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Recallfromlasttime

The lengthofa cure je c Taib IR is Alf Ily'ttilldt

For feCly IR je c Tab Ml we def thelineintegral

f f de I flyit1 IlyAllIdt NoteFor f l thisyieldsfax141
For Fe CHR avectorfield je c Tab IR I wedef thelineintegral

sax EEYI.dfivecto
Generally thevalueof fFdx might dependon allofyButsometimes it mightjust
depend on flatandglb andnot on galfor actabl

Definition let Fe CID IR Dc R a domain

ypiecewise
C Tab R piecewise

smooth Then wecallF conservative if Fdx dependsonlyon flatandglb

Note Inthedifferentialformlanguage F conservative s Fdx exact

lemma I conservative Fdx O f closed y
Proof

y f Fdr Fax f Fdx



If Fdx dependsonlyonflakx andglbty then Fax Fdx sinceflat plat

plbl plbl Thus Fax 0

If I Fdx O then Fax fFdx Up so Fdx dependsonlyon flatplbl D

Fromphysics work Fdx shouldonlydepend on platplbl if I comesfromapotential
i.e F 00 O P IR Indeed

Theorem Fe CID IR DCR a domain is conservative if andonly if
I OeC DRI s t F DO 10iscalled apotentialforF 1

Proof
Thisdirectionis a directcomputation

Fax FlatlyHdt I100faily ltldt S.ba10lyitil dt 0flail 0flbl
chainrule FundamentalTheoremofCalculusF conservative

Note For y piecewise
smooth wesplititinto a sumof C curvesfirst

I Weconstruct0 directly If I conservative wefixsomeXoED anddefine

01 1 8Fax where y is any c curvewithflakto
glbkx.gg

Ew7YIIYIt.Y

Thenwe check

0kt he tax Pdx Xx

OH I Filateldt
at fixated

e t
e



Gmo Y h 0ktheil no Fil xtheil no Filth

i e DO F

Since I continuous OE C D

Note

If 01 1 4A coast on D then 00 04 onD

let F 00 04 Forany Oe c ID themeanvaluethem tellsusthat

01 1 041 0015 x y forany onstraightlinebetween xandy
I I TySince D is adomain it is connected i.e anytwopoints

canbe connectedbya polygonalpath
So for 0 0 4 wehave 00 0 andthus 0 0 Y constalonganystraightline

segment i e O K const ou D

s F 00 04 on D es O Y const ou D

Animmediate consequence of thethin above is

Corollary If Fe C'ID IR I Dor adomain is conservative thenthederivative

DF is symmetric

Proof I conservative I DO DF DDO Ho ii e DF ifoff whichis
symmetric forFed i.e Dec O

Questionfor next time Is DF symmetric alsosufficientfor I tobeconservative

Notalways


