricthenT F

Tryto connect thesestatementswiththeexampleofthetranslationoperator on
O I

Gitus notea fewmore properties

Proposition3.67 For denslydefinedT and Tc 5 wehave S c T

So extendinga densly definedoperatormakes theadjoint smaller

Proof WithWas intheproofofTheorem3 63 wehave ITS I W Ms11
1



But now Tc S i.e ITT cHSI so alsoWHY cWlITS11 so

ITS I witty Itc we tail It IT T 0

Wealreadynotedthat adjointsof denslydefined operators arenot necessarilydensly
defined themselves But

Proposition3.68 If a denslydefined linear operatorT is closable thenitsadjoint is

densly defined

Proof Usingwhatwealreadyestablishedso far let us showdensenessof DCT by
showing that Det It 0 Soletuschoose some ye TH

t

Thenby definition once 0theeD ITH so inparticular carol keT cels 0

theEDIT so Inol E ftCTHt W Tat htt W TNW
1TITI1 t from

proofofThem3.63

But WCHtt tael a EDIT1 so theremustbe a sequence inWITH1that
converges to h ol i e Kulu in DITI with en s 0 and Ten y

But now T is closable so TO y whichequals 0 sinceT is linear So y O 0

Afew moreproperties

Proposition3.69 If T isdenslydefinedandclosable then
a T F
b F T T



let us skiptheproof it is similar to thepreviousones

Finally what does thisimply for symmetricoperators

CowKay3.70 let T bedensly definedandsymmetricThenT isclosableanddark
defined and a Tc F T cT T inparticular 1 is symmetric

b T

This followsimmediatelyfromthepropertieswehave discussed sofar


