



































































































































Session12Stochastic MethodsLab JacobsUniversityBremen Fall 2022
o t.gg2022

Prof Dr SoevenPetrat

Summaryof last threesessions

Binarymodelforstock price S

S

Sd

Binaymodelforoptionprise c

Ca payoffif stock goesup

Cd payoffifstockgoesdown

amberofstocks
Optionprice valueof replicatingportfolio C x Ste withtax determinedby

valuYofbonds

et t Su x Cu

ed Sde Cd

Solingthisgives c e Paca Pula with pot II pu Edd patp 1

TH risknetalpiotabilities

Repeatingthisyields a binomialtreemodelforoptionpricing
knownpayoff C array

1
useformla1 1 ineverystep

repeatuntil wehave computedoptionprice C
backwardsinductionI






































































































































Note binomialtrees areveryversatileandcanbeusede.g
alsofor American

options or withdividendpayments Forthe caseof Europeancallnithot dividends

an explicitformula is available seealsothediscussionlater todayand innextsession

Question How tochooseparameters uand d
For historicalstockdata one usually considers expectationandvarianceof therateof
return yit fromSHISe I i e yttt InSf Theyaredenotedby
lyHi at and VarlyHI It Su

Wewanttomatch theseto our treemodel s sad wherewe find

sd sd

Ilyinstepsit 4 up th lud and VarlyInsteps1 hug ups l ps

Nowthechoir ps ft ft E u e d ta yields EkitiandVaulyHit
fromabove in the limit n n

Noticablehereis that uandd andthuspaandpa and thustheoptionpricedo

not depend on the average growthofthestocky b t onlyon its volatility6



25Centrallimittheoren

For thelimit n is inourbinomialtreemodel weneed toconsider thelimit now

for the binomialdistributionfirst
y upwithprobabilityp

downwithprobabilityl p

totalnumberofstepsprobabilityfory

Probabilityfor j up s is blimp j pillpinJ Y city
nubofps

Recall Ijf np Yimpl for u 20pet
Varlil up l p

e j
Var 5

I j
10 I

Note in order to compare distributions herepicturesfordifferent u weneedto
centerandnormalizethevariance

centering introduce y j II j j up suchthat

Ely F j up lil up O

normalizevariance plus centering I
J up
Flip

Vanitha Fifty
4

VarXX XVarH



I
jfpllptxjtnp.mx j I

4eGssianforlarge

Next Lookat cumulative distribution meaningtheprobabilityfor A or fewerp s

It is givenby Éblimp If distancebetweenj's
With thechangeofvariables above j fpllpty.tnp andsoAj FphpTAxj
so we shouldget

letA alsodepend on n

ÉblimpAj ftp.gblfpliptxtnpinip FphpTAx
A if Auischosennicely leg Auup IFph.pt

should I l Ymelimitingfat

Such a convergenceresultis called central limit Theorem CLT

For thebinomialdistribution weget

fphptblfpliptxtnpiu.pl I eat pointwise

with ankles e Email
W M Evariance

normalizedGaussian normaldistribution



Remarks

Hereweget pointwiseconvergence but generally the CLTgivesus convergence inthe

senseof cumulativedistributionfunctions

let's checknormalization ft e Edx I Jdrfdy e

polarcoordinates I IdrIde r e EHy r

dxdy rdrde Fdr r é

e if
I

Onecanalsocheckthat indeed IIA O andVar x 1

Ingredientsfor theproof

Weneedtoapproximate factorialswith theStirlingapproximation u Fri I

Motivationwhythisistrue In n É lalil f lulldx Se mildx
thx f x dx n hill in n k u lulu n

u em e en
h Ii Ieunen E

thefactor for lor evenhigherorder terms canbefoundwithmorecarefularguments

Taylorexpansion


