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let us add one morenicecriterionforessentialself adjointness ay

6,2025

Proposition3104 let It bedens4definedandsymmetric If It hasan orthonormalbasis
au of eigenvectors ie auEDCH1and Hen Xue forsomeXuEIR thenH isessentially

selfadjointand 61HT Xu new

Proof letuscomputethedeficiencyindices If ye C KarlH it then

Xuc e en cle tuens iceHq cH e ens c Iiceie I i caens

ButXuEIR since It is symmetric so cue O truck whichimplies a 0 sinceHuluis an

0NB Proposition3.101 SoNEN 0 andwithTheorem3.89 Itisessentiallyselfadjoint

Now IIceu XuanstillholdsandofHY isclosed Theorem31001 so Xu u cAfc61HT
What aboutXtc in new let us define thebounded operatorR by
Rice ku theTV theaction ontheONBvectorseendefinesRx onallof tl

If wecanshowthat R Tt H t thenheput1andthushe61A whichprovesthestatement

Writing Hay anten wefind closedsowecanpullitinsidethelimit

III HR a III HIE HauTE l x HuHan TE a en a V 0

Examples DirichletLaplacianon Qr Dirichletboundaryconditions

H on fo r with DlHk KeH'tar 410704711

Note specifyingthevalueofa functionattheboundary iscalledDirichletboundarycondition

specifyingthederivativeofa functionattheboundary iscalledNeumann boundarycondition

specifyingsome
combination http4 attheboundaryis calledRobinboundarycondition



Wehave
a HEsinlux ftp.siuluxh

and theseKents are anONBof LTEarll

Fourierseries SoH isessentiallyselfadjointandDHT u near

Harmonic oscillator H t x onCERI Theeigenfunctions are theHermitefunctions

of the form QuH coast e HUH whereHulk aretheHermitepolynomials the

eigenvaluesare in ut I Cantuis an ONI so H is essentiallyselfadjoint

let us comebackto one of themainresultsofthischapter theKatoRedlich theorem

Theorem1KatoRellich let Abeselfadjoint B symmetricand Abandedwith

relativeband act Then A B is selfadjoint on DlAtB DIAL and

essentially self adjoint on every core of A

Proof WeuseTheorem3.78andshow that im AtBt.im H for asuitableMo 0This
implies that An is selfadjoint onDIAL andthenso is A113

Thegoalis toshowthat BIA inol
t
is boundedwith11131Atint II c 1 for someµ Then

Proposition3 lol Neumannseries1 tells us that I BCA inol
t 1 C BIA inol

t is

continuously invertibleand inparticular im I BlAinolY H Butthen forall eeDIA1
AtBtino a ItBottino1 II Atimola and A is selfadjoint so inHeinoKH
So together im AtBiao f H Thesameargument holdsfor AIB in andwewouldbe
done



It remainsto show that 11131AtinI tk l forsomeMoForthatweuseboundednessofthe
resolvent AtinI forany Other Theorem3.1021andthentherelativeAboundednessof B

let CeeDAI andµso Laterwewillchooseµ suchthatwe canuse theNeumann seriesargument
Note that

NA in uh HalitAllen
let Cleteandset a Atial 4 Then

1141122 ItAtAtint 4IT and 114112 211Heinl141

HAHeinl II El and Il Atint IIeat
thisisalsoTheorem3.102

Now the A boundednessof B yields

HBLA.in 4llEaHAHtiuH4HtbllAtiul 411E fatfat11411

So for µ Fa we indeedhave 11131Atint II c 1 whichproves thetheorem

withtheargument above Notethatsuchµ only exist if I a 0 i e act 0

Example IS V inth Ve LYRdl is self adjoint

Now let us applyKatoRellich to Schrodinger operatorsofthe form H HotV nith
Ho IS in threedimensions Onelargeclassofmultiplicationoperators Vis covered inthe

following theorem

We canoften split f V tK withtheCPand K ELot Inthis casewewrite VeChLot



Theorem3 Ill

a Forany a 0 thereis a b 0 suchthat theeH 111231 Hell e a111614t bKell

b let V1123112 with Veda t Chick For Ho IS inthe DIHot H11124 we
have that V is infinitesimally Hobounded

