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4 Fourier Series

Weconsider2mperiodicfunctions i.e flank fit
I l periodicforany Of LeIR works analogously

Nin
Fourierseries idea decomposefunctions into purefrequencies legsignals

worksalsofor non differentiable functions asopposedtoTaylorseries

let us jot consider one period i.e f torn e flol flail

Weassume f is Riemann integrable on 1921 toshxtisinkx

ThentheFourierseriesof f is defined as I Al ÉÉett
Fouriercoefficient

Note eatx e playstheroleof abasisfruition

let sintrodue theinnerproduct if g FI g
x dx andnorm IIfI tiff
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Now
assuming If It convergesuniformlytofly wehave

leg f s cesEstuen f EstuIggy
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Sofar we know I f ftxt EIfue is uniformly convergent thenfu Jeinfield

But we candefinefu foranyRiemannintegrable f

So generally wedefine theFouriertransformof f as fu een f IÉe fieldx

QuestionDoes E fue always
louvergetofix and ifyes inwhatsense
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Hereeg
we see that Flat It flat so wehaveneitherpointrisenoruniformconvergence

But it lookslikesometypeof convergenceshouldhold

ExampleB fixt t t on tan

Wtf
A computation seeHw shows If it It foEet It É coskx

which
convergesuniformly acordingtothe

Weierstrass Mtest i.e FfH flat

Asa corollary wefind É E flol f n É 25 i.e É

QuestionWhatistherightkindof convergencefor functions as in ExampleA

Answer Convergence inthenormcomingfrom our innerproduct

First notethat
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Il f É thenI If Il Ein II l

As a corollary we getBessel's inequality EI fuI'd lift I II fixPdx

that.LIEftIg
f til Parseralidentity

ForExample A wefind 117112 2,1 f dx and

E if P III Eolathed
Isee HWI

i.e theFourierseriesconvergesto f in meansquare

Ingeneral wecanapproximateanyRiemannintegrable fbysuchsquarepulses whichleadsto
thefollowingresult

Theorem let f Toan e flol flat beRiemannintegrable
Then I f Éfuel 1 80 i.e EI fue flat in mean square

let us mentiontwo morepropertiesoftheFourierseries Suppose f is piecewisecontino s and

piecewisedifferentiableb thas a discontinuityatXo
Igp g
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Then

Inthe t.IE It IgY
laswesawinExampleAl

let
g fix

ill fix il bethe gapatthediscontinuity

Then EIfue ex
t fixit t ga with a 0.089

and Intheir exo a t fail go
Near a discontinuity theFourierseries is 9 off This is called Gibbsphenomenon
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