
 

Session2
Today weget a bit more concretewith conditions forselfadjointness LIpril27,20220

and essential self adjointness

Nice quantities to look at are thekernelof H tz andtheimageof H iz for zee

let us prove one auxiliarylemmaandthen stateourconditions

lemma3.79 let IT DITH be a denslydefinedlinearoperator Then

at Ker T H imfT Elt the Cli inparticular
Ker T zI O im ITI It H

b If T is closedand symmetric then im Tei is closed

Proof a Ye im TIE It s c4 I T.tt ces O VceEDlT

s 4EDITH and IT z14 0

s 4Eker IT Iz

b If T symmetric then c4,1 4 cT4,4 c4 TY so if it4 EIR theDIH

Then NII 411 clT il4 IT114 HT41141141142Reic4
ETV

HT4112 11141122114112 0

So Tti isinjective so IT it imITIit DITI existsand isbounded



Now let'scheckclosednessof im ITIit let 14hbeasequence in in ITI il let4 4

Then an T i I Yu is a Cauchy sequence and an e eH ButT isclosed soalso
1 Tei isclosed so I 4 en as a sequence in 1 Tei convergestohe41 19 le
so Heim Tei
To summarize Every sequence in in IT it converges in in IT11 so it is closed 0

Nowthecriteria

Theorem3.78 Gt H DlH1 be a denslydefinedsymmetriclinearoperatorThenthe

following
statements are equivalent

lil H is selfadjoint
Iiit It is closed and KerlH it O

iii I imCH ti l te

Proof
i fiil Hselfadjoint H H H closed

If a EkerfH til it means IH tile O i e Hq Iie which

can't besince eigenvalues of symmetricoperators are real So a D

ii Hii This is lemma3.79 b

iii i H symmetric so HcH Proposition3641 Sowestillneedtoshow

thatalso H cH i.e DlH Ic DlH1 Solet'schoose4 EDlH

By iii F a e DlH1 s t HalH't il 4 1H ike



But HcH soalso lH il 4 1H't i14 ii e y YekerfH il
Sowith lemma 3.79 al wehave y 4 0 so 4 6EDCHl 0

Similar criteriahold for essential self adjointness

corollary3.80 Gt H DlH1 be a denslydefinedsymmetriclinearoperatorThenthe

followingstatements are equivalent

lil His essentiallyselfadjoint
Iiit KerlH i1 o

iii im Heil D

Proof Iiit iii was lemma3.79al
Proposition3.69

Also H essentiallyself adjoint s H'EH is selfadjoint
Theorem3.78

s H closed and Ker H til O
Proposition3.69

s kerfH iI O

so file ii 0

Examples

Duin idf withDfDain 4 cH Eam 4111 0 4101

let us check herlDu it out



Dmin I i e O i e if at I i e ie ft y the whichhassolutions

e et E DI Du I H't 0,1 Sothereare nonzero elements in thekernel

dinKer lDun I il I in factI so againwesee that Dunin is notessentially
self adjoint

Ho d with DlHof Coward Then DlHoI H41124 let us check

KerlHit it again HF tile O ii e Ho e da tie Butnow

a e with KE I I so he arenot inH HRDl Soker Ho it o ie

Ho is essentially selfadjoint

Wealready saw that its closureis C S HCR9 IHo't H 11129

Nexttime wewilldiscuss how todealwithmultiplepossibleselfadjointextensions and

thenwe willprove theimportantKato Rellichtheorem

later we willalso giveanexampleof a symmetricoperator that doesnothaveany
self adjointextensions I


