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Lasttime Forbounded operators H H H wehave

A symmetric It selfadjoint e A generatorof Ultke int

Wealready saw earlier thatthere are unboundedoperators A DIAl H withdense

domain DlAl thatsatisfy caA4 cAce4 KaYeDIA i.e that are symmetric

but thatcannotbegenerators The examplewas if Dui 2450.131

Note The term unbounded operator is usuallyused for a notnecessarilybounded

operator definedon somedomain Moreprecisely

Definition 3.49

a Anunboundedoperator is a pair T D TI of a subspace DIT le H thedomainofT
anda linearoperatorT DItt H If D T is densein th i.e Dit H
thenT is called denslydefined theYosefDail

i e DITlandalllimit
points

b IS DISI is called an extensionof IT DIT if Dist 0 DIM andSID T

Thisis denoted S T

c IT DIT is called symmetric if ca Ty Tu Ys ta Ye DIT



Eg Ha DHalf l E H Rdit is a symmetricdensly defined unboundedoperator

HoDitto1 E C R1 also and A sHo 1It extendsHo

Nowrecalltheexampleof if on to1 Weneedtochoose if symmetricbutthe
domainmustnotbetoosmall e.g theSchrodinger

evolutionleadsinitialconditionsin

Dmin outof Dmin Duinwasnotinvariantunderany to Sowhereexactlydothey
go

Considermore generally some symmetric HoDitto and a symmetricextension H Dl it1
Suppose thesolutionto if 414 H 4 t forinitialdata4101EDIIt stays inDCHal at
leastforsomesmall timebutnotnecessarily in DIHo For ye DHo wehave

CH414 y c4H H y 414 Hoy So thisexpressionstillmakessenseevenif

4144Ditto Naturally we woulduse thisexpressiontodefinetheadjoint

So ouridea is that e
it t makes 4101EDIIt I evolveintothedomainof the tobe

properlydefined adjoint If thedomainoftheadjointisthesameas thedomainofthe
operatortheSchrodingerevolutionleavesthedomaininvariantandallis good



Therefore we define

Definition 3.53
alwayssomeHilbertspace

let IT DITIl bea denshydefinedlinearoperator on th then we define

DIT Ye te FyeH s f 4 Ty y y Kee Dal

SinceDIM is dense y is
determined uniquely andwe definetheadjointoperator as

T DIT l H Kat Y y lyasin thedefof D IT

Note Forboundedoperator thisdefinitioncoincideswiththeadjoint aspreviouslydefined

DuetoRiesz thedefofDCT is equivalent to

D IT I Ye H p te c4Ty is continuous on DITI

Bythisdef T DIT l islinear butnotnecessarilydenslydefined and

of course 4 Ty at 4 y V4EDITH y eDIT

Definition 3 56

let IT DIT bea densly definedlinearoperatoron H It DITI iscalledselfadjointif
DIT I DIT and TE T on DT



let us exemplify thedefinitionswith if on 191 again

First consider DminDomiI Dmin if withD Durin eeH'ton 4101 0 4111

Then fye D Duin integrationbypartsboundary
termsvanishonDDurin

4Dming Yal f idattil dx IC ifYall altdx LEY le
whichworksforall

d
e L i.e YeH11911

So DID in H To1 DIDmin and DuinDIDmi It is notselfadjoint

ForDa if with DIDol e eH l10,1 eitel11 6101 wefindKyeDIDo

c4Doa i 41016101 41114111 t

gig y
so in orderto get

c4Day ay y we need YeH tail and 41016101 41116111 E

49 Got e
it bydef i.e 4101 104111

So DID I D Dol andDot Do so Do is selfadjoint

Abigresult is thatindeedthe followingholds

Theorem 3.58 A denslydefinedoperator H DlAl is generatorof a stronglycontinuous

unitary group Ult ifandonly if it is selfadjoint

followsfromthespectraltheorem is Stone'stheorem

Weskiptheproofshere



Finally let us stateKatoRellich Theideais that we oftenconsider operators
H HotV where weknowthatHo is selfadjointwithdomainDitto andwewantto
knowwhetheralsoH isselfadjoint oftentheV's are suchthattheydonotdisturb

DIHo toomuch i.e theydonotintroducenew boundarypoints

Definition let A B be denslydefinedlinearoperatorswithDIA cDlBIandsuch

that thereare a b 0 s t

11Belle a11Aall bltell KyeDlAl Then B iscalledrelativelyboundedbyA

for Abounded and theinfimumover all permissiblea is called therelativeband

If therelativebound O B iscalledinfinitesimally Abounded

Finally

Theorem KatoRellich let Abeselfadjoint B symmetricandAboundedwith

relativebound a c 1 Then A B is selfadjoint on DIA B D Al



Another approach to provingexistenceofselfadjoint
extensions is via theFriedrichs

extension Theadvantage of this approach is thatitis veryeasytoapply in practiceThe

disadvantageis that it only givesexistenceof a selfadjointextension and it doesnot

provideinformation on its domain

It uses the followingdefinition

Definition3 114 Anoperator H iscalled semibounded if thereis a c e IR s t forall

4eDIHI cYHY I c114112 frombelow or c4A4sec11411 fromabove

Then we have

Theorem3115 Friedrichsextension

Anydenslydefined semiboundedoperator It has a selfadjointextension whichsatisfies

thesame apper lowerbound

Weskiptheproof

Eg for
Son Clr retd open wefind ca l A a 11061122 0 11411

so l S Ctrl has aself adjointextension Samefor AtVwith V20

Onecan actually define one particular selfadjointextensionuniquely viaquadraticforms

This is then called the Friedrichsextension

E.g for H g onCilloill theFriedrichsextensionistheDirichletLaplacian But
thereare otherextensionswithotherboundaryconditionse.g

Neumann


