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3 3 line Integrals

Next Weconsider integrals alongcaves and surfaces andtheir
relationto

Riemannintegralsandeach other Thiswill leadus to generalizationsof
theFundamentalTheoremofCalculus E.g IF dx dependsonly on endpoints

flatandglbt Eg S Pt ds buds

integalordsontonOD
ApplicationsForcefields electrodynamics

Definition

Any continuous function y ab IR is called an oriented curve orpath

Iffy a curve
i e JE C Taib IR

First a few importanttypesof curves

If plat glb the curve is closed

If y abl IR is injective the curve is simple

flakybl
simpleclosed are Étribl simplenotclosed



Il notsimpleclosed xj1bP
notsimplenotclosed

Two ares j
andp are calledequivalent if thereis a continuous monotonic

increasing
h s t j poh i.e theimagesof yandpoh arethe same

goingthroughthe curvewitha differentvelocity

Next wedefinethelengthof a curve notall curves have alength

let it be a partitionofTaib with a to c tactic ctu b andlet

KEE I

Then an approximation tothelengthof a curve p is
t b pAnt

Ali g Eh lightit plti alll ftp.tjltslflakyit
lengthofy a sumoflengthsofline

segments

Definition The lengthofthe ane f e C lab is defined as

A lyksup A tip
If A flan wecally rectifiable g

haslength



Weget a more concreteformulafor continuously differentiablecurves

Theorem let je c Taib Then g
is rectifiableand

Alf I lg'tHildt

Note The theoremis obviouslyextendedto piecewise c curves My
Proof

E A lift E lifttil gIti ill E ftp.ijltldt l

É Iily it illdt filly'ttilldt
so also A lykftp.Altijleflljltllldt

2 let e 0We know that y is uniformly
continuous If 0 s t

Kate fails with Is thef wehave Agist gtalk e

let t be a partitionwith X IT c 8
Then Ilg'ttillElly'ttill te f te Iti e ti

Silly'ttillat filly'ttill dts ily'ttill lte Iti

Ei HIIIII Il te Ati
ftp.i.jltidttfiktilfdlfseinabs.vahe



I lld.INTlt2eAti

gltil gltinl

AIlt2elb at
Alf

Since e was arbitrary arbitrarilysmall we find flyAlldteAft
Notethat for je

c thelengthAly is independentofthe
parameterization If y p

oh he c
increasing

then
hlbl

Illy'ltilldt fillatethit fille'that'll h'ttidt d lie'laillda
substitution

la htt du hitldtl

Examples

Non rectifiable ane seehomework

Circumferenceof a circle guk RI cost siutl te to2m

y'tth R f sint cost Ily all Tisintercost R

A lyk Rat 2nd

Cycloid gl tf It sint l cost i tear at A
moveon acirclethatisy'tth 1 cost SintI
moved

alongx axis



Ilg'ttill l cost t sin't 1 2cost cos't sin't 211 cost
standard trigonometric identity I 4 sin El

A ly1 12sin Idt 4cos 117 4 1 41 8

One usefulparametrization isthe arclength parametrization

Define s t ftlg'ttill dt Then s'tth ilgAll 0 for y'tth to
liondegenerateparametrization l

Since s tl is monotonic it is invertible withinverse fist

We call pit1st the arclength parametrization
ads fltisit g'ttisit

d
p'ttisit sis lads jail

i e we
go through

the are with speed
t.gg faxtb

Definition For f e C ly lil and y a e ar ve we definethe

line integral f f d
s flyitwillds

Note f fds ftillds I flyall lytilldt
substitution t t's ft f gift ds fitilldt

Notealsothat If ds is independentoftheparametrizationof y seeHWI



Next Howto def lineintegralsforvector fields F Dar IR

E.g forcefields in physics

Inphysics work force Yeahhh
displacement

In 1 dim W S Folds

In n dimensions Only displacement in the directionof theforce is work

e.g displacement orthogonaltoforcecauses no
workl

In general If T is theunit tangentvector thenwork cF t

ÉPÉE
t

Totalwork w f
cF Tads f

c F Yp ds

I cfightYat if till at
JcFog y It

Fight j ltldt

Definition For F E C ly IR and
y a C curve we define

the line integral f Fds IFIfalljitldt



Note F dx F dx t Fadxu is called a firstorderdifferential form


