Jacobs University December 22, 2021
Fall 2021

Foundations of Mathematical Physics

Final Exam

Instructions:
e Do all the work on this exam paper.

e Show your work, i.e., carefully write down the steps of your solution. You will
receive points not just based on your final answer, but on the correct steps in your
solution.

¢ No tools or other resources are allowed for this exam. In particular, no notes and
no calculators.

e You are free to refer to any results proven in class or the homework sheets unless
stated otherwise (and unless the problem is to reproduce a result from class or the
homework sheets).
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Problem 1: Schwartz Space and Dilations [25 points]

Let S(R?) be the Schwartz space as defined in class. For p € [1,00) and o > 0 we define
the L? dilation with o as D? : S(R%) — S(RY), f(z) = (D2f)(z) = 0~%Pf(x/0).

(o) (a) State a clear definition of the Schwartz space S(R?). In particular, define the semi-
norms || - ||o,s that we used in the definition.

() (b) Is continuity of a function from S(RY) to S(RY) the same as sequential continuity?
Give a brief explanation of your answer (but no complete proof is necessary).

(?) (c) Prove that DP : S(RY) — S(R?) is continuous.
(5 (d) Show that || D2 f| regmey = || fllcogme)-

(3) (e) Compute FD?f and give a brief interpretation of the result.

(Recall that the Fourier transform F of a function g on Schwartz space is defined as
(Fg)(k) := 2m)~ Y2 [ou g(z)e ™ da.)
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Problem 1: Extra Space
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Problem 1: Extra Space
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Problem 1: Extra Space
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Problem 2: Fourier Transform and the Free Schrédinger Equation [25 points]
Let F(f)(k) := (2m)™%/2 [L, f(z)e~** dz denote the Fourier transform of a function f.

(‘.}\(a) Prove the Plancherel identity, i.e., that

LEnmPae= [ |5 a

for all f € S(RY).
(b) Let 4 € S(R?) and consider the solution to the free Schrédinger equation
.2
¥ Ry — S(RY), t > h(t) = Fle "t Fypy.
Prove that this map is differentiable.

(&) (c) For fixed ¢, let us consider ¢(t) € S(R?) as defined in part (b). Prove that its L2
norm is conserved, i.e., that

()|l L2may = %0l z2(ra)-

) (d) Let S'(R?) be the space of tempered distributions, i.e., the dual space of S (RY). How
is the Fourier transform of T' € S'(R?) defined?

.\ (e) Let f € S(R?) and define the tempered distribution Tf € S'(R¢Y) by Ty(g) =
Jpa f(2)g(z) dz for all g € S(R?). Compute the Fourier transform of T}.
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Problem 2: Extra Space (2)

\a) (=) v 6&\\&1 \"(\*\X\g \KF ‘e “x F Y)W (“\;‘é‘\‘\\s he S\W\\).

Them s
\\ ‘K(&&\a-“(\*\ = \’(\\\ \\« (s .\.\__-Oe, D @ Vx\(ﬁe//\/f‘ @ Q\J\w\m\r 3(0
\

H %\w "\.'(‘C\\\\\ \Po \q[o(\/LE/fV \o\ ch\( \kv\\" K o~ Q)

WQ QQ‘M? \Q 2 : V}

o N _ AL ¢
\y\wm\\ - “\‘(N\\\J/L’ R \\/\o( (5( - ¢ AV\\L Jc)\'(\u\\

Ve
2 O Saw %\V\e S(T\’:x\ L C(e(lw
W wa\\c,\z\w( \ o Smee @7 N © teor wX
dd) €. \1\
) N &\“(\\\x\\ A = %\g S TVATOAN

?\m\m&/\ NB S AR\

& IFyato| K

Tedsd A
X & TAR R \\\\g\\
'\'L



Final Exam Page 11 of 22

Problem 3: Bounded Operators [25 points]

(a) Let X and Y be normed spaces, and let L : X — Y be linear. Prove that L is
continuous if and only if it is bounded.

40) (b) Let (pn)aen be an orthonormal basis of a Hilbert space H. We define a sequence
(An)nen of bounded linear operators in H by

?@&%&id& \“( > \Q\‘

for all ¢ € H, where (:,-) is the scalar product on #. Prove that (A,),en converges
strongly to the identity, but not in operator norm.
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Problem 3: Extra Space
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Problem 4: Self-adjointness and Unitary Groups [25 points]
Let £(#) denote the space of bounded operators on a Hilbert space H.

{2\ (a) Let A € L(H) and let A* be its Hilbert space adjoint. What is the definition of A
self-adjoint? What is the definition of A symmetric? What is the relation between
self-adjointness and symmetry for bounded operators?

{2)(b) Define what a unitary operator is.

(2) (c) Let H be a densly defined linear operator with domain D(H) C H. Define what it
means that H is the generator of a strongly continuous unitary one-parameter group
U(t).

{ '§§)(d) Let H with domain D(H) be the generator of U(t). Prove that

(i) U(t)D(H) = D(H) forall t € R, (1}
(il) [H,U®)]¢ = HU@®)y — U(t)Hy = 0 for all ¢ € D(H), (1}
(iii) H is symmetric, i.e., (Hy, @) = (¢, Hp) for all ¥, p € D(H), |
(iv) U is uniquely determined by H and H is uniquely determined by U. | &

(3) (e) Does every bounded linear operator H generate a unitary group? If no, give a coun-
terexample; if yes, define the unitary group which is generated. (But no proofs are
necessary here.)
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Problem 4: Extra Space
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Problem 4: Extra Space
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S
Bonus Problem: Second Quantization b@ points]

Let F be the (bosonic) Fock space as defined in class, and let f € L2(R?). Recall that we
defined the annihilation operator o(f) : F — F by

(a(f)x)(k)(a:l,...,xk) =vVk+ l/dxmx(’““)(xl,...,xk,m)

for any x € F. (Here, x¥) denotes the k-particle sector of x € F, and x is symmetric
under exchange of all variables.)

(a) Compute the action of the adjoint a*(f) on any x € F in the k-particle sector, i.e.,
k
compute (a*(f)x)( )(:v_l,...,xk).

(b) Let (¢n)nen be an orthonormal basis, and define

N =Y a*(pn)alen).

n€EN

Prove that (Nx) ® — kx® for any x € F.

(c) Let [|xllx = 1= [Ifllz2me)- Prove that

la(HxlF < & Nx)

and

la*(F)xl% < (x: (M +1)x)-
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Bonus Problem: Extra Space
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Bonus Problem: Extra Space
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Bonus Problem: Extra Space



