Constructor University October 25, 2023
Fall 2023

Foundations of Mathematical Physics

Homework 7

Due on Nov. 1, 2023, before the tutorial.

Problem 1 [5 points]: Orthonormal basis
Prove that an orthonormal sequence (¢;); in a Hilbert space is an orthonormal basis if and
only if

(pj,y =0 foralljeN = ¢ =0.

Problem 2 [7 points]: Operator norm
Prove the following lemma that was stated in class: Let £(X,Y") be the set of bounded linear
operators from X — Y. Then £(X,Y’) with the norm

Ll zxyy == sup ||Lz|y

o]l x=1
is a normed space. Furthermore, if Y is a Banach space, then so is £(X,Y).

Problem 3 [8 points]: Fourier transform
Let f € C°(RY), and let 0 < a < d. Prove that then

(K F(R) () = caoa /  — g f () dy

for some constant cq, and determine ¢, explicitly. Hint: f[;° e ™ANY2-1 AN\ =2, You might
want to look up or recall the definition of the gamma function.
Note: In this sense we can give a meaning to the Fourier transform of |z|* <.



