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ExampleTranslationoperator on L on
a 461

Wewanttodefinetranslations as a unitary group
TH 4 at shiftbit totheright

Edi x

put4backinontheleft
otherwiseisometrywouldbeviolated

For te tall an obvioustranslationoperator is

4h t if x teToi
TCH4 1

luggage if x too

How can if be a generatorhere

G if T.lt 4 x onlyexistsin c if 4101 411
41

I x

Moregenerally let us define translations for tetall as

4h t if x teToi
Itt 4 1 it ya tyg if y too

forany phasefactorO eto a

To t is clearlyunitary and wedefineTo forall tellbythegroupproperty

leg if t.seToil thenToisdef on10,21byToHest T.lt To1st

Now To To for 040 so accordingto Proposition3.33 in their generatorsmustbe

different



Consider Do DID 2450.11 4ns ifY withdomain

DID a KEELEYet04111 4101in an
indeed4isdefinedpointwisebecause

t 4 FyeHR oftheSobolevlemma HalCCIR

s t Celia Y

Then indeedDo isthe generatorofTo

Consistencycheck ForYeeHlion we find

c4 if a I 4in l i fealdx
integrations if yacell 41014101 t c if4 4byparts

Therefore if not symmetric onDma H150,17 boundarytermsdonotvanish so

if withdomainDmax isnot a generator
OnDo andDmin YeH To11 4101 0 4111 if is symmetric
boundarytermsvanish ButonDuinit is not a generator so symmetry is a

d
necessarybutnotsufficient condition Duinisnotinvariantunder

anyTo
Conclusions

In applications weoftenknowoperators formally I if in thisexample butwemightnot
knowthedomain It is usuallymostconvenient tochoosethedomainsmall niceregularfats

but if wechoose it toosmall Dmininthisexample wemightnotget a generator
Thenwe try toenlargethedomainbut if we enlargeit toomuch IDmax inthisexample
weagainmightnotget a generator Notethatenlargingthedomaindoesnotnecessarilyleadto
a unique generator manypossibilitiesDo inthisexample



Symmetry is a necessarybutnotsufficientcondition forgenerators
Therightclassof operators areselfadjointoperatorswhichweconsidernext

3.3Selfadjointoperatorsm

Weconsiderboundedoperatorsfirst
Recallthe generaldefinitionof theadjoint herefornormedspaces

Definition3.38 let VandWbe normedspacesandAe Sir w Thentheadjoint

operator A W V where V'andW arethedualspacesof VandW isdefinedby

A lw ul w Arl fue V

Note ForanynormedspaceV thedualspace V is a Banachspace evenif V isnot This is so
becauseelementsofV arecontinuous i.e bounded operators V 1Cand I iscomplete

Icf Proposition3.17

A e SolW V l duetothedefinition

With theHahnBanach theorem one can showthat in fact 11Allswin 11Allying

Hilbert spaces are particularly nice because H is isometrically isomorphicto H Wealready

noted that P EK9 i t t t 1 inHW3 so 12 44 So for Ae SHel we
would like toidentify theoperator AeSte l withan operator on H let us firstestablish

this connection thenwe can introduce thenotionof selfadjointness



Thekey theorem is

Theorem3.39 TheRieszRepresentationTheorem

let te be a Hilbert spaceand Tete Then thereis amiqueYe H s t

Tle oh ese fue te

Proof

First if The1 0 fue te thenFO and 4 0 istheuniquevectorinthetheorem

Otherwise wewant toshowthat T istheprojection ontheone dimensional subspace spanned

bysomeYt
So if we considerthe kernel M Ker T ee te Tle 0 a closedsubspaceofH
sinceT iscontinuous weneed toshowthatMt is one dimensional If M H i.e dimM 0

then4 0 so let us assume dimMt 0

But thisfollows directly fromlinearity let 4FeMtl 03Thenfora ed

T 4 a41 T141 aT Y so for a It wehaveT14 a47 0 i.e

4 aFe M so 4 aEeMnMt 03 and 4 2E unique EiffelEgg
Nowwe can uniquely decompose withTheorem3.151 any e centlent centTIFF
foranyFeMtl 0 andthus

That TI en t iii 41 if Tail c II 4 as i.e 4 149.4 O