Thus HotV is self adjoint on H1N1

Proof inparticular ceeHWI a continuousandbonded soHellenco

a Similarly as intheproofoftheSobolevlemma we estimatewithCauchy Schwarz

HelloEllieHu 111Itk't Ilth't I14 1114k't Il 1111th'tIH e ClikeHe 1144441
w

terfchit idr e r Itself
E C c n

Cau wemaketheestimatesuchthat theconstant in frontof thehill becomes assmallas
wewant Yes by scalingof s t it keeps its C nom but decreases 1142411 at the
expenseof theHu

Weset I 1kt 1,3 I Idk HO ThentheHa SkidH1d k Sheykhd kthek
Also o HdIt Shi luiid k X SheilkiI d k X'kill

He'dIII Suicidalidk 54,1351himid k I'll kill1
So HelloEllieHe theHaeclkei.lk t 11426141 C15thkidki t HIM I

Cit Ildelle c Hello

Since X canbechosenarbitrarilylarge thisproves a



b First is DIVI 4EUR l V4e I densein 171127 Yes since Ve L't T DIY
contains eg

bounded L functions andthoseare clearly densein L

Nowlet k V.tk with V cLYN K e L91124 For e eH11124 we find

11Valle e kKallu thKallu e LIKE Ville t 1141nsHello
calldull bHella

partal I 411411 a yHell t bNKko Hulk

for a as small as wewantwhichis infinitesimal Ho boundedness 0

Since E I 1 I 1 wehave

EICKY ELMRY
r r'drew

Theorem3.113 H I d forany eeTR withDlH1 H'Hel is selfadjoint

Analogously by translation invariance weimmediatelygetselfadjointnessoftheHamiltonian
of non relativistic matter introduced inthebeginningofclass at leastwhenthenuclei are
static

Theorem H IIf It 7 al t const t forany dibnCHR

YuETR with DlH1 H411237 is selfadjoint
atleastifyoubelievemethateHtt is astronglycontunitary

qeparametergroup seereferenceson
website1

The dynamics of non relativisticmatterexists So wehave one thinglesstoworry
about in life



Note that IS t is self adjoint forany couplingconstant eelR Butthatis
not alwaysthe case Eg fortheDiracoperator D Do ET we onlyfind

firstITderdifferentialoperator
11 cette2eHDell t bHell soKatoRellichonlyworksfor e e I For e s t it

turnsout that D is nolongerselfadjoint on DlDol

Another approach to provingexistenceof selfadjointextensions is via theFriedrichs
extension Theadvantage of this approachis thatit is veryeasytoapply in practiceThe
disadvantageis that it only givesexistenceof a selfadjointextension and it doesnot

provideinformation on its domain

It uses the followingdefinition

Definition3 114 Anoperator H iscalled semibonded if thereis a c c IR s t forall

4eDlH1 c4HYs 2414112 frombelow or c4HYs e c114112 fromabove

Note Inparticular c4H4 EIR so It is symmetricwithGemma3 87

Then we have

Theorem3 115 Friedrichsextension

Anydens4 defined semibondedoperator H has a selfadjointextension whichsatisfies
the same opperIlowerband

Weskiptheproof



Eg for I on contr RcIRDopen wefind cce I Ikes like1122 0 Hell

so CS CoV has aself adjointextension Samefor It V uith V70

Onecan actually define one particular selfadjointextensionuniquely viaquadraticforms
This is then called the Friedrichsextension

Eg for He onCilloill theFriedrichsextensionistheDirichletLaplacian But
thereare otherextensionswithotherboundaryconditions eg Neumann I


