



































































































































Foundationsof MathematicalPhysics JacobsUniversity Fall2021 Session9

Prof SorenPetrat Oct1,2021

Last time we introduced pseudo differentialoperators fl in EMF as
continuous

mapsfrom S toS for f eCfa

Examples

translation operator for aend letTalk e
idk TaeCpa

for Ye S wefind Tal i0 4 1 1 12n fei eidk Ilk idk
ar
t feint atElkidk

4 x at

freepropagator Pf k e
i t

Pfe pot

solutiontofreeSchrodingerequation is 41tix F e
i tf Yo x

Pelt it Yo x

Thus we found 414 e
i t 410

heatequation offetal A fitx1

Wit kk e
Et

e cpicfor t s O

for f lo l f e S t O wehave fit l e
tht
fo wit it fo



Lastly I'Mf FY F flu tolull so wewanttoknowabout the inverse Fourier
transform of a product

Definition2.22

The convolution of f es andges
is If g At fix ylglady

Amma2.23 For figheS wehave

a If g h f lg h and f g g fi

bl themap S S g
t fig is continuous

c fig ar tf g and fig cart I g
inparticular gliolf F MyFf F gI art g f

Proof a and c aredirectcalculations

thenb followssince f g 2nd f Ig i.e compositionof continuousmaps 0

Example heatequation fetal Wit io flaxl wct.kl e
t

I2r E We f x

withheatkernel6 tix 12 t t F w Ital ant te wefind

f tax bitt f at anti d f e folyldy

To summarize The solutiontothefree SE is

Yo t FMEYo et
1
40 611 4 withPf Ikke

i t
64x amit teÉ



22TemperedDistributionsm

Definition2.27

let V be atopologicalvectorspace over a fieldF hereusuallyF e

ThenthedualspaceV is the spaceofall continuous linearmaps V F

For fer TeV we write III If Thinaturalpairing
Note InfinitedimensionalvectorspaceselementsinV insomebasis columnvector canbe

identifiedwith elements in V nowvector

But in infinitedimensional spaces V is larger than V dualtobasisinVisnot

necessarily abasis

Definition2.26

Theelementsof thedualspace s'd of 511124 arecalled tempereddistributions

or generalizedfunctions

Examples

let 1 1 1 g
H e L Rdl forsome men define

Tg Slim s e f to SgAl f x dx

Tg linearclear

Tg continuous If fu f inS does TyIfn f 0 as a sequencein a



Tg fu fl fgal full fix
dx e f lyall Ifull fail dx

Ifield llathiI.tt fwttln

Tge S

Delta distribution 8 S e f HS f f lol

S e S clear If ulol floll ell fu fila

A usefulnotation inthespiritofpreviousexample is

S fl f lol SSAI fiAdx andsimilarly fSix alfadx flat

butkeepinmindthatSixt is not a functionRd e


