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Wecontinueourstudyof S ds

Animportantpropertyis EveryCauchysequencelouverges

Lemma2.9 Themetricspace S d is
complete

Recall fulm is a Cauchysequencemeans He O f NEX s t d fufu c eFmn N

Clearlyeveryconvergentsequenceis also a Cauchy sequencesince

dIfm full dIfm fl t d fu f if Rits 0 thenalsoLHS o

Inthedefinitionof a Cauchysequence we onlyuse the fu notapossiblelimit f
this is technicallyniceandofteneasiertoworkwith If completenessholds

i.e IfmlmCauchy fulmconverges we justhavetochecktheCauchy

propertyandthenknowthat alimitexists

Proof let fml be a Cauchy sequence in S

IdeaWefirst construct a candidate f forthelimit and thenshowthat it is indeed

Note fu m Cauchy inS fm is alsoCauchy writ all lillap



Weusetheresultfrom Analysis that Cblital fecal fbonded is complete

Seee.gRudinPrinciplesofwrit Il Ily Thus fit f uniformly MathematicalAnalysis 3rdedition
Theorem7.151

Therefore fi f is thecandidateforthelimitofCfmlBut sofarweonly
know f e Cb Weneedtoshow f e co Rd and x fix f Axl
Thiswould imply f e SRolland ds tmf o i.e fu f inS andthusthe
completenessof Sid1

Checkingthis indetailis abit lengthyiletushere just showfor d l that

f ec'findl andoff f 19 therestgoes analogously

Since fineS R Um wehave fm x funlol If'mlyldy

Since fun f and f f uniformly we cantakethelimit

µ fuel fix
https T

duetouniformconvergence

Thus f e c R and f f la o

Next we establishsomestandardpropertiesoftheFouriertransform on S



lemma2.11 PropertiesoftheFouriertransform

111 FaBend Fes lik d If k FIL if f k

inparticular f Kt i Dnf k and Ffl Ikk ik Ilk
2 F and F are continuous linearmaps S S

Proof

1 Recall Ff kl Ilk 2n E f fate it dx

Thenwith lemma2.2 lik d Ff k 2x ik d Sei fix dy

note all integralsexist ar ES ik fix e fluid
since f es

2n 7 f Ie ite fix fix dx

lattimesintegrationbyparts I ar E f e ik Elixir fix dxboundarytermsvanishsince fest

F Elix f k


