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2 The Free SchrodingerEquation

Notes Fromnow on we usenaturalunits i.e t m 1

For 4 RxRd d partialderivativesaredefinedin theusualway

Q4text D ReYHA ti dImYHA

Free oneparticle SE KO i.e if 4 tax E 14ft x 4 RexRd a

Recall solutions to thestationary SE ES OAK EOH

give us
solutions 4ft l e

IetOH

Formally the eigenfunctions of tAx are planewaves

OnAke eÉki forany keRd since Adult tk Only

thisgivessolutionsYultix e Ete ofthe freeSE

But IYultix 1 so onRd
a
thattaxi dx D butwewant 1412 1

Bylinearity we findthatformally 4 tax S flu4Hildy Sfinlet teil dx
is alsoa solution and f lil e is determinedby theinitialcondition
410 x SfChleitedx

Conclusion we need to studytheFouriertransform onRd



Pla f Rd C lift p S Ifl
P for lepers

Fam
Note Allintegrals in thisclassrefertotheLebesgueintegral

Quickintroduction to theLebesgueintegral herejustfor d 1

Recall f Taib R bounded is Riemannintegrable if upperandlowerRiemannintegral coincide

T T
piffion InMyAi partitions

ofTaib sup f x
fat Yetinix

Fin
Examples continuous functions are Riemannintegrable

Ia la isnotRiemann integrable
noteforScid wedefinetheindicatorfunction Is x I

Note ImproperRiemann integralsmightexist if a n orb n or f isnotbounded

If fu Ff uniformly then E dfundx IEgged
x

Butthismight fail forimproper integrals e.g tiny I n AtanHldx 140



TheLebesgueintegral addressesthedifficultieswithexchanginglimitsandintegration

Ideaoftheconstruction partition y axisinsteadof x axis

F

d f s x
d collectionof
subsetsof r m Rt

Stepsin constructing the Lebesgueintegral e.g rated satisfying
reasonableaxioms

define size of a subset Sari thisleadsto measurespaces R E M i

e g m Taib b a

approximate f bysimplefunctions EauAsa
then SEau Is dm EauMtsu

then I fdm sup Ssdu Osse f s simple for f O

ingeneral S fdu Sf du Sfdy if oneoftheintegralsisfinite
9

I If
degativepart
of f

Note f ab IR bounded Riemannintegrable f Lebesgueintegrable

SHaltondu O
butthere are improperwelldefinedRiemannintegrals thatdonotmakesenseas

Lebesgueintegrals



Important theoremsaboutlebesgueintegration

MonotoneConvergence If ta with fu Oandfumeasurableissuchthatfulxlefue.ly
Knew her then I Sfudm eE

DominatedConvergence If IfuInwith fumeasurable fu and himfull fat is suchthat
Hulklegal trekker for somemeasurablegwithStyler thendigSfudu Sfdm

NoteDominatedConvergencestillholds if full fat and I full legal holds Kuen

for.figi torauxexatt tt
note weoftenabbreviate almostall x a a X

almosteverywhere a e

Fubini If f is measurablewith II fix.tl dxdycn then

If fieldxdy I fixeldy dx L I fixyldx dy

From now on all integrals are meant in theLebesguesenseandwe use the
usualnotations Stdm Sfix dx fax fix


