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NextPropertiesof theRiemannintegralandconnectionto repeated 1dim integrals

Recall R ID setofRiemannintegrablefunctions on a domainD

Theorem

lil R D is a vectorspace S is linear
Gil R ID is an algebra containing 1 and S Ids SID

TepiffigeriolthenfyeRID
Ciii S is monotonic and mSIDI e StdseMsID m II fix M II fly
Effy thenffdsefgds

iv CID CR ID Continuousfat s areRiemannintegrable
r A meanvalvetheorem MUT holds

If f e CIII then I pets t I fds flplsD
ri If D is a partition of D and f eRCD then fe RID and

fds FI fds
Iviil If fige RID and f g on D thenStds 1gds

fgds.fgds.jo
gds

viii l If f ER ID g
e Imm then

gof e RID

ix If f e R IDI then IfleRCDand I Ifds e I Iflds



Thesepropertieshaveniceshortproofs seeKantorovitz Hereletus justgivea

ProofofCii let f eRID Weprovethatthen f er ID This implies
If figeRID I fig f g ERIDI Iftgt lf.gl 4fgeRID
sfgeRIDl

left toprove fi RIDI let e 0 Then38,0s t KTwithX lil of wehave

F Mjmj SIDj In RiemanncriterionI with M supMj

FILMSDj1 I 2MFMjmj SIDj E2MEm E s f e RID O

Mjmile
2MMjmil

Theconnection to partial integrals is

TheoremFor I Lab Cap let f eRCI and fly le RITab foreachyear
Then Fly I fixyldx ER aid and Ifds I affixeldxdy

Note

If face It thenorderofintegrationmaymatter andevenif theiteratedintegrals
exist f is not necessarilyRiemannintegrable
Just f e R II doesnot necessarilyimplythatiterated 1dimintegralsexist
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Example let flap É for Ocx yo t

Iz for Ocya x c l I
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yax
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Forfixedy 0 I fixedx I f dit I l Ild x t I l It 1 f 1

For fixed x 0 Ifeeldy It dy t I tidy I I1 I 1 1 1

I fixedxdy 1 I 7 I I fixieldydx
fl k fly l e RI ta so accordingtothem fat RI50,13

Note

Withthepreviousthin onexchangingorderofintegration weget
fec II If ds I fixelady Ifixtidydx Iuexampleabove f C III I

AnotherusefultheoremisFubiniTonelli If If Ifix.itdxdyexistsandisfinite
thenorderof integrationcanbe interchanged Icheckthatalsothiscriterionis

violatedfortheexampleabove

Next ConnectionofRiemannintegral to variableboundaries

Definition let Acte let0,4 U R beClut define IT x x xuklxnnxan.at

Then D x ER OH le xu KA X ell iscalled a normaldomain

Note SIDI I ids IT dude 4h Ola'lldx

or d I ordSAY



Then

Theorem If feelDl then I fds If fix xuldxudx

sketchofproof let Ich beaboxwith Dc int Il Weextend f byzeroto I i.e

flag 0

Then Sfds ffds which canbeprovenbychoosing a smallenoughpartition

Seelemma4.2.7 inKantorovitz

If dS fds I I fixixaldxudx fit
flxixuldxndxltdin.Rifuniuteg.at

II fixix.la fitfhlxIdt0
o

split II Tu ITT

Example f xx yet xx

I fye dxdy Éffffists dx thenI dy

got
I fye dy dx first I dy then I dxin

ÉIydy É If Yet

I Iet'dx If e dx fell f le 1



ThelastimportantthingweneedfortheRiemannintegralin IR is the

changeofvariable formula

Theorem let UVeIR bedomainswithcontent let 0 U V be a diffeomorphism

i.e Dec OinvertibleandO e C l Thenfor f ER V wehave

i
Iweskiptheproof
Note

Thinkof IdetDollulda asthetransformedvolumeelement keepinginmindthatthe
determinant is a volume

In 1 dim weknowthesubstitutionformula

5 fieldx I flatallOkulda for acb 0 as Taib O 0
a

NotethatwhenO c0 then Ifindx IflowOaldu Iflocal f O'lulldu
so indeed I findx Ifollas O'lulldu as inthetheorem

Importantexamples

Polar coordinates R2 0 real I

DOtrial If I sodetDoinall rcosi tr sing r



affix dx I I flucosairsinalde r dr
Eg areaof a circle S 1dx Il de rdr 2 r f rdr IR

Bald

E g areaof an ellipse E xylem Et Es 1 given ab 0

Wecan def O B lol E Olavi DO 88 detDol ab

dx L abdlunk abt

E.g Gaussian integral I SIé dx
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