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3.5 SurfaceIntegrals

First a shortreviewofplanesnormalvectorsandthecrossproduct

AplaneE canbeparametrizedby specifyingvectors p U V

E x e R x p s ut tr s ten

t t t
This can bewritten as

11112,11 0 with Asingular i.e detA 0

IEEE
NowrecalltheLaplaceexpansionfromlinearAlgebra

at I It in tw
p xl n

Thus n u x v crossproduct and theeqof aplanecanbewritten as

p x laxu 0

Noterecall thepropertiesof the crossproduct
UXV VXU

det l a lbxd
ax v is perpendicularto uand u



ax v O if uandu are linearly dependent

Theareaof a parallelogramspannedby uaudv is laxv11 llullllullsin0
withQ anglebetweenaV

Huxv11 llull llull laup

Next More generally a surface McIR can beparametrizedby a fat fls tl with

f e CI t IR UCR a domainThen M rangeoffy

yen fis th y forsomeis tlet

Wecall Msmooth if fec U R and n X I 0 ou d

M 1
aretangentvectors spanningthetangentplanet

n is a normalvector perpendicularto tangentplane

Wedefinetheunitnormalvector n My

Analogous to line integrals wedefine

thesurface area o M Lan11dg
analogousto 14kflyHilldt

Engageinfinitesimalsurf elements

godsgpyallytilldtfor Dec MR thesurfaceintegral 0do f ooftinlids
forFe CIM R thefluxintegral IFindo f off n ds

analogousto

Fdx Fog itlgAldt
normalizednormalvector



Examples

Surface area of a sphere Wecan choose f lo p I yetoand Oeto t

asforsphericalcoordinates

then f
O sinkcosa

n

In
XIIEsintsing

costsin't sin't lsinotrosol sin o

Intl sin0

6 sphere I I sint dady 2 r f iosa I 4 t

M upperhemisphereofradis 1 centeredatO Olx yal Ix'ty'tz
Weuse thesame f as abovewithye10,2m b t O e to E only

I 0do I I 0 If loul Intoailldoda
I É sin't lios'atsiial lost studdeda
I É sinOcostdoda
2h I sintoÉ
I



SameM F the 1 Fl flag
since sintosy t sinkingit 1cos01 1

send 5 19 1911d
o twardpointing

É sinOcosy sinosing costsinto dodie

IsiOdo jigginalde 2m tsing
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