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We continueor studyof self adjointness LApril22,2020

last time we studied closedness andits relation to adjoints With thepropertieswehave
established we can now introduceanother niceclassof unbounded operators

Definition3.71 Adensly definedsymmetricoperatoriscalledessentiallyselfadjoint

if its closure is self adjoint

Why isthisnice Because

Corollary3.72 A denslydefinedsymmetricoperatorT is essentiallyselfadjoint if
andonly if T is symmetric In that case F T and F istheuniqueselfadjoint
extensionof T

Soforessentiallyselfadjointoperators wehave a uniqueself adjointextension F
Inmany applications it isenoughtoknowthat Computing F explicitly canbehardor easy

Proof

bycorollary 3 70 Fct andT T and F T

if also T symmetric then Corollary3.70al applied toT tellus that T cT ie
1 CF So T F

uniquenessof extension let 5 beanotherselfadjoint extension Then
Tcs Fc 5 5 Sselfadjoint Sclosed andwithProposition3.67wehave



S SET T so 5 F

Example Duin idf with DfDain 4eH'toD 4111 0 4101 is symmetric

butnot essentiallyself adjoint since it hasmanyselfadjointextensions

Onthe otherhand e.g I I Coward1 shouldbe essentiallyselfadjoint In fact it
seems likethere aremanyother choicesofdomains on which S is essentially selfadjoint
Solet us define thefollowing

Definition3.73 let IT DIT1 beselfadjoint AsubspaceDocDITI thatis
densein H iscalled core or essentialdomain of T if IT Do is essentially
self adjoint ie Tb T

InotherwordsDo is a core of IT DITI I i f Do is dense in DITI w r t the
graphnom Helf 11TalljetKalbi

let us discuss some examples

Multiplicationoperators let VRd s1CbemeasurableandMrDiehl 241124 f tiMuf
withHuf111 UHHH withdomainDIM I f e l41129 Vf e l4112dBdensein 141124

Thentheadjoint Mu isgivenby the f HI UH flH andhasdomainDIM I D1Mt

So if V isreal Mr onitsmaximaldomainDIM1 is selfadjoint



Laplaceoperator With theexampleabove wecandeduce that Ho f withDlHot H41124

is selfadjoint since f Hof Ik l as multiplicationoperatorwithitsmaximaldomain

is self adjoint and sincewehave the followinglemma

lemma 3.76 let U H H beunitaryand IH DlH1 selfadjointon th Then

UHU't UDlH1 is selfadjoint on Hz

Proof HW

But furthermoreany subspace XcH7112dL whichis densew r t thegraphnormofHo
i e theH nom IleHip HIallI Hello is a core forHo So eg CohillRd is
a core for 1Ho H11124 ie fHo coolRdl is essentiallyself adjoint

Ontheotherhand Xo CfHRD l O forde3 isnot a corefor 1HoH111291
because Xois notdense in It4112dL it is densein 14112dL This leaves roomfor
manyselfadjointextensions


