



































































































































Foundationsof MathematicalPhysics JacobsUniversity Fall2021 Session10

Prof SorenPetrat Oct6,2021

Last time wediscussed the deltadistribution S's8 S e f ts f lo

It is a generalized function that canbeapproximatedbyfunctionse.g inthe

followingway

let gel th d there Sgladx 1 andgunkngluxt ladilationasinHwa

st.fgulxldx fugluxldx fgl.itdy 1

hi Ty It hisSG Ef fix to

Holt

1344,411111 o bydominatedconvergence

f 01 8 It

NextWehavetwonaturalnotionsof convergence for fu fuev andTuluTheV

Definition2.29 Let V be a topologicalvectorspaceWedefine

a fula fueV convergesweaklyto f eV if him ThnkTHI f TeV

Weuse thenotation uglyfu f or fu f



b Tula TneV is a weak convergentsequencewithlimitTe v if

LingTHI THI F f eV

Weusethenotation wth Tn T or Tn T

E Tg
It s

Next extend Fand I to operators S S

Theorem2.30

let A S S belinearandcontinuous Thentheadjoint A S S definedvia

fIÉÉt
T IAfl k f e s is aweak continuous linearmapin

If Atis AfitIss

Proof First A Te S sinceToA compositionof continuousmaps

Sequentialcontinuity letTu T thenEfes

ATn fl Tu Af TlAfl A T Ifl so ATu AT

Problem topologyin S notgivenby ametric so sequentialcontinuitydoesnot

necessarilyimplycontinuity

Buthereit does usingthetopologicalconceptofnets proofomitted 0

Definition2.31 FF Fs meaning for Te S wedefine its Fouriertransform

Te S by TH T IFI tf e S



Corollary2.32 F S S is aweak continuousbijection and IIe for
all fes for fel recallTflykStg

tIg Sfgfges

Proof I S S is continuousandlinear so weconcludewithThem2.30that f S s

isweak continuous

Bijective IF'T HI Y'T Ffl TIFF f Tif

yeswithcontinuousinverse F F

Also for f e S or f e L Plancherel

Ily FI Ig I leg Stillglad Sflaglit Ily Ages 0

Ex Fouriertransformof S 841 fall

gift 81ft I lol SYFYFMdx Tg f

Tywith g x ar t is theFouriertransformof S or 81k112m

Next derivatives

Note I S S is linear clearl and continuous since

11 If Ilya IlXt diff lip Il fly as i.e continuityonSfollows asusualfrom
sequentialcontinuity



Definition2.34 I 111 Il S S ii e for Te S thedistributional

derivative IT is definedbyPIT H T l l If ffes

Corollary2.35 I S f isweak continuousand Itg Tag Ages
Proof Weak continuityfollowsagainfromThu 2.30

Also I Ty f Tg 111 If fgall11 If lady

1
I SIght fieldx Ig Ifl Ffesintegrationby

Ex For 01 1 HeonAl df 8 wefind 0 8 seeHW

I'S SeeHW


