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Problem 1 [4 points]
Consider the function f: R? — R defined by
2

Foy) = Lz gp vhen (@.9) £ 0.0),

0 when (z,y) = (0,0).

(a) Compute the directional derivative D, f](o,0) for every u = (u1,us) € R? with [jul| = 1.
Is w = Dy f|(0,0) linear?

(b) Show that f is continuous, but not differentiable at the origin.

Problem 2 [4 points]

Consider the function f: R? — R defined by
3y
—— wh 0,0
0 when (z,y) = (0,0).

(a) Compute the directional derivative D, f](o0) for every u = (u1,us) € R? with [jul| = 1.
Is w = Dy fl(0,0) linear?

(b) Show that f is not continuous at the origin.

Problem 3 [4 points]
Consider the function f: R? — R defined by

2

Y /221y when (x,y) # (0,0),

fla,y) = ot +y2
0 when (z,y) = (0,0).

(a) Compute the directional derivative D, f](00) for every u = (u1, up) € R? with [jul| = 1.
Is w — Dy fl(0,0) linear?



(b) Show that f is continuous, but not differentiable at the origin.

Problem 4 [4 points]
Let f: R? = R be differentiable on R? \ {0}. Let

h(r,0) = (r cosf,r sin @)

denote the change from polar to Cartesian coordinates and set g = f o h. Prove that, for
r >0,
dg 2 1 dg 2
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Problem 5 [4 points]

Let Mat(n x n) denote the set of real n x n matrices. We consider the squaring map
S : Mat(n x n) — Mat(n x n), S(A) — A%

In analogy to what we have defined in class, the map S is differentiable at A if there exists
a linear map DS|4 such that

S(A+ H) = S(A) + DS|AH + ra(H), with lim 17AED]

=0.
H—0 ||HH

Here, ||H|| denotes the operator norm of H. Show that A is differentiable everywhere and
compute its derivative DS 4.

Bonus Problem [4 points]: Banach fixed-point theorem

In any metric space (X,d), amap f: X — X is called a contraction if there is an 0 <r < 1
such that d(f(z), f(y)) < rd(z,y) for all z,y € X. Prove the following theorem called
Banach fized-point theorem or contraction mapping principle: If (X, d) is a complete metric
space, then any contraction f: X — X has a unique fixed point (i.e., a unique z* € X with
flz®) = 7).

Hint: Uniqueness is easy. The fixed point can be constructed by defining a sequence
Tna1 = f(x,). Is this a Cauchy sequence?



