Constructor University October 18, 2023
Fall 2023

Foundations of Mathematical Physics

Homework 6

Due on Oct. 25, 2023, before the tutorial.

Problem 1 [8 points]: Away from the support of QZ

Let 99 € S and let its Fourier transform have compact support, i.e., K = supp(vZ) is compact.
Let U be an open e-neighborhood of K, i.e., the distance between the complement of U and
K is g, i.e., dist(U¢ K) = € > 0. Prove that then for any m € N there is a constant C, .

such that for any ¢,z with z/t ¢ U and [t| > 1,
|(e_“(_m/2¢0) (t, x)‘ < Cme (T4 th)™™.

Hint: One could write the phase factor as €S with S(k) = lm;—]ﬁﬂ and some . Prove that
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and then integrate by parts.

Problem 2 [12 points|: Cauchy Principal Value continued
Recall from Homework Sheet 5 that the Cauchy principle part
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is a tempered distribution.

(a) Prove that
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in the weak* sense.

(b) Let () be a sequence of bounded functions on R so that f|x_x0|>€ on(x)dr — 0 as

n — oo for each € > 0, ¢,(z) > 0, and [ ¢,(x)dz = ¢ independent of n. Prove that
Yn — cd(x — xg) in the weak™® sense (i.e., ¢, is here regarded as a distribution).

(c) Prove that
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in the weak™* sense.



(d) Prove the formula

lim;— @( ! )—iﬂé(a:—xo).
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(e) Compute the Fourier transform of & (1). (Hint: Use part (d).)



